
FIRST-ORDER METHODS FOR
SEMIDEFINITE PROGRAMMING

Zaiwen Wen

Advisor: Professor Donald Goldfarb

Submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

in the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2009



c©2009

Zaiwen Wen

All Rights Reserved



ABSTRACT

First-order Methods For Semidefinite Programming

Zaiwen Wen

Semidefinite programming (SDP) problems are concerned withminimizing a linear

function of a symmetric positive definite matrix subject to linear equality constraints. These

convex problems are solvable in polynomial time by interiorpoint methods. However,

if the number of constraintsm in an SDP is of orderO(n2) when the unknown positive

semidefinite matrix isn×n, interior point methods become impractical both in terms ofthe

time (O(n6)) and the amount of memory (O(m2)) required at each iteration to form them×

mpositive definite Schur complement matrixM and compute the search direction by finding

the Cholesky factorization ofM. This significantly limits the application of interior-point

methods. In comparison, the computational cost of each iteration of first-order optimization

approaches is much cheaper, particularly, if any sparsity in the SDP constraints or other

special structure is exploited. This dissertation is devoted to the development, analysis and

evaluation of two first-order approaches that are able to solve large SDP problems which

have been challenging for interior point methods.

In chapter 2, we present a row-by-row (RBR) method based on solving a sequence

of problems obtained by restricting then-dimensional positive semidefinite constraint on

the matrixX. By fixing any (n− 1)-dimensional principal submatrix ofX and using its

(generalized) Schur complement, the positive semidefiniteconstraint is reduced to a sim-

ple second-order cone constraint. When the RBR method is applied to solve the max-



cut SDP relaxation, the optimal solution of the RBR subproblemonly involves a single

matrix-vector product which leads to a simple and very efficient method. To handle linear

constraints in generic SDP problems, we use an augmented Lagrangian approach. Special-

ized versions are presented for the maxcut SDP relaxation and the minimum nuclear norm

matrix completion problem since closed-form solutions forthe RBR subproblems are avail-

able. Numerical results on the maxcut SDP relaxation and matrix completion problems are

presented to demonstrate the robustness and efficiency of our algorithm.

In chapter 3, we present an alternating direction method based on the augmented La-

grangian framework for solving SDP problems in standard form. At each iteration, the al-

gorithm, also known as a two-splitting scheme, minimizes the dual augmented Lagrangian

function sequentially with respect to the Lagrange multipliers corresponding to the linear

constraints, then the dual slack variables and finally the primal variables, while in each min-

imization keeping the other variables fixed. Convergence is proved by using a fixed-point

argument. A multiple-splitting algorithm is then proposedto handle SDPs with inequal-

ity constraints and positivity constraints directly without transforming them to the equality

constraints in standard form. Numerical results on frequency assignment, maximum stable

set and binary integer quadratic programming problems, show that our algorithm is very

promising.
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Chapter 1

Introduction

1.1 Background and Motivation

Semidefinite programming (SDP) problems are concerned withminimizing a linear func-

tion of a symmetric positive semidefinite matrix subject to linear equality constraints. Al-

though the positive semidefinite constraint is nonlinear and nonsmooth, these convex prob-

lems are solvable in polynomial time by interior point methods [52,56,59]. Consequently,

SDPs have been a very successful and powerful tool for modeling many applications aris-

ing from combinatorial optimization, nonconvex quadraticprogramming, eigenvalue and

nonconvex optimization, systems and control theory, structural design, matrix completion

problems, and problems in statistics and engineering sincethe late 1980s and 1990s.

Unfortunately, however, in practice large scale SDPs are quite difficult to solve because

of the very large amount of work required by each iteration ofan interior point method.

Most of these methods form a positive definitem×m matrix M, wherem is the number
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of constraints in the SDP, and then compute the search direction by finding the Cholesky

factorization ofM. Sincem can beO(n2) when the unknown positive semidefinite matrix

is n× n, it can takeO(n6) arithmetic operations to do this. Consequently, this becomes

impractical both in terms of the time and the amount of memoryrequired (O(m2)) when

n is much larger than one hundred andm is much larger than a few thousand. Moreover

forming M itself can be prohibitively expensive unlessm is not too large or the constraints

in the SDP are very sparse [23].

On the contrary, although the computational complexity of the first-order optimization

methods is not polynomial, each of their iterations can be executed much more cheaply

than in an interior point algorithm. This enables them to solve very large SDPs efficiently.

In particular, first-order augmented Lagrangian approaches have been proposed for both

the primal and dual formulations of SDPs, and different wayshave been used to minimize

the augmented Lagrangian function depending on how the positive semidefinite constraints

are handled. In [11, 12], the positive definite variableX is replaced byRR⊤ in the primal

augmented Lagrangian function, whereR is a low rank matrix, and then nonlinear program-

ming approaches are used. In [64], the positive semidefiniteconstraint is represented im-

plicitly by using a projection operator and a semismooth Newton approach combined with

the conjugate gradient method is proposed to minimize the dual augmented Lagrangian

function. The regularization methods [42] (and the relatedboundary point method [46]) are

also based on a dual augmented Lagrangian approach and they use an eigenvalue decompo-

sition to maintain complementarity. In [9,14], a coordinate descent method and eigenvalue

decomposition are used to minimize the primal augmented Lagrangian function. A gen-
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eralized version of the augmented Lagrangian method is usedin [37] by constructing a

special penalty function for matrix inequalities.

This dissertation is devoted to the development, analysis and evaluation of two first-

order approaches based on an augmented Lagrangian framework. In chapter 2, we present

a row-by-row (RBR) method. By fixing any (n−1)-dimensional principal submatrix ofX

and using its Schur complement, the positive semidefinite constraint is reduced to a sim-

ple second-order cone constraint and then a sequence of second-order cone programming

problems constructed from the primal augmented Lagrangianfunction are minimized. Spe-

cialized versions are presented for the maxcut SDP relaxation and the minimum nuclear

norm matrix completion problem since closed-form solutions for the RBR subproblems

are available. In particular, when the RBR method is applied tosolve the maxcut SDP re-

laxation, the optimal solution of the RBR subproblem only involves a single matrix-vector

product which leads to a simple and very efficient method.

In chapter 3, we first present an alternating direction method for solving SDP problems

in standard form. At each iteration, the algorithm, also known as a two-splitting scheme,

minimizes the dual augmented Lagrangian function sequentially, first with respect to the

Lagrange multipliers corresponding to the linear constraints, and then with respect to the

dual slack variables while keeping the other variables fixed, after which it updates the

primal variables as in a standard augmented Lagrangian method. A multiple-splitting algo-

rithm is then proposed to handle SDPs with inequality constraints and positivity constraints

directly without transforming them to the equality constraints in standard form.
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1.2 Preliminaries

1.2.1 Basic Notations

We denote the set of real numbers byR and the set of vectors withn components inR

by R
n. The superscript “⊤” denotes the transpose operation. The inner product between

vectorsx∈ R
n andy∈ R

n is defined as

〈x,y〉 := x⊤y =
n

∑
j=1

x jy j .

Theℓ2-norm of a vectorx is given by‖x‖2 =
√

x⊤x. The vector




x

y


 obtained by stacking

the vectorx∈ R
p on the top of the vectory∈ R

q is also denoted by[x;y] ∈ R
p+q.

The set of real matrices withm rows andn columns is denoted byRm×n. The operator

norm‖A‖2 of A∈ R
m×n is defined as

‖A‖2 := max
06=x∈Rn

‖Ax‖2

‖x‖2
.

The notationX ≥ 0 (X > 0) means that every component of the matrixX is nonnegative

(positive). A matrixX ∈ R
n×n is said to be positive definite (semidefinite), denoted by

X ≻ 0 (X � 0), if y⊤Xy> 0 (y⊤Xy≥ 0), for all 0 6= y∈ R
n.

The set ofn×n symmetric matrices is denoted bySn and the set ofn×n symmetric

positive semidefinite (positive definite) matrices is denoted bySn
+ (Sn

++). The trace ofX,
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i.e., the sum of the diagonal elements ofX, is denoted byTr (X). The inner product between

two matricesA∈ R
m×n andB∈ R

m×n is defined as

〈A,B〉 := ∑
jk

A j,kB j,k = Tr (A⊤B).

The Frobenius norm of a matrixA∈ R
m×n is defined as‖A‖F :=

√
∑i, j A

2
i, j . The identity

matrix is denoted byI . We write diag(X) for the vector of diagonal entries ofX ∈ Sn, and

diag(x) for the diagonal matrix with the vectorx ∈ R
n on its diagonal. Let vec(X) be a

vector that contains the columns of the matrixX, stacked each on top of the next in the

order that they appear in the matrix, and mat(x) be a matrixX such thatx = vec(X).

1.2.2 Semidefinite Programming

In this dissertation, we mainly consider the standard form SDP:

min
X∈Sn

〈C,X〉

s.t. A(X) = b, X � 0,

(1.2.1)

where the linear mapA(·) : Sn → R
m is defined as

A(X) :=

(〈
A(1),X

〉
, · · · ,

〈
A(m),X

〉)⊤
, (1.2.2)
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the matricesC,A(i) ∈ Sn, i = 1, · · · ,m, and the vectorb∈ R
m are given, and the unknown

matrix X ∈ Sn
+. Note that the equationA(X) = b is equivalent toAvec(X) = b, where

A :=

(
vec(A(1)), · · · ,vec(A(m))

)⊤
∈ R

m×n2
.

Furthermore, we introduce the following three operators related toA(·). The adjoint oper-

atorA∗ : R
m → Sn of A is defined as

A∗(y) :=
m

∑
i=1

yiA
(i) = mat(A⊤y).

The operatorAA∗ : R
m → R

m is defined as

A(A∗(y)) = (AA⊤)y

and the operatorA∗A : Sn → Sn is defined as

A∗(A(X)) = mat
((

A⊤A
)

vec(X)
)

.

The dual problem associated with (1.2.1) is

max
y∈Rm,S∈Sn

b⊤y

s.t. A∗(y)+S= C, S� 0.

(1.2.3)

We denote the feasible sets for the primal (1.2.1) and dual (1.2.3) byFp andFd, respec-
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tively; that is,

Fp := {X ∈ Sn
∣∣ A(X) = b,X � 0},

Fd := {(y,S)
∣∣ A∗(y)+S= C,S� 0}.

The duality gap, which is defined as the difference between the primal and dual objective

values at the feasible solutions of (1.2.1) and (1.2.3), is nonnegative.

Lemma 1.2.1. (weak duality, [17,52,59]) For any X∈ Fp and(y,S) ∈ Fd,

Tr (CX)−b⊤y = Tr (XS) ≥ 0.

Corollary 1.2.2. Let X ∈ Fp, (y,S) ∈ Fd, and 〈X,S〉 = 0. Then(X,y,S) is optimal for

problems(1.2.1)and (1.2.3).

The optimal objective values of (1.2.1) and (1.2.3) are not necessary equal for every

SDP problem, and even if they are, the optimal solution of either (1.2.1) or (1.2.3) may not

be attainable. The following theorem states sufficient conditions for strong duality to hold.

Theorem 1.2.3. (Strong duality, [17, 52, 59]) LetFp andFd be nonempty and have an

interior feasible solution. Then X is optimal for(1.2.1) if and only if X∈ Fp and there

exists(y,S) ∈ Fd such that〈C,X〉 = b⊤y or Tr (XS) = 0.

We conclude this subsection by summarizing the SDP duality as follows.

Theorem 1.2.4.(SDP duality therorem, [17,52,59])
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i) If (1.2.1) and (1.2.3) both have feasible solutions, then both problems have optimal

solutions and the optimal objective values may have a duality gap;

ii) If one of (1.2.1)and (1.2.3)has a strictly or interior feasible solution and has a finite

optimal value, then the other is feasible and has the same optimal value;

iii) If one of (1.2.1)and (1.2.3)is unbounded, then other has no feasible solution.

1.2.3 Augmented Lagrangian method

The augmented Lagrangian method (or the method of multipliers) was proposed originally

for solving nonlinear programming problems [43, 50]. By introducing explicit Lagrange

multiplier estimates to a quadratic penalty function, these methods combine both the prop-

erties of the Lagrangian function and the quadratic penaltyfunction and often yield less

ill-conditioned subproblems than the quadratic penalty method.

We now briefly introduce an augmented Lagrangian method for solving the primal SDP

(1.2.1). By taking into consideration only the general linear constraintsA(X) = b, the

augmented Lagrangian function is defined as:

L(X,π,µ) := 〈C,X〉−π⊤ (A(X)−b)+
1
2µ

‖A(X)−b‖2
2, (1.2.4)

whereπ ∈ R
m is the vector of Lagrangian multipliers andµ > 0 is the penalty parameter.

Starting fromπ1 = 0 and µ1 ∈ (0,+∞) at the first iteration, our augmented Lagrangian
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method iteratively solves at thek-th iteration

Xk := argmin
X

L(X,πk,µk), s.t. X � 0, (1.2.5)

choosesµk+1 ∈ [γµk,µk], whereγ ∈ (0,1), and then updates the vector of Lagrange multi-

pliers by

πk+1 := πk− A(Xk)−b
µk . (1.2.6)

The following Slater condition for (1.2.1) is assumed to hold throughout this disserta-

tion.

Assumption 1.2.5.Problem(1.2.1)satisfies the Slater condition:





A : Sn → R
m is onto,

∃X1 ∈ Sn
++ such thatA(X1) = b.

(1.2.7)

The convergence of our augmented Lagrangian framework follows from the standard

theory for the augmented Lagrangian method for minimizing astrictly convex function

subject to linear equality constraints [4, 5, 48]. For completeness of this dissertation, we

present the following convergence result and provide its proof in Appendix A1.

Theorem 1.2.6.Suppose that the Slater condition(1.2.7)holds, then any limit point of the

sequence{Xk} generated by the iterative procedure(1.2.5)-(1.2.6)is a global minimizer of

problem(1.2.1).
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Chapter 2

Row by row methods for SDP

2.1 Introduction

In this chapter we present a new first-order method for solving semidefinite programming

problems. Although the computational complexity of the newmethod presented here is not

polynomial, each of its iterations can be executed much morecheaply than in an interior

point algorithm. This enables it to solve very large SDPs efficiently. Preliminary numerical

testing verifies this. For example, variants of our new method produce highly accurate

solutions to maxcut SDP relaxation problems involving matrices of size 4000× 4000 in

less than 5.25 minutes and nuclear norm matrix completion SDPs involving matrices of

size 1000× 1000 in less than 1 minute on a 3.4 GHZ workstation. If only moderately

accurate solutions are required (i.e., a relative accuracyof the order of 10−3) then less than

45 and 10 seconds, respectively, is needed.

Our method is based upon the well known relationship betweenthe positive semidefi-
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niteness of a symmetric matrix and properties of the Schur complement of a sub-matrix of

that matrix [62]. We note that Schur complements play an important role in semidefinite

programming and related optimization problems. For example, they are often used to for-

mulate problems as SDPs [8, 56]. In [1, 26, 27] they are used toreformulate certain SDP

problems as second-order cone programs (SOCPs). More recently, they have been used

by Banerjee, El Ghaoui and d’Aspremont [2] to develop a methodfor solving a maximum

likelihood estimation problem whose objective function involves the log determinant of a

positive semidefinite matrix. That method is closely related to the method proposed here.

As in the method proposed in Banerjee et. al [2], we use Schur complements to develop

anoverlappingblock coordinate descent method. The coordinates (i.e., variables) in each

iteration of our method correspond to the components of a single row (column) of the

unknown semidefinite matrix. Since every row (column) of a symmetric matrix contains

one component of each of the other rows (columns), the blocksin our method overlap. The

convergence properties of block coordinate descent methods [6, 28, 29, 40, 55], which are

also referred to as nonlinear Gauss-Seidel methods and subspace correction methods [51],

have been intensively studied. In the case of (single) coordinate descent, convergence is

not guaranteed for nonconvex functions [47]. Convergence can be proved under fairly mild

conditions when the objective function is convex. As we shall see below, the convergence

result in [6] can be extended to the case of overlapping blocks. However, they do not apply

to the case where constraints couple the variables between different blocks.
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2.1.1 Preliminaries

Our row-by-row (RBR) method is motivated by the following fact about the Schur com-

plement of a positive definite matrix. Assume the matrixX ∈ Sn can be partitioned as

X :=




ξ y⊤

y B


 , (2.1.1)

whereξ ∈ R, y∈ R
n−1 andB∈ Sn−1 is nonsingular. SinceX can be factorized as

X =




1 y⊤B−1

0 I







ξ−y⊤B−1y 0

0 B







1 0

B−1y I


 , (2.1.2)

the positive definite constraintX ≻ 0 is equivalent to

X ≻ 0⇐⇒ B≻ 0 and(X/B) := ξ−y⊤B−1y > 0, (2.1.3)

where(X/B) is called the Schur complement ofX with respect toB. If the matrix B is

singular, the generalized Schur complement ofB in X is defined as

(X/B) := ξ−y⊤B†y, (2.1.4)

whereB† is the Moore-Penrose pseudo-inverse ofB and the following theorem generalizes

(2.1.3).

Theorem 2.1.1.( [62], Theorems 1.12 and 1.20) Let X∈ Sn be a symmetric matrix parti-
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tioned as(2.1.1)in whichξ is a scalar and B∈ Sn−1. The generalized Schur complement

of B in X is defined as(X/B) := ξ−y⊤B†y, where B† is the pseudo-inverse of B. Then the

following holds.

1) If B is nonsingular, then X≻ 0 if and only if both B≻ 0 and(X/B) > 0.

2) If B is nonsingular, then X� 0 if and only if both B≻ 0 and(X/B) ≥ 0.

3) X � 0 if and only if B� 0, (X/B) ≥ 0 and y∈ R (B), whereR (B) is the range space of

B.

We adopt the following notation in this chapter. Given a matrix A ∈ R
n×n, we de-

note the(i, j)-th entry ofA by eitherAi, j or A(i, j). Let α andβ be given index sets, i.e.,

subsets of{1,2, · · · ,n}. We denote the cardinality ofα by |α| and its complement by

αc := {1,2, · · · ,n}\α. Let Aα,β denote the submatrix ofA with rows indexed byα and

columns indexed byβ, i.e.,

Aα,β :=




Aα1, β1
· · · Aα1, β|β|

...
...

Aα|α|, β1
· · · Aα|α|, β|β|




.

Without introducing any confusion, we writei for the index set{i} and denote the comple-

ment of{i} by ic := {1,2, · · · ,n}\{i}. Hence,Aic,ic is the submatrix ofA that remains after

removing itsi-th row and column, andAic,i is the ith column of the matrixA without the

elementAi,i.

The rest of this chapter is organized as follows. In section 2.2, we present a prototype of
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the RBR method for solving a general SDP. In section 2.3, the RBR method is specialized

for solving SDPs with only diagonal element constraints. Weinterpret this RBR method in

terms of the logarithmic barrier function in section 2.3.1 and prove convergence to a global

minimizer. To handle general linear constraints, we apply the RBR method in section 2.4 to

a sequence of unconstrained problems using an augmented Lagrangian function approach.

Specialized versions for the maxcut SDP relaxation and the minimum nuclear norm matrix

completion problem are presented in sections 2.4.2 and 2.4.3, respectively. Finally, numer-

ical results for the maxcut and matrix completion problem, are presented in section 2.5 to

demonstrate the robustness and efficiency of our algorithms.

2.2 A row-by-row method prototype

Consider the semidefinite programming (SDP) problem

min
X∈Sn

〈C,X〉

s.t. A(X) = b, X � 0.

(2.2.1)

Given a strictly feasible solutionXk ≻ 0, we can construct a second-order cone program-

ming (SOCP) restriction for the SDP problem (2.2.1) as follows. Fix then(n− 1)/2

variables in the(n− 1)× (n− 1) submatrixB := Xk
1c,1c of Xk and letξ andy denote the

remaining unknown variablesX1,1 and X1c,1 (i.e., row 1/column 1), respectively, that is

X :=




ξ y⊤

y B


 :=




ξ y⊤

y Xk
1c,1c


. It then follows from Theorem 2.1.1 thatX � 0 is equiv-
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alent toξ−y⊤B−1y≥ 0, and hence, the SDP problem (2.2.1) becomes

min
[ξ;y]∈Rn

c̃⊤[ξ;y]

s.t. Ã [ξ;y] = b̃,

ξ−y⊤B−1y≥ 0,

(2.2.2)

whereν > 0, c̃, Ã andb̃ are defined as follows using the subscripti = 1:

c̃ :=




Ci,i

2Cic,i


 , Ã :=




A(1)
i,i 2A(1)

i,ic

· · · · · ·

A(m)
i,i 2A(m)

i,ic




andb̃ :=




b1−
〈

A(1)
ic,ic,B

〉

· · ·

bm−
〈

A(m)
ic,ic,B

〉




. (2.2.3)

If we let LL⊤ = B be the Cholesky factorization ofB and introduce a new variablez= L−1y,

the Schur complement constraintξ − y⊤B−1y ≥ 0 is equivalent to the linear constraint

Lz= y and the rotated second-order cone constraint‖z‖2
2 ≤ ξ. Furthermore, positive defi-

niteness of the solutionX can be maintained if we replace the 0 on the right hand side of the

Schur complement constraint in subproblem (2.2.2) byν > 0, i.e., if we replace subproblem

(2.2.2) by

min
[ξ;y]∈Rn

c̃⊤[ξ;y]

s.t. Ã [ξ;y] = b̃,

ξ−y⊤B−1y≥ ν.

(2.2.4)
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Clearly, similar problems can be constructed if for anyi, i = 1, · · · ,n, all elements of

Xk other than those in thei-th row/column are fixed and only the elements in thei-th

row/column are treated as unknowns.

Remark2.2.1. For anyi ∈ {1, · · · ,n}, the Schur complement ofXic,ic in X is (X/Xic,ic) :=

Xi,i − (Xic,i)
⊤X†

ic,icXic,i. There exists a permutation matrixP of the rows and columns ofX

that putXic,ic into the lower right corner ofX, leaving the rows and columns ofXi,ic andXic,i

in the same increasing order inX, that isP⊤XP=




Xi,i X⊤
ic,i

Xic,i Xic,ic


. Therefore, the Schur

complement ofXic,ic in X is ((P⊤XP)/Xic,ic).

We now present our row-by-row (RBR) method for solving (2.2.1). Starting from a

positive definite feasible solutionX1, we update one row/column of the solutionX at each

of n inner steps by solving subproblems of the form (2.2.4). Thisprocedure from the first

row to then-th row is called acycle. At the first step of thek-th cycle, we fixB := Xk
1c,1c, and

solve subproblem (2.2.4), whose solution is denoted by[ξ;y]. Then the first row/column

of Xk is replaced byXk
1,1 := ξ andXk

1c,1 := y. Similarly, we setB := Xk
ic,ic in the i-th inner

iteration and assign the parametersc̃, Ã andb̃ according to (2.2.3). Then the solution[ξ;y]

of (2.2.4) is used to setXk
i,i := ξ andXk

ic,i := y. The k-th cycle is finished after then-th

row/column is updated. Then we setXk+1 := Xk and repeat this procedure until the relative

decrease in the objective function on a cycle becomes smaller than some toleranceε. Our

RBR method prototype is outlined in Algorithm 1.

We also denote byXk, j the solutionXk at the end of thej-th inner iteration in the

k-th cycle and use the convention thatXk,0 := Xk andXk+1 := Xk,n. Our RBR method is
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Algorithm 1 : A row-by-row (RBR) method prototype

SetX1 ≻ 0, ν ≥ 0, k := 1 andε ≥ 0. ComputeF0 :=
〈
C,X1

〉
and setF1 := +∞.

while Fk−1−Fk

max{|Fk−1|,1} ≥ ε do

for i = 1, · · · ,n do
SetB := Xk

ic,ic and the parameters̃c, Ã andb̃ according to (2.2.3).
Solve the SOCP subproblem (2.2.4) whose solution is denoted by ξ andy.
UpdateXk

i,i := ξ, Xk
ic,i := y andXk

i,ic := y⊤.

ComputeFk :=
〈
C,Xk

〉
. SetXk+1 := Xk andk := k+1.

similar to a blockGauss-Seidelmethod for solving a system of linear equations and a block

coordinate descent method (sometimes referred to as a nonlinear Gauss-Seidel method)

for nonlinear programming, except that because of the symmetry of X, the blocks in our

method overlap. Specifically, exactly one of the variables in any two inner iterations of the

RBR method overlap. For example,X1,2 is a variable in the three dimensional problem in

both the first and second inner iterations:

Xk,1 :=




Xk,1
1,1 Xk,1

1,2 Xk,1
1,3

Xk,1
1,2 Xk,0

2,2 Xk,0
2,3

Xk,1
1,3 Xk,0

2,3 Xk,0
3,3




, Xk,2 :=




Xk,1
1,1 Xk,2

1,2 Xk,1
1,3

Xk,2
1,2 Xk,2

2,2 Xk,2
2,3

Xk,1
1,3 Xk,2

2,3 Xk,0
3,3




.

2.3 The RBR method for SDP with only diagonal element

constraints

In this section, we consider an SDP whose constraintsA(X) = b are of the formXi,i = bi ,

wherebi > 0, i = 1, · · · ,n. Without loss of generality, we assume thatbi = 1, for i = 1, · · · ,n,



18

and study the problem

min
X∈Sn

〈C,X〉

s.t. Xii = 1, i = 1, · · · ,n,

X � 0.

(2.3.1)

Note that (2.3.1) is the well known SDP relaxation [3,10,25,33,39] for the maxcut problem,

which seeks to partition the vertices of a graph into two setsso that the sum of the weighted

edges connecting vertices in one set with vertices in the other set is maximized.

We now present the RBR subproblem for solving (2.3.1). Throughout the algorithm the

diagonal elements ofX are kept fixed at 1. At theith step of thek-th cycle, we fixB= Xk
ic,ic,

whereXk is the iterate at the(i−1)-th step of thek-th cycle. Here, we do not assume thatB

is positive definite and use the generalized Schur complement to construct the second-order

cone constraint. Hence, the subproblem (2.2.4) for genericSDP is reduced to

min
y∈Rn−1

ĉ⊤y

s.t. 1−y⊤B†y≥ ν, y∈ R (B),

(2.3.2)

whereĉ := 2Cic,i andν < 1. Fortuitously, the optimal solution of (2.3.2) is determined by a

single matrix-vector product as we can see from the following lemma.

Lemma 2.3.1. If γ := ĉ⊤Bĉ > 0, the solution of problem(2.3.2)is given by

y = −
√

1−ν
γ

Bĉ. (2.3.3)
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Otherwise, the solution is y= 0.

Proof. Since the matrixB ∈ Sn
+ is real symmetric and the rank ofB is r > 0, B has the

spectral decomposition

B = QΛQ⊤ =

(
Qr Ql

)



Λr 0

0 0







Q⊤
r

Q⊤
l


 = QrΛrQ

⊤
r , (2.3.4)

whereQ is an orthogonal matrix,Λ = diag(λ1, · · · ,λr ,0, · · ·0), andλ1 ≥ λ2 ≥ ·· · ≥ λr > 0.

Hence, the Moore-Penrose pseudo-inverse ofB is

B† =

(
Qr Ql

)



Λ−1
r 0

0 0







Q⊤
r

Q⊤
l


 = QrΛ−1

r Q⊤
r .

Let z= Q⊤y=: [zr ;zl ]. Sincey∈ R (B) andR (B) = R (Qr), zl = 0; hence, problem (2.3.2)

is equivalent to

min
zr∈Rr

(Q⊤
r ĉ)⊤zr

s.t. 1−z⊤r Λ−1
r zr ≥ ν,

(2.3.5)

whose Lagrangian function isℓ(zr ,λ) = (Q⊤
r ĉ)⊤zr − λ

2(1−ν−z⊤r Λ−1zr), whereλ ≥ 0. At

an optimal solutionz∗r to (2.3.5),

∇zr ℓ(z
∗
r ,λ

∗) = Q⊤
r ĉ+λ∗Λ−1

r z∗r = 0,

which impliesz∗r = −ΛrQ⊤
r ĉ/λ∗. Sincez∗r is on the boundary of the constraint, i.e., 1−
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(z∗r )
⊤Λ−1z∗r = ν, we obtain

1− ĉ⊤QrΛrΛ−1
r ΛrQ⊤

r ĉ
(λ∗)2 = 1− γ

(λ∗)2 = ν.

Hence, ifγ > 0, we obtainλ∗ =
√

γ/(1−ν) and

y∗ = Qrz
∗
r = −

√
1−ν

γ
QrΛrQ

⊤
r ĉ = −

√
1−ν

γ
Bĉ.

Otherwise,λ∗ = 0 andy∗ = 0.

We present the RBR method for (2.3.1) in Algorithm 2.

Algorithm 2 : A RBR method (PURE-RBR-M) for problem (2.3.1)

SetX1 ≻ 0, ν > 0, k := 1 andε ≥ 0. ComputeF0 :=
〈
C,X1

〉
and setF1 := +∞.

while Fk−1−Fk

max{|Fk−1|,1} ≥ ε do

for i = 1, · · · ,n do
Computex := Xk

ic,icCic,i andγ := x⊤Cic,i. SetXk
i,i := 1.

if γ > 0 then computeXk
ic,i := −

√
1−ν

γ x, else setXk
ic,i := 0.

ComputeFk :=
〈
C,Xk

〉
. SetXk+1 := Xk andk := k+1.

Algorithm 2 is extremely simple since only a single matrix-vector product is involved at

each inner step. Numerical experiments show Algorithm 2 works fine if the initial solution

X is taken as the identity matrix even if we takeν = 0. However, the following is a 3×3

example which shows that if started at a rank one point that isnot optimal, the RBR method

usingν = 0 either does not move away from the initial solution or it moves to a non-optimal
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Table 2.1: Feasible rank-one and optimal solutions of (2.3.6)

solution (x,y,z) 1
2 〈C,X〉 = 3

4x−y−z
X(1) (1,1,1) -5/4
X(2) (-1,1,-1) -3/4
X(3) (-1,-1,1) -3/4
X(4) (1,-1,-1) 11/4
X(5) (-1/9,2/3,2/3) -17/12

rank-one solution and stays there. Let

X =




1 x y

x 1 z

y z 1




andC =




0 3/4 −1

3/4 0 −1

−1 −1 0




. (2.3.6)

The rank-one feasible solutionsX(1), X(2), X(3) andX(4) and the rank-two optimal solution

X(5) for this example are given in Table 2.1. Starting atX(1), each row-by-row minimization

step leaves the matrix unchanged. Starting atX(2), X(3) or X(4), the row-by-row method

moves to the pointX(1) and then remains there. Interestingly, Algorithm 2 is able to find the

optimal solution if the off-diagonal elementsx,y andz of the rank-one solutions in Table

2.1 are scaled by 0.999 (or even by a number much closer to 1).

2.3.1 Interpretation of Algorithm 2 in terms of the logarithmic barrier

function

In this subsection, we interpret Algorithm 2 as a variant of the row-by-row method applied

to a logarithmic barrier function approximation to (2.3.1).
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Lemma 2.3.2 below relates the optimal solution (2.3.3) of the RBR subproblem (2.3.2)

to the solution of the following logarithmic barrier function minimization

min
y∈Rn−1

ĉ⊤y−σ log(1−y⊤B†y), s.t. y∈ R (B). (2.3.7)

Lemma 2.3.2. If γ := ĉ⊤Bĉ > 0, the solution of problem(2.3.7)is

y = −
√

σ2 + γ−σ
γ

Bĉ. (2.3.8)

Hence, the subproblem(2.3.2)has the same solution as(2.3.7)if ν = 2σ
√

σ2+γ−σ
γ .

Proof. Similarly to Lemma 2.3.1, we have the spectral decomposition (2.3.4) ofB. Let

z = Q⊤y =: [zr ;zl ]. Sincey ∈ R (B) andR (B) = R (Qr), we obtainzl = 0 and hence

y = Qrzr . Therefore, problem (2.3.7) is equivalent to

min
zr

(Q⊤
r ĉ)⊤zr −σ log(1−z⊤r Λ−1

r zr), (2.3.9)

whose first-order optimality conditions are

Q⊤
r ĉ+

2σΛ−1
r z∗r

1− (z∗r )⊤Λ−1
r z∗r

= 0, and 1− (z∗r )
⊤Λ−1

r z∗r > 0. (2.3.10)

Let θ = 1− (z∗r )
⊤Λ−1

r z∗r . Then equation (2.3.10) implies thatz∗r = −θΛrQ⊤
r ĉ

2σ . Substituting

this expression forz∗r into the definition ofθ, we obtainθ2 γ
4σ2 + θ− 1 = 0, which has a
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positive rootθ =
2σ
√

σ2+γ−2σ2

γ . Hence,y∗ = −
√

σ2+γ−σ
γ Bĉ. Since

1− (z∗r )
⊤Λ−1

r z∗r = 1− (y∗)⊤B†y∗ = 1−

(√
σ2 + γ−σ

)2

γ
=

2σ
√

σ2 + γ−2σ2

γ
> 0,

and∇2φσ(y) � 0, y∗ is an optimal solution of (2.3.7). Furthermore, problems (2.3.2) and

(2.3.7) are equivalent if
√

σ2 + γ−σ
γ

=

√
1−ν

γ
,

that isν = 2σ
√

σ2+γ−σ
γ .

Remark2.3.1. Note from (2.3.8) that limσ→0y = − Bĉ√γ .

We now consider the logarithmic barrier problem for (2.3.1), i.e.,

min
X∈Sn

φσ(X) := 〈C,X〉−σ logdetX

s.t. Xii = 1,∀i = 1, · · · ,n, X � 0,

(2.3.11)

where we define logdet(X) to be negative infinity forX not positive definite. Given a row

i and fixing the blockB = Xic,ic, we have from (2.1.2) that

det(X) = det(B)(1−X⊤
ic,iB

−1Xic,i),

which implies that

φσ(X) := ĉ⊤Xic,i −σ log(1−X⊤
ic,iB

−1Xic,i)+w(B),
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whereĉ = 2Cic,i andw(B) is a function ofB (i.e., a constant). Hence, problem (2.3.11)

becomes the unconstrained minimization problem

min
y∈Rn−1

ĉ⊤y−σ log(1−y⊤B−1y), (2.3.12)

which is a special version of problem (2.3.7). Therefore, itfollows from Lemma 2.3.2 that

Algorithm 2 is essentially a row-by-row method for solving problem (2.3.11), if in that

algorithmν is replaced by 2σ
√

σ2+γ−σ
γ .

Our RBR method can be extended to solve

min
X∈Sn

ψσ(X) := f (X)−σ logdetX

s.t. X ∈ X := {X ∈ Sn | L ≤ X ≤U,X � 0}.
(2.3.13)

wheref (X) is a convex function ofX, the constant matricesL,U ∈Sn satisfyL≤U andL≤

X means thatLi, j ≤ Xi, j for all i, j = 1, · · · ,n. Note that problem (2.3.13) includes problem

(2.3.11) as a special case ifLi,i = Ui,i = 1 for i = 1, · · · ,n andLi, j = −∞ andUi, j = ∞,

otherwise. Starting from the pointXk ≻ 0 at thek-th cycle, we fix then(n−1)/2 variables

in the (n−1)× (n−1) submatrixB := Xk
ic,ic of Xk and letξ andy denote the remaining

unknown variablesXi,i andXic,i (i.e., row i/column i), respectively; i.e.,Xk :≈




ξ y⊤

y B


.
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Hence, the RBR subproblem of (2.3.13) becomes

min
X∈Sn

f̃ (ξ,y)−σ log(ξ−y⊤B−1y)

s.t.




Li,i

Lic,i


 ≤




ξ

y


 ≤




Ui,i

Uic,i


 ,

(2.3.14)

where f̃ (ξ,y) := f (Xk). Inspired by Proposition 2.7.1 in [6], we now prove a basic conver-

gence result for the RBR method applied to problem (2.3.13).

Theorem 2.3.3.Let {Xk} be a sequence generated by the row-by-row method for solving

(2.3.14). Then every limit point of{Xk} is a global minimizer of(2.3.14).

Proof. Clearly, our RBR method produces a sequence of nondecreasing objective function

values

ψσ(Xk) ≥ ψσ(Xk,1) ≥ ψσ(Xk,2) ≥ ·· · ≥ ψσ(Xk,n−1) ≥ ψσ(Xk+1). (2.3.15)

Let X̃ be a limit point of the sequence{Xk}. It follows from equation (2.3.15) that the

sequences{ψσ(Xk)}, {ψσ(Xk,1)}, · · · , {ψσ(Xk,n−1)} all converge toψσ(X̃). Hence,X̃

must be postitive definite becausẽX is the limit point of a sequence of matrices that all

lie in the compact level set{X ∈ X |ψσ(X) ≤ ψσ(X1)}, all of whose members are positive

definite. We now show that̃X minimizesψσ(X).

Let {Xk j} be a subsequence of{Xk} that converges tõX. We first show that{Xk j ,1−

Xk j} converges to zero asj → ∞. Assume on the contrary, that{Xk j ,1−Xk j} does not
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converges to zero. Then there exists a subsequence{k̄ j} of {k j} and somēγ > 0 such

thatγk̄ j := ‖Xk̄ j ,1−Xk̄ j‖F ≥ γ̄ for all j. Let Sk̄ j ,1 := (Xk̄ j ,1−Xk̄ j )/γk̄ j . ThusXk̄ j ,1 = Xk̄ j +

γk̄ j Sk̄ j ,1, ‖Sk̄ j ,1‖F = 1 andSk̄ j ,1 differs from zero only along the first row/column. SinceSk̄ j ,1

belongs to a compact set, it has a limit pointS̄1. Hence, there exists a subsequence of{k̂ j}

of {k̄ j} such thatSk̂ j ,1 converges tōS1. Consider an arbitraryt ∈ [0,1]. Since 0≤ t γ̄ ≤ γk̂ j ,

Xk̂ j + tSk̂ j ,1 lies on the segment joiningXk̂ j andXk̂ j + γk̂ j Sk̂ j ,1 = Xk̂ j ,1, and belongs toX

sinceX is a convex set. Moreover, sinceXk̂ j ,1 uniquely minimizesψσ(X) over allX that

differ from Xk̂ j along the first row/column, it follows from the convexity ofψσ(X) that

ψσ(Xk̂ j ,1) = ψσ(Xk̂ j + γk̂ j Sk̂ j ,1) ≤ ψσ(Xk̂ j + tγk̂ j Sk̂ j ,1) ≤ ψσ(Xk̂ j ). (2.3.16)

Sinceψσ(Xk̂ j ,1) converges toψσ(X̃), it follows (2.3.16) thatψσ(X̃) ≤ ψσ(X̃ + t γ̄S̄1) ≤

ψσ(X̃), which implies thatψσ(X̃) = ψσ(X̃ + t γ̄S̄1) for all t ∈ [0,1]. Sinceγ̄S̄1 6= 0, this

contradicts the fact thatψσ(X) is strictly convex; henceXk j ,1−Xk j converges to zero and

Xk j ,1 converges tõX.

From the definition (2.3.13), we haveψσ(Xk j ,1) ≤ ψσ (X) ,∀X ∈Vk j ,1, where

Vk j ,1 :=








ξ y⊤

y X
k j
1c,1c




∣∣∣∣




ξ

y


 ∈ R

n,




L1,1

L1c,1


 ≤




ξ

y


 ≤




U1,1

U1c,1








.
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Taking the limit asj tends to infinity, we obtain thatψσ(X̃) ≤ ψσ (X) ,∀X ∈V1, where

V1 :=








ξ y⊤

y X̃1c,1c




∣∣∣∣




ξ

y


 ∈ R

n,




L1,1

L1c,1


 ≤




ξ

y


 ≤




U1,1

U1c,1








,

which implies that, for anyp∈ {1, · · · ,n},

ψσ(X̃) ≤ ψσ (X) , ∀X ∈V1 andXpc,1 = X̃pc,1,

i.e., all components of the first row and column[ξ;y] other than thep-th are fixed. Since

X̃ lies in the open convex setSn
++, we obtain from the optimality conditions that, for any

p∈ {1, · · · ,n},

〈
∇ψσ(X̃),X− X̃

〉
≥ 0, ∀X ∈V1 andXpc,1 = X̃pc,1,

which further gives that, for anyp∈ {1, · · · ,n},

(
∇ψσ(X̃)

)
p,1

(
Xp,1− X̃p,1

)
≥ 0, ∀Xp,1 such thatLp,1 ≤ Xp,1 ≤Up,1. (2.3.17)

Repeating the above argument shows that fori = 2, · · · ,n, the pointsXk j ,i also converges to

X̃ and
(

∇ψσ(X̃)
)

p,i

(
Xp,i − X̃p,i

)
≥ 0, ∀Lp,i ≤ Xp,i ≤Up,i, (2.3.18)
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for any p∈ {1, · · · ,n}. Therefore, for anyX ∈ X , it follows from (2.3.17) and (2.3.18) that

〈
∇ψσ(X̃),X− X̃

〉
= ∑

i, j=1,··· ,n

(
∇ψσ(X̃)

)
i, j

(
Xi, j − X̃i, j

)
≥ 0,

which implies that̃X is a global minimizer.

2.4 An RBR method for SDP with general linear constraints

We now consider SDP with general linear constraints. Unfortunately, in this case, the RBR

method may not converge to an optimal solution of problem (2.2.1). This is similar to the

fact that (block) coordinate descent method may not converge to an optimal solution for

a linearly constrained convex problem [28]. It has long beenknown that the coordinate

descent method for general nonlinear programming may not converge [47]. Here is a 2-

dimensional example that shows that for general linear constraints the RBR method may

not converge to a global minimizer. Consider the SDP

min X11+X22− logdet(X)

s.t. X11+X22 ≥ 4, X � 0.

(2.4.1)

Starting from a pointX, whereX11 = 1, X12 = 0 andX22 = 3, the RBR subproblems are

min X11− log(3X11−X2
12), s.t. X11 ≥ 1,
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and

min X22− log(X22−X2
12), s.t. X22 ≥ 3,

since logdet(X) = log(X11X22−X2
12). It is readily verified that optimal solutions to these

subproblems are, respectively,X11 = 1, X12 = 0 andX12 = 0, X22 = 3; hence, the row-by-

row method remains at the initial point, while the true optimal solution isX =




2 0

0 2


.

To overcome this type of failure, the coordinate descent method is usually applied to a

sequence of unconstrained problems obtained by penalizingthe constraints in the objective

function. We adopt a similar approach here by embedding the pure RBR method in an

augmented Lagrangian function framework. We then introduce specialized versions of this

algorithm for the SDP relaxation of the maxcut problem (2.3.1) and the minimum nuclear

norm matrix completion problem.

2.4.1 An RBR augmented Lagrangian method

In this subsection, we first introduce an augmented Lagrangian method and then combine

it with the row-by-row method for solving the standard form SDP (2.2.1).

As is well known (see chapter 12.2 in [21]), the augmented Lagrangian method (1.2.5)

is equivalent to minimizing a quadratic penalty function:

Xk := argmin
X

F (X,bk,µk) := 〈C,X〉+ 1
2µk‖A(X)−bk‖2

2, s.t. X � 0, (2.4.2)

wherebk = b+µkπk and the difference betweenL(X,πk,µk) (defined in (1.2.4)) andF (X,bk,µk)
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is the constant−µk

2 ‖πk‖2
2. Hence, we consider an alternative version of the augmentedLa-

grangian method which solves (2.4.2) and updatesbk by

bk+1 := b+
µk+1

µk

(
bk−A(Xk)

)
, (2.4.3)

whereb1 := b. We now apply the RBR method to minimize (2.4.2). Starting fromthe

pointXk ≻ 0 at thek-th iteration, the RBR subproblem corresponding to the quadratic SDP

(2.4.2) that is obtained by fixing all elements ofXk other than those in thei-th row and

column results in a minimization problem with two conic constraints. Specifically, we fix

then(n−1)/2 variables in the(n−1)× (n−1) submatrixB := Xk
ic,ic of Xk and letξ and

y denote the remaining unknown variablesXi,i andXic,i (i.e., row i/columni), respectively.

Hence, the quadratic SDP problem (2.4.2) becomes, after, replacing the zero on the right

hand side of the Schur complement constraints byν > 0 to ensure positive definiteness of

Xk,

min
(ξ;y)∈Rn

c̃⊤




ξ

y


+

1
2µk

∥∥∥∥∥∥∥∥
Ã




ξ

y


− b̃

∥∥∥∥∥∥∥∥

2

2

s.t. ξ−y⊤B−1y≥ ν,

(2.4.4)

wherec̃, Ã and b̃ are given by (2.2.3) withbi for i = 1, · · · ,m replaced bybk
i . If we let

LL⊤ = B be the Cholesky factorization ofB and introduce a new variablez= L−1y, problem
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(2.4.4) can be written as:

min
(ξ;z;τ)

c̃⊤




ξ

Lz


+

1
2µ

τ

s.t.

∥∥∥∥∥∥∥∥
Ã




ξ

Lz


− b̃

∥∥∥∥∥∥∥∥

2

2

≤ τ

‖z‖2
2 ≤ ξ−ν.

(2.4.5)

Therefore, each step of our RBR augmented Lagrangian method involves solving an SOCP

with two rotated second-order cone constraints. IfB is only positive semidefinite, we can

derive a similar SOCP by using the spectral decomposition ofB. For references on solv-

ing SOCPs, see [1] for example. Our combined RBR augmented Lagrangian method for

minimizing (2.2.1) is presented in Algorithm 3.

Algorithm 3 : Row-by-row augmented Lagrangian method

SetX1 ≻ 0, b1 = b, η ∈ (0,1), ν > 0, µ1 > 0, ε,εr ,ε f ≥ 0 andk := 1.
ComputeF0 :=

〈
C,X1

〉
and setF1 := +∞.

while Fk−1−Fk

max{|Fk−1|,1} ≥ ε or ‖A(Xk)−b‖2 ≥ εr do

Computef 0 :=
〈
C,Xk

〉
+ 1

2µk‖A(Xk)−bk‖2
2 and setf 1 := +∞.

while f k−1− f k

max{| f k−1|,1} ≥ ε f do

for i = 1, · · · ,n do
S1 SetB := Xk

ic,ic and computẽc, Ã andb̃ from (2.2.3) withb replaced bybk.
S2 Solve the SOCP (2.4.4) and denote its solution byξ andy.
S3 SetXk

i,i := ξ, Xk
ic,i := y andXk

i,ic := y⊤.

ComputeFk :=
〈
C,Xk

〉
and f k := Fk + 1

2µk‖A(Xk)−bk‖2
2.

S4 Updatebk+1 := b+ µk+1

µk

(
bk−A(Xk)

)
.

Chooseµk+1 ∈ [ηµk,µk] and setXk+1 := Xk andk := k+1.

The RBR method applied to problem (2.4.2) converges by Theorem2.3.3 since solv-
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ing the RBR subproblem (2.4.4) essentially corresponds to minimizing the unconstrained

function obtained by subtractingσ log(ξ− y⊤B−1y) from the objective function in (2.4.4)

using an argument analogous to the one made in section 2.3.1.

2.4.2 Application to SDPs with only diagonal element constraints

Since the constraints in problem (2.3.1) areXi,i = 1 for i = 1, · · · ,n, the quadratic term in

the objective function of the RBR subproblem simplifies to

∥∥∥∥∥∥∥∥
Ã




ξ

y


− b̃

∥∥∥∥∥∥∥∥

2

= (ξ−bk
i )

2,

and problem (2.4.4) reduces to

min
(ξ;y)∈Rn

cξ+ ĉ⊤y+
1

2µk(ξ−bk
i )

2

s.t. ξ−y⊤B−1y≥ ν,

(2.4.6)

wherec := Ci,i, ĉ := 2Cic,i andb1
i = 1. The first-order optimality conditions for (2.4.6) are

ξ = bk
i +µk(λ−c)

y = − 1
2λ

Bĉ

ξ ≥ y⊤B−1y+ν, λ ≥ 0 and(ξ−y⊤B−1y−ν)λ = 0.
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If ĉ = 0, theny = 0 andξ = max{ν,bk
i −µkc}. Otherwise,λ is the unique real root of the

cubic equation:

ϕ(λ) := 4µkλ3 +4(bk
i −µkc−ν)λ2− γ = 0, (2.4.7)

which is positive. This follows from the continuity ofϕ(λ) and the facts thatϕ(0) =

−ĉ⊤Bĉ < 0, limλ→+∞ ϕ(λ) = +∞ and

ϕ′(λ) = 12µkλ2 +8(bk
i −µkc−ν)λ ≥ 4µkλ2

sinceξ = bk
i −µkc+ µkλ ≥ ν, which implies thatϕ′(0) = 0 andϕ′(λ) > 0 for λ 6= 0. We

now present a specialized version of the RBR augmented Lagrangian method for problem

(2.3.1) as Algorithm 4.

Algorithm 4 : Row-by-row augmented Lagrangian method (ALAG-RBR-M) for
problem (2.3.1)

This is a specialized version of Algorithm 3. In Algorithm 3,

1. replaceA(Xk) by diag(Xk);

2. replace stepsS1-S3by the following steps:

Setc := Ci,i, ĉ := 2Cic,i andB := Xk
ic,ic.

If ĉ = 0, setXk
ii = max{ν,bk

i −µkc}, Xk
ic,i = (Xk

i,ic)
⊤ = 0.

Otherwise, compute the positive solutionλ of (2.4.7), and set
Xk

i,i = bk
i +µk(λ−c), Xk

ic,i = − 1
2λBĉ andXk

i,ic = (Xk
ic,i)

⊤.
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2.4.3 Matrix Completion

Given a matrixM ∈ R
p×q and an index set

Ω ⊆ {(i, j) | i ∈ {1, · · · , p}, j ∈ {1, · · · ,q}},

the nuclear norm matrix completion problem is

minW∈Rp×q ‖W‖∗

s.t. Wi j = Mi j , ∀ (i, j) ∈ Ω.

(2.4.8)

An equivalent SDP formulation of (2.4.8) is

minX∈Sn Tr(X)

s.t. X :=




X(1) W

W⊤ X(2)


 � 0

Wi j = Mi j , ∀ (i, j) ∈ Ω,

(2.4.9)

wheren = p+ q and the number of linear constraints ism = |Ω|. Let MΩ be the vector

whose elements are the components of{Mi, j | (i, j)∈ Ω} obtained by stacking the columns

of M from column 1 to columnq and then keeping only those elements that are inΩ. Hence,

MΩ corresponds to the right hand sideb of the constraints in the general SDP (2.2.1).

We now present the RBR subproblem (2.4.4) corresponding to problem (2.4.9). First,

the vectory can be partitioned into two subvectors whose elements are, respectively, in and
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not in the setΩ:

y :≈




ŷ

ỹ


 , ŷ := Xα,i, andỹ := Xβ,i,

where, the index setsα andβ are

β := ic\α, α :=





{ j + p, | j ∈ ᾱ}, whereᾱ := { j | (i, j) ∈ Ω, j = 1, · · · ,q}, if i ≤ p,

{ j | ( j, i) ∈ Ω, j = 1, · · · , p}, if p < i ≤ n.

(2.4.10)

Hence, it follows from the special constraintsWi j = Mi j ,(i, j) ∈ Ω in (2.4.8) that the norm

of the residual of each RBR subproblem (2.4.4) is

∥∥∥∥∥∥∥∥
Ã




ξ

y


− b̃

∥∥∥∥∥∥∥∥
=

∥∥∥Xα,i − b̃
∥∥∥ =: ‖ŷ− b̃‖,

where

b̃ :=





(Mk
i,ᾱ)⊤, if i ≤ p,

Mk
α,i−p, if p < i ≤ n,

(2.4.11)

andM1 = M. Therefore, the SOCP (2.4.4) becomes

min
(ξ;y)∈Rn

ξ+
1

2µk

∥∥∥ŷ− b̃
∥∥∥

2

2

s.t. ξ−y⊤B−1y≥ ν,

(2.4.12)
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where the matrixB =




Xk
α,α Xk

α,β

Xk
β,α Xk

β,β


.

Lemma 2.4.1.The optimal solution of the RBR subproblem(2.4.12)is given by





ξ =
1

2µk ŷ⊤(b̃− ŷ)+ν,

ŷ =
(

2µkI +Xk
α,α

)−1
Xk

α,αb̃, ỹ =
1

2µkXk
β,α(b̃− ŷ).

(2.4.13)

Proof. Note that the optimal solution[ξ;y] = [ξ; ŷ; ỹ] of (2.4.12) must satisfyξ = y⊤B−1y+

ν. Hence, (2.4.12) is equivalent to an unconstrained quadratic minimization problem

min
y

y⊤B−1y+
1

2µk

∥∥∥ŷ− b̃
∥∥∥

2

2
, (2.4.14)

whose optimality conditions are




Xk
α,α Xk

α,β

Xk
β,α Xk

β,β




−1


ŷ

ỹ


+

1
2µk




ŷ− b̃

0


 = 0, (2.4.15)

which implies that 


ŷ

ỹ


+

1
2µk




Xk
α,α

Xk
β,α


 ŷ =

1
2µk




Xk
α,α

Xk
β,α


 b̃.

Therefore,̃y= 1
2µk Xk

β,α(b̃− ŷ), wherêy can be computed from the system of linear equations

(
2µkI +Xk

α,α

)
ŷ = Xk

α,αb̃.
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Then, it follows fromξ = y⊤B−1y+ν and (2.4.15) that

ξ =




ŷ

ỹ




⊤


Xk
α,α Xk

α,β

Xk
β,α Xk

β,β




−1


ŷ

ỹ


+ν (2.4.16)

=
1

2µk




ŷ

ỹ




⊤


b̃− ŷ

0


+ν =

1
2µk ŷ⊤(b̃− ŷ)+ν.

Note from (2.4.13) that we only need to solve a single system of linear equations,

whose size is the number of sample elements in the row and hence expected to be small,

to obtain the minimizer of the RBR subproblem (2.4.12). The specialized RBR method for

minimizing (2.4.9) is presented in Algorithm 5.

2.5 Numerical Results

Although the numerical results that we present in this section are limited to two special

classes of SDP problems, they illustrate the effectivenessof our RBR algorithmic frame-

work. Specifically, they show that large scale SDPs can be solved in a moderate amount of

time using only moderate amount of memory. Moreover, our tests show that the number

cycles taken by our algorithm grows very slowly with the sizeof the problem.
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Algorithm 5 : The RBR method (RBR-MC) for problem (2.4.9)

SetX1 ≻ 0, b1 = b, η ∈ (0,1), ν > 0, µ1 > 0, ε,εr ,ε f ≥ 0 andk := 1.
ComputeF0 := Tr(X1) and setF1 := +∞.

while Fk−1−Fk

max{|Fk−1|,1} ≥ ε or ‖Xk
Ω −MΩ‖2 ≥ εr do

Computef 0 := Tr(Xk)+ 1
2µk‖Xk

Ω −Mk
Ω‖2

2 and setf 1 := +∞.

while f k−1− f k

max{| f k−1|,1} ≥ ε f do

for i = 1, · · · ,n do
Setα andβ by (2.4.10), and̃b by (2.4.11).
if |α| = 0 then SetXk

i,i = 0, Xk
ic,i = 0 andXk

i,ic = 0.
else

ComputeXk
α,i :=

(
2µkI +Xk

α,α
)−1

Xα,αb̃; Xk
β,i = 1

2µXβ,α(b̃−Xk
α,i);

Xk
i,i = 1

2µ(Xk
α,i)

⊤(b̃−Xk
α,i)+ν and setXk

i,ic = (Xk
ic,i)

⊤.

ComputeFk := Tr(Xk) and f k := Fk + 1
2µk‖Xk

Ω −Mk
Ω‖2

2.

UpdateMk+1
Ω := MΩ + µk+1

µk

(
Mk

Ω −Xk
Ω
)
.

Chooseµk+1 ∈ [ηµk,µk] and setXk+1 := Xk andk := k+1.

2.5.1 The maxcut SDP relaxation

In this subsection, we demonstrate the effectiveness of theRBR methods Algorithms 2

(PURE-RBR-M) and 4 (ALAG-RBR-M) on a set of maxcut SDP relaxation problems and

compare them with the code DSDP (version 5.8) [3]. The DSDP code implements a dual

interior point method that is designed to take advantage of the structure of such problems.

The main parts of our code were written in C language MEX-filesfor MATLAB (Release

7.3.0), and all experiments were performed on a Dell Precision 670 workstation with an

Intel Xeon 3.4GHZ CPU and 6GB of RAM.

The test problems are based on graphs generated by “rudy”, a machine independent

graph generator written by G.Rinaldi. These graphs range in size from n = 1000 ton =

4000 and the arguments of “rudy” are similar to those used in the G Set of graphs tested
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in [3, 33]. Specifically, for sizen = 1000, we produced five different graphs “R1000-1”,

· · · , “R1000-5” with a density of 1% (4,995 edges) and with random edge weights from

{−1,1} by using the command

rudy -rnd_graph n 1 seed -random 0 1 seed -times 2 -plus -1,

where seed= 10n+ i, i = 1, · · · ,5, respectively. The graphs from “R2000-1” to “R4000-5”

were generated in a similar fashion. We also tested “almost”planar graphs having as their

edge set the union of the edges of two (almost maximal) planargraphs with random edge

weights from{−1,1}; that is, the graphs “P1000-1” to “P4000-5” were generated by the

command

rudy -planar n 99 seed1 -planar n 99 seed2 + -random 0 1 seed3 -times 2 -plus -1,

where seed1= 10n+ i +4, seed2= 10n+ i +5 and seed3= 10n+ i, for n= 1000, · · · ,4000

andi = 1, · · · ,5. In all cases the cost matrixC was the Laplace matrix of the graph divided

by 4, i.e.,C =−1
4(diag(Ae)−A), whereA was the weighted adjacency matrix of the graph.

The parameters of DSDP were set to their default values. The parameterν in the RBR

methods was set to 10−6. We ran PURE-RBR-M with two different tolerances, i.e.,ε

was set to 10−3 (moderately accurate) and 10−6 (highly accurate), respectively. Similarly,

we ran ALAG-RBR-M with two different tolerance settings, that is, ε,εr ,ε f were all set

to 10−1 and 10−4, respectively. For practical considerations, we terminated minimizing

each augmented Lagrangian function if the number of cycles was greater than 5. The

initial penalty parameterµ1 in ALAG-RBR-M was set to 5 and was updated byµk+1 =

max(0.5µk,10−1).
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Figure 2.1: Relationship between the computational cost andSDP matrix dimension for
the maxcut SDP relaxation

A summary of the computational results is presented in Table2.2. In the table, “obj”

denotes the objective function of the dual problem computedby DSDP, “rel-obj” denotes

the relative error between the objective function value computed by the RBR methods and

“obj”, “CPU” denotes CPU time measured in seconds, and “cycle”denotes the total number

RBR cycles. From the table, we can see that both RBR methods are able to solve the maxcut

SDP relaxation very efficiently. The number of cycles required was almost the same for all

of the problems, no matter what their size was.

To illustrate the relationship between the computational cost of the RBR methods and

the dimension of the SDP matrices, we plot the average of the CPU time versus the di-

mension in Figure 2.1 (a) and the average of the number of cycles versus the dimension in

Figure 2.1 (b). Somewhat surprisingly, our augmented Lagrangian RBR algorithm solved

the maxcut SDP problems as efficiently as our pure RBR algorithmfor a given relative

error.
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Table 2.2: Computational results for the maxcut SDP relaxation.

DSDP PURE-RBR-M ALAG-RBR-M
ε = 10−3 ε = 10−6 ε = εr = ε f = 10−1 ε = εr = ε f = 10−4

Name obj CPU rel-obj CPU cycle rel-obj CPU cycle rel-obj CPU cycle rel-obj CPU cycle
random graphs

R1000-1 -1.4e+3 52.6 4.9e-3 0.6 13 3.0e-5 3.9 90 5.4e-3 0.6 13 3.2e-5 3.7 87
R1000-2 -1.4e+3 57.0 5.0e-3 0.6 13 3.6e-5 4.1 96 4.9e-3 0.6 14 4.2e-5 3.7 88
R1000-3 -1.5e+3 50.8 5.0e-3 0.6 13 3.8e-5 4.3 99 4.9e-3 0.6 14 4.0e-5 4.2 99
R1000-4 -1.4e+3 51.3 5.0e-3 0.6 13 3.2e-5 4.0 94 4.8e-3 0.6 14 3.3e-5 3.9 92
R1000-5 -1.5e+3 50.1 4.6e-3 0.6 13 3.5e-5 3.7 87 4.1e-3 0.6 14 3.6e-5 3.4 81
R2000-1 -4.1e+3 607.6 5.0e-3 3.9 14 3.7e-5 26.5 97 5.9e-3 3.8 14 1.9e-5 33.5 121
R2000-2 -4.1e+3 602.3 5.2e-3 3.9 14 3.6e-5 27.5 101 5.5e-3 4.2 15 1.9e-5 35.4 127
R2000-3 -4.2e+3 680.5 5.1e-3 4.3 14 3.4e-5 26.4 97 5.3e-3 4.2 15 1.6e-5 33.7 123
R2000-4 -4.2e+3 646.7 5.2e-3 3.9 14 3.2e-5 26.1 96 5.2e-3 4.2 15 1.4e-5 32.3 118
R2000-5 -4.1e+3 661.5 4.9e-3 3.9 14 3.9e-5 26.1 96 5.9e-3 3.8 14 2.0e-5 34.5 126
R3000-1 -7.7e+3 2576 5.0e-3 12.8 15 4.1e-5 90.0 103 5.1e-3 13.9 16 2.1e-5 110.8 127
R3000-2 -7.7e+3 2606 5.2e-3 13.2 15 3.7e-5 89.4 105 5.2e-3 14.1 16 2.1e-5 111.2 128
R3000-3 -7.9e+3 2530 5.0e-3 13.0 15 4.0e-5 91.4 107 5.1e-3 14.0 16 2.5e-5 109.8 127
R3000-4 -7.9e+3 2518 5.1e-3 13.6 15 4.0e-5 98.0 107 5.2e-3 13.9 16 2.3e-5 110.3 128
R3000-5 -7.7e+3 2514 5.3e-3 12.9 15 3.7e-5 91.8 107 5.4e-3 14.0 16 1.9e-5 109.8 128
R4000-1 -1.2e+4 6274 5.9e-3 36.5 15 4.0e-5 261.1 108 6.2e-3 39.0 16 2.4e-5 316.5 130
R4000-2 -1.2e+4 6310 5.7e-3 36.3 15 3.9e-5 265.7 108 6.0e-3 39.0 16 2.1e-5 313.5 130
R4000-3 -1.2e+4 6529 5.8e-3 36.0 15 4.1e-5 264.1 110 5.9e-3 39.5 16 2.5e-5 313.5 130
R4000-4 -1.2e+4 7018 5.8e-3 36.6 15 3.7e-5 261.3 108 6.1e-3 39.3 16 2.1e-5 315.3 130
R4000-5 -1.2e+4 5994 5.6e-3 36.7 15 3.8e-5 270.1 112 5.1e-3 41.6 17 2.5e-5 309.8 129

random planar graphs
P1000-1 -1.4e+3 45.1 5.0e-3 0.6 13 4.0e-5 4.9 102 4.1e-3 0.7 15 3.8e-5 4.3 96
P1000-2 -1.4e+3 45.5 4.4e-3 0.6 13 2.9e-5 4.2 89 3.3e-3 0.6 14 2.3e-5 3.9 87
P1000-3 -1.5e+3 42.6 4.6e-3 0.6 13 3.5e-5 4.2 88 3.0e-3 0.7 15 2.7e-5 4.2 93
P1000-4 -1.4e+3 44.1 4.7e-3 0.6 13 3.8e-5 4.7 97 3.4e-3 0.7 14 3.8e-5 4.3 96
P1000-5 -1.4e+3 44.6 4.4e-3 0.6 13 3.2e-5 4.7 93 2.8e-3 0.7 15 2.4e-5 4.6 102
P2000-1 -2.9e+3 386.1 5.5e-3 3.0 14 3.7e-5 21.6 102 5.4e-3 3.0 15 2.5e-5 22.5 114
P2000-2 -2.8e+3 362.8 5.8e-3 2.9 14 3.9e-5 22.1 109 5.8e-3 3.2 16 2.9e-5 23.4 119
P2000-3 -2.9e+3 359.0 5.4e-3 2.9 14 3.7e-5 22.2 105 4.9e-3 3.2 16 2.5e-5 23.0 117
P2000-4 -2.9e+3 348.2 5.5e-3 2.9 14 4.0e-5 22.8 111 4.9e-3 3.0 15 2.9e-5 23.7 121
P2000-5 -2.9e+3 377.9 5.6e-3 2.9 14 3.9e-5 21.3 104 4.7e-3 3.2 16 3.2e-5 21.2 108
P3000-1 -4.3e+3 1400 6.0e-3 7.3 15 4.0e-5 56.3 117 6.2e-3 7.0 15 3.0e-5 58.3 127
P3000-2 -4.3e+3 1394 6.5e-3 7.0 14 4.7e-5 57.2 119 5.1e-3 7.5 16 3.3e-5 59.1 129
P3000-3 -4.4e+3 1351 6.3e-3 6.8 14 4.3e-5 57.0 118 5.2e-3 7.4 16 3.5e-5 58.1 128
P3000-4 -4.3e+3 1647 6.7e-3 7.0 14 4.8e-5 60.6 125 6.2e-3 7.4 16 4.0e-5 58.6 129
P3000-5 -4.3e+3 1757 6.7e-3 6.9 14 4.4e-5 57.0 117 5.7e-3 7.5 16 3.3e-5 57.2 125
P4000-1 -5.7e+3 3688 6.5e-3 14.3 15 4.3e-5 114.2 124 6.0e-3 15.5 16 3.0e-5 123.6 130
P4000-2 -5.9e+3 3253 6.5e-3 14.4 15 4.9e-5 116.7 126 6.2e-3 15.9 16 4.1e-5 125.2 130
P4000-3 -5.8e+3 3790 6.3e-3 14.2 15 4.8e-5 115.1 126 5.6e-3 15.3 16 3.8e-5 120.1 128
P4000-4 -5.8e+3 3474 6.8e-3 14.3 15 4.6e-5 118.8 128 6.5e-3 15.5 16 4.1e-5 123.8 131
P4000-5 -5.9e+3 3389 6.1e-3 14.3 15 4.4e-5 111.9 120 5.5e-3 15.4 16 3.6e-5 121.1 129
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2.5.2 Matrix Completion

In this subsection, we evaluate the RBR method Algorithm 5 (RBR-MC)on the matrix

completion problem (2.4.9). Note that the pure RBR method can be directly applied to this

problem. However, preliminary numerical testing showed that this approach is much slower

(i.e., converges much more slowly) than using RBR-MC. Random matricesM ∈R
p×q with

rank r were created by the following procedure [41]: we first generated random matrices

ML ∈ R
p×r andMR ∈ R

q×r with i.i.d. Gaussian entries and then setM = MLM⊤
R ; then

we sampled a subsetΩ of m entries uniformly at random. The ratiom/(pq) between

the number of measurements and the number of entries in the matrix is denoted by “SR”

(sampling ratio). The ratior(p+q− r)/mbetween the dimension of a rankr matrix to the

number of samples is denoted by “FR”. In our tests, the rankr and the sampling entrym

were taken consistently so that according to the theory in [15] the matrixM is the optimal

solution of problem (2.4.9). Specifically, FR was set to 0.2 and 0.3 andr was set to 10.

We tested five square matricesM with dimensionsp = q∈ {100,200, · · · ,500} and set the

numberm to r(p+q− r)/FR. All parametersp,q, r,m and the random seeds “seed” used

by the random number generators “rand” and “randn” in MATLABare reported in Table

2.3.

All parameters of RBR-MC were set to the same values as those usedin ALAG-RBR-

M. A summary of the computational results is presented in Table 2.3. In the table, “rel-X”

denotes the relative error between the true and the recovered matrices, which is defined as

rel-X := ‖X−M‖F
‖M‖F

, and “rel-obj” denotes the relative error between the objective function
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Table 2.3: Computational results for the matrix completion problem

FR=0.2 FR=0.3
ε = 10−1 ε = 10−4 ε = 10−1 ε = 10−4

seed rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle
p=q=100; r=10; m=9500; SR=0.95 p=q=100; r=10; m=6333; SR=0.63

68521 1.7e-6 7.7e-3 0.5 8 3.3e-7 2.5e-4 2.8 42 5.1e-5 1.0e-3 0.3 10 4.3e-7 5.0e-5 1.7 51
56479 8.4e-7 3.7e-3 0.5 8 3.0e-7 2.9e-4 2.4 35 5.4e-5 4.9e-4 0.3 10 3.9e-7 5.0e-5 1.4 44
115727 1.3e-6 4.0e-3 0.5 8 3.4e-7 2.4e-4 2.4 37 3.8e-5 7.4e-4 0.3 10 4.5e-7 4.7e-5 1.4 43
27817 1.2e-6 4.6e-3 0.5 8 3.2e-7 2.4e-4 2.8 42 5.3e-5 1.0e-3 0.3 10 4.1e-7 5.4e-5 1.7 53
9601 1.1e-6 4.1e-3 0.6 8 3.1e-7 2.4e-4 2.7 40 3.1e-5 6.2e-4 0.3 10 4.1e-7 5.2e-5 1.6 49

p=q=200; r=10; m=19500; SR=0.49 p=q=200; r=10; m=13000; SR=0.33
68521 7.5e-5 1.1e-4 1.7 9 2.5e-7 6.4e-5 9.6 50 1.0e-3 4.9e-4 1.0 10 3.6e-7 1.9e-5 6.8 73
56479 6.0e-5 1.1e-4 1.8 9 2.3e-7 6.8e-5 8.1 42 1.5e-3 7.7e-4 0.9 10 3.3e-7 2.3e-5 8.1 87
115727 6.8e-5 2.1e-4 1.7 9 2.4e-7 6.8e-5 11.6 59 2.4e-3 6.0e-4 1.0 10 3.4e-7 2.0e-5 7.5 80
27817 5.3e-5 6.5e-4 1.7 9 2.3e-7 8.5e-5 14.0 74 2.5e-4 5.4e-4 0.9 10 3.2e-7 2.3e-5 7.8 84
9601 6.3e-5 3.3e-4 1.7 9 2.3e-7 8.0e-5 12.1 64 6.6e-4 5.0e-4 1.0 10 3.3e-7 2.1e-5 7.6 81

p=q=300; r=10; m=29500; SR=0.33 p=q=300; r=10; m=19666; SR=0.22
68521 1.0e-4 2.1e-4 3.3 9 2.0e-7 4.0e-5 21.7 59 1.0e-3 4.9e-4 2.0 11 3.0e-7 1.4e-5 17.7 96
56479 1.0e-4 2.8e-4 3.3 9 2.0e-7 3.8e-5 20.8 56 3.3e-4 4.3e-4 2.3 12 3.1e-7 1.3e-5 17.2 93
115727 9.4e-5 1.4e-4 3.3 9 2.0e-7 4.2e-5 24.7 67 1.2e-2 7.5e-4 2.4 13 3.2e-7 1.3e-5 15.5 83
27817 9.7e-5 7.1e-4 3.3 9 2.0e-7 3.7e-5 10.4 28 3.8e-3 5.0e-4 2.1 11 2.9e-7 1.3e-5 18.0 96
9601 1.0e-4 2.3e-3 3.3 9 1.9e-7 3.5e-5 9.5 26 1.8e-3 4.7e-4 2.2 12 2.9e-7 1.3e-5 17.2 93

p=q=400; r=10; m=39500; SR=0.25 p=q=400; r=10; m=26333; SR=0.16
68521 1.0e-4 1.2e-3 5.6 9 1.8e-7 2.6e-5 28.3 43 9.8e-3 6.2e-4 4.8 15 5.4e-6 9.2e-6 29.3 92
56479 9.9e-5 2.1e-4 5.8 9 1.8e-7 3.2e-5 48.1 71 3.0e-3 5.5e-4 4.5 14 2.7e-7 1.0e-5 31.8 101
115727 9.9e-5 1.0e-3 5.6 9 1.8e-7 2.7e-5 31.6 50 2.0e-3 5.0e-4 4.5 14 2.7e-7 1.0e-5 32.3 101
27817 2.2e-4 4.1e-4 5.8 9 1.8e-7 3.0e-5 37.9 57 8.3e-3 6.5e-4 4.5 14 2.8e-7 9.7e-6 32.6 100
9601 1.0e-4 1.3e-3 5.8 9 1.8e-7 2.5e-5 26.7 40 8.0e-3 5.5e-4 4.9 15 2.8e-7 9.6e-6 31.3 98

p=q=500; r=10; m=49500; SR=0.20 p=q=500; r=10; m=33000; SR=0.13
68521 2.4e-4 8.6e-4 9.1 9 1.7e-7 2.1e-5 56.0 56 5.3e-3 6.1e-4 8.2 16 2.6e-7 7.6e-6 54.4 107
56479 1.1e-4 8.5e-4 8.9 9 1.6e-7 2.3e-5 53.7 53 5.4e-3 5.9e-4 8.0 16 2.6e-7 7.2e-6 54.4 109
115727 1.1e-4 9.4e-4 9.4 9 1.6e-7 2.3e-5 49.8 48 8.2e-3 5.8e-4 8.1 16 2.6e-7 7.5e-6 54.4 108
27817 3.3e-4 1.5e-3 9.1 9 1.6e-7 2.1e-5 53.6 53 9.2e-3 6.7e-4 8.2 16 2.6e-7 7.6e-6 53.6 104
9601 1.1e-4 1.5e-3 9.9 9 1.6e-7 2.4e-5 54.9 53 2.1e-3 4.2e-4 8.0 16 2.5e-7 7.6e-6 57.3 111

value obtained and‖M‖∗, which is defined as rel-obj :=
| 1
2Tr(X)−‖M‖∗|

‖M‖∗ . DSDP is not in-

cluded in this comparison because it takes too long to solve all problems. To illustrate the

relationship between the computational cost of the RBR methods and the dimension of the

matrices, we plot the average of the CPU time versus the dimension of the SDP matrix (i.e.,

p+ q) in Figure 2.2 (a) and the average of the number of cycles versus this dimension in

Figure 2.2 (b).
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Figure 2.2: Relationship between the computational cost andSDP matrix dimension for
nuclear norm matrix completion problems

2.6 Conclusion

In this chapter, we presented a new first-order algorithmic framework, the row-by-row

(RBR) method, for solving semidefinite programming problems based on replacing the

positive semidefinite constraintX � 0 by requiring nonnegativity of the Schur comple-

ment of any(n−1)-dimensional principal submatrix ofX, which is temporally fixed. By

doing this, the positive semidefinite constraint is reducedto a simple second-order cone

constraint. The pure RBR method is extremely effective in solving an SDP whose only

constraints are that the diagonal elements ofX are constant, since only a single matrix-

vector product is involved at each inner step. To handle moregeneral linear constraints in

an SDP, we apply the pure RBR method to a sequence of unconstrained problems by us-

ing an augmented Lagrangian approach. Our method is especially suitable for solving the

maxcut SDP relaxation and nuclear norm matrix completion problems since closed-form

solutions for the RBR subproblems are available.
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Chapter 3

Alternating Direction Augmented

Lagrangian Methods for SDP

3.1 Introduction

In this chapter we present an alternating direction method based on an augmented La-

grangian framework for solving SDP problems. Alternating direction methods have been

extensively studied to minimize the augmented Lagrangian function for optimization prob-

lems arising from partial differential equations (PDEs) [22,24]. In these methods, the vari-

ables are partitioned into several blocks according to their roles, and then the augmented

Lagrangian function is minimized with respect to each blockby fixing all other blocks at

each inner iteration. This simple idea has been applied to many other problem classes,

such as, variational inequality problems [31, 32], linear programming [19], nonlinear con-

vex optimization [7, 16, 36, 38, 54], maximal monotone operators [20] and nonsmoothℓ1
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minimization arising from compressive sensing [57,60,63]. In [61], an alternating direction

method for SDP is presented by reformulating the complementary condition as a projection

equation.

Our algorithm applies the alternating direction method within a dual augmented La-

grangian framework. When our method is applied to an SDP in standard form, at each

iteration it first minimizes the dual augmented Lagrangian function with respect to the

Lagrange multipliers corresponding to the linear constraints, and then with respect to the

dual slack variables while keeping the other variables fixed, after which it updates the pri-

mal variables. This algorithm is very closely related to theregularization method in [42].

While the theoretical algorithm in [42] updates the primal variable X only after a certain

condition is satisfied, the actual algorithm implemented in[42] (i.e., Algorithm 5.1 in [42])

updates the primal variableX immediately after all other blocks are updated at each iter-

ation, which is exactly our alternating direction method. The algorithms in [42] cannot

be applied directly to SDPs with inequality constraints, and in particular, with positivity

constraints, i.e., every component ofX is nonnegative. In order to preserve the structure

of these inequality constraints, such as sparsity and orthogonality, we do not transform

them to equality constraints but add some extra steps to our alternating direction method to

minimize the dual augmented Lagrangian function with respect to the Lagrange multipliers

corresponding to the inequality constraints. This gives usa multiple-splitting alternating

direction method. Numerical experiments on, for example, frequency assignment problems

show that the performance of our method is significantly better than those in [42,64].

Our contributions are as follows. Although the techniques for analyzing the alternating
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direction methods for variational inequalities in [31] anda class of nonlinear optimization

problems in [7] can be applied to analyze our algorithm for SDPs in standard form, we

present a different and simple convergence proof by formulating our algorithm as a fixed

point method. We note that the convergence properties of theactual implementation of

the regularization method in [42] has not been studied. Moreover, we present a multiple-

splitting alternating direction method to solve SDPs with inequality constraints directly

without transforming them into SDPs in standard form by introducing a lot of auxiliary

variables and constraints.

The rest of this chapter is organized as follows. We present an alternating direction

augmented Lagrangian method for SDP in standard form in subsection 3.2.1 and analyze

its convergence in subsection 3.2.2, and then extend this method to an expanded problem

with inequality and positivity constraints in subsection 3.2.3. We discuss practical issues

related to the eigenvalue decomposition performed at each iteration, strategies for adjusting

the penalty parameter, the use of a step size for updating theprimal variableX, termination

rules and how to detect stagnation to enhance the performance of our methods in section

3.3. Finally, numerical results for frequency assignment,maximum stable set and binary

integer quadratic programming problems are presented in section 3.4 to demonstrate the

robustness and efficiency of our algorithm.
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3.2 Alternating direction augmented Lagrangian methods

3.2.1 A two-splitting scheme for standard form SDPs

Consider the standard form SDP

min
X∈Sn

〈C,X〉

s.t. A(X) = b, X � 0.

(3.2.1)

We make the following assumption throughout our presentation.

Assumption 3.2.1. The matrix A has full row rank and the Slater condition holds for

(3.2.1); that is, there exists a matrix̄X ≻ 0 satisfyingA(X̄) = b.

The dual problem of (3.2.1) is

min
y∈Rm,S∈Sn

−b⊤y

s.t. A∗(y)+S= C, S� 0.

(3.2.2)

The augmented Lagrangian function for the dual SDP (3.2.2) corresponding to the linear

constraints is defined as:

Lµ(X,y,S) := −b⊤y+ 〈X,A∗(y)+S−C〉+ 1
2µ

‖A∗(y)+S−C‖2
F ,

whereX ∈ Sn andµ > 0. Starting fromX0 = 0, the augmented Lagrangian method solves
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on thek-th iteration

min
y∈Rm,S∈Sn

Lµ(X
k,y,S), s.t. S� 0, (3.2.3)

for yk+1 andSk+1, and then updates the primal variableXk+1 by

Xk+1 := Xk +
A∗(yk+1)+Sk+1−C

µ
. (3.2.4)

Since solving problem (3.2.3) exactly is very expensive, weconsider instead an alter-

nating direction method. Starting fromX0 andS0 at the first iteration, we update on the

kth iteration the variablesy, S andX by first minimizingLµ(X, y, S) with respect toy to

obtainyk+1 with X := Xk andS:= Sk fixed; then minimizingLµ(X, y, S) with respect toS

subject toS� 0 to obtainSk+1 with X := Xk andy := yk+1 fixed; and finally, updatingXk

by (3.2.4); that is, we compute

yk+1 := arg min
y∈Rm

Lµ(X
k, y, Sk), (3.2.5a)

Sk+1 := argmin
S∈Sn

Lµ(X
k, yk+1, S), S� 0, (3.2.5b)

Xk+1 := Xk +
A∗(yk+1)+Sk+1−C

µ
. (3.2.5c)

The first-order optimality conditions for (3.2.5a) are

∇yLµ(X
k,yk+1,Sk) := A(Xk)−b+

1
µ
A(A∗(yk+1)+Sk−C) = 0.
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Since by Assumption 3.2.1AA∗ is invertible , we obtainyk+1 := y(Sk,Xk), where

y(S,X) := −(AA∗)−1(µ(A(X)−b)+A(S−C)) . (3.2.6)

By rearranging the terms ofLµ(Xk,yk+1,S), it is easily verified that problem (3.2.5b) is

equivalent to

min
S∈Sn

∥∥∥S−Vk+1
∥∥∥

2

F
, S� 0, (3.2.7)

whereVk+1 := V(Sk,Xk) and the functionV(S,X) is defined as

V(S,X) := C−A∗(y(S,X))−µX. (3.2.8)

Hence, we obtain the solutionSk+1 := Vk+1
† := Q†Σ+Q⊤

† , where

QΣQ⊤ =

(
Q† Q‡

)



Σ+ 0

0 Σ−







Q⊤
†

Q⊤
‡




is the spectral decomposition of the matrixVk+1, andΣ+ andΣ− are the nonnegative and

negative eigenvalues ofVk+1. It follows from the updating equation (3.2.5c) that

Xk+1 := Xk +
A∗(yk+1)+Sk+1−C

µ
=

1
µ
(Sk+1−Vk+1) =

1
µ
Vk+1

‡ , (3.2.9)
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whereVk+1
‡ := −Q‡Σ−Q⊤

‡ . Note thatXk+1 is also the optimal solution of

min
X∈Sn

∥∥∥µX+Vk+1
∥∥∥

2

F
, X � 0. (3.2.10)

From the above observation, we arrive at the alternating direction augmented Lagrangian

method in Algorithm 6, below.

Algorithm 6 : Alternating direction augmented Lagrangian method for SDP

SetX0 � 0 andS0 � 0.
for k = 0,1, · · · do

Computeyk+1 according to (3.2.6).
ComputeVk+1 and its eigenvalue decomposition, and setSk+1 := Vk+1

† .

ComputeXk+1 = 1
µ(Sk+1−Vk+1).

Remark3.2.1. In the boundary point method [46] and regularization method[42], Xk is

fixed until 1
µ(Sk+1−Vk+1) is nearly feasible. However, the actual regularization method

implemented in the numerical experiments in [42] is exactlyAlgorithm 6.

Remark3.2.2. If AA∗ = I , as is the case for many SDP relaxations of combinatorial opti-

mization problems, such as the maxcut SDP relaxation, the SDP relaxation of the maximum

stable set problem and the bisection SDP relaxation, step (3.2.5a), i.e., (3.2.6), is very in-

expensive. IfAA∗ 6= I , we can computeAA∗ and its inverse (or its Cholesky factorization)

prior to executing Algorithm 6. If computing the Cholesky factorization ofAA∗ is very

expensive, the strategies in [16,20] can be used to compute an approximate minimizeryk+1

in step (3.2.5a).
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3.2.2 Convergence analysis of Algorithm 6

Although the techniques for analyzing the convergence properties of the alternating direc-

tion methods for optimization problems arising from PDEs in[24], variational inequalities

in [31] and a class of nonlinear optimization problems in [7]can be applied to our algo-

rithm, we present here a different and simple argument by formulating our algorithm as a

fixed point method. For any matrixV ∈ Sn, let the matrix

(
V†,V‡

)
be denoted byP (V).

Hence, each iteration of Algorithm 6 can be expressed as

yk+1 := y(Sk,Xk) and

(
Sk+1,µXk+1

)
:= P (Vk+1) = P (V(Sk,Xk)). (3.2.11)

We first describe a result of the orthogonal decomposition.

Lemma 3.2.2. (Theorem 3.2.5 in [34], J.-J. Moreau) Let K be a closed convexcone and

K⋄ be the polar cone of K, that is, K⋄ := {s∈ R
n : 〈s,x〉 ≤ 0 for all x ∈ K}. For the three

elements x, x1 and x2 in R
n, the properties below are equivalent:

(i) x = x1 +x2 with x1 ∈ K and x2 ∈ K⋄ and〈x1,x2〉 = 0;

(ii) x1 = PK(x) and x2 = PK⋄(x),

where PK(x) is the projection of x on K.

The next lemma shows that any optimal solution of (3.2.1) is afixed point of the equa-

tions (3.2.11).

Lemma 3.2.3.Suppose Assumption 3.2.1 holds. Then, there exist primal and dual optimal

solutions(X,y,S) for (3.2.1)and (3.2.2)and the following two statements are equivalent:
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(i) (X,y,S) satisfies the KKT optimality conditions

A(X) = b, A∗(y)+S= C, SX= 0, X � 0, Z � 0.

(ii) (X,y,S) satisfies

y = y(S,X) and

(
S,µX

)
= P (V(S,X)).

Proof. The proof here is similar to Proposition 2.6 in [42]. Since the Slater condition

holds, there exists primal and dual optimal solution(X,y,S) for (3.2.1) and (3.2.2) so that

statement (i) is true. Direct algebraic manipulation showsthaty = y(S,X) from statement

(i). It follows from Lemma 3.2.2 that

S−µX = V(S,X), X � 0, S� 0, SX= 0,

is equivalent toS= V†(S,X) andµX = V‡(S,X). Hence, statement (i) implies statement

(ii).

Now, suppose statement (ii) is true; i.e.,S=V†(S,X) andµX=V‡(S,X). SinceS−µX=

V(S,X), it follows fromV(S,X) = C−A∗(y)−µX thatS= C−A∗(y). Fromy = y(S,X),

we obtain

(AA∗)y = µ(b−A(X))+A(C−S) = µ(b−A(X))+(AA∗)y,

which implies thatA(X) = b. Hence, statement (ii) implies statement (i).
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We now show that the operatorP (V) is nonexpansive.

Lemma 3.2.4.For any V,V̂ ∈ Sn,

∥∥∥P (V)−P (V̂)
∥∥∥

F
≤ ‖V −V̂‖F , (3.2.12)

with equality holding if and only if V⊤† V̂‡ = 0 and V⊤
‡ V̂† = 0.

Proof. We denoteV†− V̂† by W† andV‡− V̂‡ by W‡. SinceV⊤
† V‡ = 0 andV̂⊤

† V̂‡ = 0, we

obtain−W⊤
† W‡ =V⊤

† V̂‡+V̂⊤
† V‡. The positive semidefinitess of the matricesV†,V‡,V̂†,V̂‡�

0 implies thatTr (V⊤
† V̂‡) ≥ 0 andTr (V̂⊤

† V‡) ≥ 0. Expanding terms ofV −V̂, we obtain

∥∥∥V −V̂
∥∥∥

2

F
= Tr

(
(W†−W‡)

⊤(W†−W‡)
)

= Tr
(
W⊤

† W† +W⊤
‡ W‡

)
−2 Tr

(
W⊤

† W‡

)

=
∥∥∥P (V)−P (V̂)

∥∥∥
2

F
+2 Tr

(
V⊤

† V̂‡ +V̂⊤
† V‡

)

≥
∥∥∥P (V)−P (V̂)

∥∥∥
2

F
,

which proves (3.2.12).

The following lemma shows that the operatorV(S,X) is nonexpansive.

Lemma 3.2.5.For any S,X, Ŝ, X̂ ∈ Sn
+,

‖V(S,X)−V(Ŝ, X̂)‖F ≤
∥∥∥∥
(

S− Ŝ,µ(X− X̂)

)∥∥∥∥
F

(3.2.13)

with equality holding if and only if V−V̂ = (S− Ŝ)−µ(X− X̂).
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Proof. From the definition ofy(S,X) in (3.2.6), we have

y(Ŝ, X̂)−y(S,X) = (AA∗)−1
(

µA(X− X̂)+A(S− Ŝ)
)

,

which together with (3.2.8) gives

V(S,X)−V(Ŝ, X̂) = (C−A∗(y(S,X))−µX)− (C−A∗(y(Ŝ, X̂))−µX̂)

= A∗(y(Ŝ, X̂)−y(S,X))+µ(X̂−X)

= mat
(
−µ(I −M)vec(X− X̂)+Mvec(S− Ŝ)

)
, (3.2.14)

whereM := A⊤(AA⊤)−1A. SinceM is an orthogonal projection matrix whose spectral

radius is 1, we obtain from (3.2.14) that

∥∥∥V(S,X)−V(Ŝ, X̂)
∥∥∥

2

F
=

∥∥∥µ(I −M)vec(X− X̂)−Mvec(S− Ŝ)
∥∥∥

2

2

≤ ‖µvec(X− X̂)‖2
2 +‖vec(S− Ŝ)‖2

2 (3.2.15)

=

∥∥∥∥
(

S− Ŝ,µ(X− X̂)

)∥∥∥∥
2

F
,

which proves (3.2.13).

If the equality in (3.2.13) holds, it also holds in (3.2.15);that is,

‖µ(I −M)vec(X− X̂)‖2
2 +‖Mvec(S− Ŝ)‖2

2 = ‖µvec(X− X̂)‖2
2 +‖vec(S− Ŝ)‖2

2.

This implies thatMvec(X − X̂) = 0 and(I −M)vec(S− Ŝ) = 0. Using this relations in
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(3.2.14), we obtain

V(S,X)−V(Ŝ, X̂) = mat
(

vec(S− Ŝ)−µvec(X− X̂)
)

,

which proves the second statement.

Lemma 3.2.6.Let (X∗,y∗,S∗), where y∗ = y(S∗,X∗), be an optimal solution of(3.2.1)and

(3.2.2). Under Assumption 3.2.1, if

‖P (V(S,X))−P (V(S∗,X∗))‖F =

∥∥∥∥
(

S−S∗,µ(X−X∗)

)∥∥∥∥
F

, (3.2.16)

then, (S,µX) is a fixed point, that is,(S,µX) = P (V(S,X)), and hence,(X,y,S), where

y = y(S,X), is a primal and dual optimal solutions of(3.2.1)and (3.2.2).

Proof. From Lemma 3.2.3, we have(S∗,µX∗) = P (V(S∗,X∗)). From Lemmas 3.2.4 and

3.2.5, we have

V(S,X)−V(S∗,X∗) = (S−S∗)−µ(X−X∗),

which implies thatV(S,X) = S− µX. SinceS and X are all positive semidefinite, and

S⊤X = 0, we obtain from Lemma 3.2.2 that(S,µX) = P (V(S,X)).

Given Lemmas 3.2.4, 3.2.5 and 3.2.6, we can prove convergence of Algorithm 6 by

following the proof of Theorem 4.5 in [30].

Theorem 3.2.7.The sequence{(Xk,yk,Sk)} generated by Algorithm 6 from any starting



57

point (X0,y0,S0) converges to a solution(X∗,y∗,S∗) ∈ X ∗, whereX ∗ is the set of primal

and dual solutions of(3.2.1)and (3.2.2).

Proof. Since bothP (·) and V(·, ·) are non-expansive,P (V(·, ·)) is also nonexpansive.

Therefore,{(Sk,µXk)} lies in a compact set and must have a limit point, sayS̄= lim j→∞ Sk j

andX̄ = lim j→∞ Xk j . Also, for any(X∗,y∗,S∗) ∈ X ∗,

∥∥∥(Sk+1,µXk+1)− (S∗,µX∗)
∥∥∥

F
=

∥∥∥P (V(Sk,µXk))−P (V(S∗,µX∗))
∥∥∥

F

≤
∥∥∥V(Sk,µXk)−V(S∗,µX∗)

∥∥∥
F

≤
∥∥∥(Sk,µXk)− (S∗,µX∗)

∥∥∥
F

,

which means that the sequence{‖(Sk,µXk)−(S∗,µX∗)‖F} is monotonically non-increasing.

Therefore,

lim
k→∞

∥∥∥(Sk,µXk)− (S∗,µX∗)
∥∥∥

F
=

∥∥(S̄,µX̄)− (S∗,µX∗)
∥∥

F , (3.2.17)

where(S̄,µX̄) can be any limit point of{(Sk,µXk)}. By the continuity ofP (V(·, ·)), the

image of(S̄,µX̄),

P (V(S̄,µX̄)) = lim
j→∞

P (V(Sk j ,µXk j )) = lim
j→∞

(Sk j+1,µXk j+1),

is also a limit of{(Sk,µXk)}. Therefore, we have

∥∥P (V(S̄,µX̄))−P (V(S∗,µX∗))
∥∥

F =
∥∥(S̄,µX̄)− (S∗,µX∗)

∥∥
F ,
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which allows us to apply Lemma 3.2.6 to get that(S̄, ȳ,µX̄), where ¯y= y(S̄, X̄), is an optimal

solution to problems (3.2.1) and (3.2.2). Finally, by setting (S∗,µX∗) = (S̄,µX̄) in (3.2.17),

we get that

lim
k→∞

∥∥∥(Sk,µX̄k)− (S̄,µX̄)
∥∥∥

F
= lim

k→∞

∥∥∥(Sk j ,µX̄k j )− (S̄,µX̄)
∥∥∥

F
= 0,

i.e.,{(Sk,µXk)} converges to its unique limit of(S̄,µX̄).

We now describe the relationship between the primal infeasibility ‖A(Xk+1)−b‖2 and

dual infeasibility‖C−A∗(yk+1)−Sk+1‖F and the difference between the matrices{Vk}.

Corollary 3.2.8. Let{(Xk,yk,Sk)} be a sequence generated by Algorithm 6. Then

1. A(Xk+1)−b = 1
µA(Sk+1−Sk) and‖A(Xk+1)−b‖2 ≤ ‖A‖2

µ ‖Vk+1−Vk‖F .

2. C−A∗(yk+1)−Sk+1 = µ(Xk−Xk+1) and‖C−A∗(yk+1)−Sk+1‖F ≤ ‖Vk+1−Vk‖F .

3. ‖Vk+1−Vk‖F ≤ ‖Vk−Vk−1‖F .

Proof. 1). It follows from (3.2.6), (3.2.8) and Assumption 3.2.1 that

A(Xk+1)−b =
1
µ
A(Sk+1−Vk+1)−b

=
1
µ
A(Sk+1−C)+A(Xk)−b+(b−A(Xk))+

1
µ
A(C−Sk)

=
1
µ
A(Sk+1−Sk).
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Since the projectionVk+1
† is nonexpansive, we obtain

‖A(Xk+1)−b‖2 ≤
‖A‖2

µ
‖vec(Sk+1−Sk)‖2 ≤

‖A‖2

µ
‖Vk+1−Vk‖F .

2) Rearranging the terms of (3.2.5c), we obtain the first part of statement 2. The non-

expansiveness of the projectionVk+1
‡ gives

‖C−A∗(yk+1)−Sk+1‖2 = ‖Vk+1
‡ −Vk

‡‖F ≤ ‖Vk+1−Vk‖F .

3) From Lemmas 3.2.4 and 3.2.5, we obtain

‖Vk+1−Vk‖F ≤
∥∥∥∥
(

Sk−Sk−1,µ(Xk−Xk−1)

)∥∥∥∥
F

=

∥∥∥∥
(

Vk
† −Vk−1

† ,Vk
‡ −Vk−1

‡

)∥∥∥∥
F

≤ ‖Vk−Vk−1‖F .

3.2.3 A multiple-splitting scheme for an expanded problem

Although SDP problems with inequality constraints can be put into the standard form

(3.2.1), it is often more convenient to treat the inequalityconstraints directly in order to

preserve special structure of the constraints, such as sparsity and orthogonality. We now

extend our alternating direction method (3.2.5a)-(3.2.5c) to solve an expanded SDP prob-



60

lem, that includes, in particular, positivity constraintson the elements of the matrixX;

i.e.,

min
X∈Sn

〈C,X〉 , s.t. A(X) = b, B(X) ≥ d, X � 0, X ≥ 0, (3.2.18)

whered ∈ R
q and the linear mapB(·) : Sn → R

q is defined as

B(X) :=

(〈
B(1),X

〉
, · · · ,

〈
B(q),X

〉)⊤
, B(i) ∈ Sn, i = 1, · · · ,q. (3.2.19)

As we did for the operatorA , we define the operatorsB∗, BB∗ andB∗B by introducing

B =

(
vec(B(1)), · · · ,vec(B(q))

)⊤
∈ R

q×n2
.

We also make the following assumption.

Assumption 3.2.9.The matrices A and B have full row rank and a refined Slater condition

holds for (3.2.18); that is, there exists a positive definite matrix̄X satisfyingA(X̄) = b,

B(X̄) ≥ d andX̄ ≥ 0.

The dual of problem (3.2.18) is

min
y∈Rm,v∈Rq,S∈Sn,Z∈Sn

−b⊤y−d⊤v,

s.t. A∗(y)+B∗(v)+S+Z = C,

v≥ 0, S� 0, Z ≥ 0.

(3.2.20)

The augmented Lagrangian function for the dual SDP (3.2.20)corresponding to the linear
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constraints is defined as:

Lµ(X,y,v,Z,S) := −b⊤y−d⊤v+ 〈X,A∗(y)+B∗(v)+S+Z−C〉 (3.2.21)

+
1
2µ

‖A∗(y)+B∗(v)+S+Z−C‖2
F ,

whereX ∈ Sn andµ > 0. Starting fromX0 � 0, v0 ≥ 0, Z0 ≥ 0 andS0 � 0, our alternat-

ing direction method computes new iterates similar to the procedure (3.2.5a)-(3.2.5c) as

follows

yk+1 := arg min
y∈Rm

Lµ(X
k, y, vk, Zk, Sk), (3.2.22a)

vk+1 := arg min
v∈Rq

Lµ(X
k, yk+1, v, Zk, Sk), v≥ 0, (3.2.22b)

Zk+1 := arg min
Z∈Sn

Lµ(X
k, yk+1, vk+1, Z, Sk), Z ≥ 0, (3.2.22c)

Sk+1 := argmin
S∈Sn

Lµ(X
k, yk+1, vk+1, Zk+1, S), S� 0, (3.2.22d)

Xk+1 := Xk +
A∗(yk+1)+B∗(vk+1)+Sk+1 +Zk+1−C

µ
. (3.2.22e)

Note thatyk+1, Sk+1 andXk+1 can be computed in the same fashion as in (3.2.6), (3.2.7)

and (3.2.9), respectively. By rearranging the terms ofLµ(Xk,yk+1,v,Zk,Sk), it is easily

verified that problem (3.2.22b) is equivalent to the strictly convex quadratic program

min
v∈Rn

(
B

(
Xk +

1
µ
Yk+1

)
−d

)⊤
v+

1
2µ

v⊤(BB∗)v, v≥ 0, (3.2.23)

whereYk+1 :=A∗(yk+1)+Sk+Zk−C. By rearranging the terms ofLµ(Xk,yk+1,vk+1,Z,Sk),
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it is easily verified that problem (3.2.22c) is equivalent to

min
Z∈Sn

∥∥∥Z−Uk+1
∥∥∥

2

F
, Z ≥ 0,

whereUk+1 := C−A∗(yk+1)−B∗(vk+1)− Sk − µXk. Hence, the solution of problem

(3.2.22c) isZk+1 = Uk+1
+ , the positive part ofUk+1, that is,(Uk+1

+ )i, j := max(Uk+1
i j ,0).

3.3 Practical Issues

In this section, we discuss practical issues related to the eigenvalue decomposition per-

formed at each iteration, strategies for adjusting the penalty parameter, the use of a step

size for updating the primal variableX, termination rules and how to detect stagnation to

enhance the performance of our methods. Our focus is on procedures (3.2.5a)-(3.2.5c) for

problem (3.2.1), but our discussion applies equally to the expanded problem (3.2.18).

3.3.1 Eigenvalue decomposition

One of the bottlenecks of our alternating direction method is the computation of the eigen-

value decomposition. Fortunately, for many problems in practice, either the primal solution

X or the dual solutionSis a low rank matrix. For example, the primal variableX in the max-

cut SDP relaxation often has low rank while the dual variableS in frequency assignment

problem often has low rank. Moreover, since the optimal solution pair(X,y,S) satisfies the

complementary conditionXS= 0, the matricesX andSshare the same set of eigenvectors
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and the positive eigenvalues ofX (S) correspond to zero eigenvalues ofS (X). Therefore,

we only need to compute eitherVk
† , the part corresponding to the positive eigenvalues ofVk,

or Vk
‡ , the part corresponding to the negative eigenvalues ofVk, at iterationk. Specifically,

the following adaptive scheme can be used at the end of iteration k−1 to decide whether

Vk
† or Vk

‡ should be computed. Suppose thatVk−1
† has been computed and letκ+(Vk−1) be

the total number of the positive eigenvalues ofVk−1. If κ+(Vk−1) ≤ n
2, this suggests that

Sk might have low rank and we computeVk
† . Otherwise, it is possible thatXk has low rank

and we computeVk
‡ . If the total number of the negative eigenvaluesκ−(Vk−1) of Vk−1 is

known, a similar strategy can be used.

There are two types of methods, direct and iterative, for computing selected eigenvalues

and eigenvectors of a real symmetric matrixV. Direct methods, which reduceV to tridiag-

onal form and then compute the required eigenvalues and eigenvectors from the tridiagonal

matrix, are suitable for small and medium sized matrices. Since n is less than 5000 in

our numerical experiments, the code “DSYEVX” in LAPACK worksfairly well. Iterative

methods, such as the Lanczos algorithm (for example, “ARPACK”), require only matrix-

vector products and hence they are suitable for sparse matrices or matrices for which the

required matrix-vector products are cheap. If the matricesC andA∗(y) are sparse or have

low rank, then advantage can be taken of these structures sinceV := C−A∗(y)−µX.

Note from Corollary 3.2.8 that the primal infeasibility‖A(Xk+1)−b‖2 and dual infea-

sibility ‖C−A∗(yk+1)−Sk+1‖F are bounded by the difference‖Vk−Vk+1‖F which is non-

increasing. Hence, when the alternative direction method converges slowly,‖Vk−Vk+1‖F

is often quite small. Hence, the spectral decomposition ofVk+1 is close to that ofVk. How-
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ever, neither the direct nor the iterative methods mentioned above can take advantage of a

good initial guess. Assume thatVk
† := Qk

†Σk
+(Qk

†)
⊤ has low rank. SinceVk

† is the optimal

solution of minS�0‖S−Vk‖2
F , we can use nonlinear programming approaches, such as the

limited-memory BFGS method, to obtainRk+1 := argminR∈Rn×κ ‖RR⊤−Vk+1‖2
F starting

from R := Qk
†(Σ

k
+)

1
2 , and setSk+1 := Rk+1(Rk+1)⊤, whereκ := κ+(Vk). Similarly, since

Vk
‡ is the optimal solution of minY�0‖Y +Vk‖2

F , we can computeVk+1
‡ from the optimal

solution of minR∈Rn×κ ‖RR⊤ +Vk+1‖2
F , whereκ := κ−(Vk).

3.3.2 Updating the penalty parameter

Although our analysis shows that our alternating directionmethod Algorithm 6 converges

for any fixed penalty parameterµ > 0, numerical performance can be improved by ad-

justing the value ofµ. We next present a strategy for doing this dynamically. Since the

complementary conditionXkSk = 0 is always satisfied, the pair(Xk,yk,Sk) is close to opti-

mal if the primal and dual infeasibilities‖A(Xk+1)−b‖2 and‖C−A∗(yk+1)−Sk+1‖F are

small. Hence, we can tuneµ so that the primal and dual infeasibilities are balanced, that

is, ‖A(Xk+1)−b‖2 ≈ ‖C−A∗(yk+1)−Sk+1‖F . Specifically, we have from Corollary 3.2.8

that

A(Xk+1)−b =
1
µ
A(Sk+1−Sk) andC−A∗(yk+1)−Sk+1 = µ(Xk−Xk+1),

which suggests that the primal and dual infeasibilities areproportional to1
µ andµ, respec-

tively. Therefore, we decrease (increase)µ by a factorγ (1
γ ), 0 < γ < 1, if the primal
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infeasibility is less than (greater than) a multiple of the dual infeasibility for a number of

consecutive iterations. In addition,µ is required to remain within an interval[µmin,µmax],

where 0< µmin < µmax < ∞.

3.3.3 Step size for updating the primal variableX

For many alternating direction methods [16, 22, 24, 31, 36, 38, 54], numerical performance

is often improved if a step size is added to the update of the Lagrange multiplier. Here, we

replace step (3.2.5c) by

Xk+1 := Xk +ρ
A∗(yk+1)+Sk+1−C

µ
(3.3.1)

= (1−ρ)Xk +
ρ
µ
(Sk+1−Vk+1)

:= (1−ρ)Xk +ρX̄k+1,

whereρ ∈ (0, 1+
√

5
2 ) and X̄k+1 := 1

µ(Sk+1 −Vk+1). Convergence of this variant of the

algorithm can be proved in the same fashion as in [31]. Specifically, the following property

holds.

Theorem 3.3.1.Let(X∗,y∗,S∗) be an optimal solution of(3.2.1)and(3.2.2), ρ∈ (0, 1+
√

5
2 )
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and T= 2− 1
2(1+ρ−ρ2). Then, we have

‖Xk+1−X∗‖2
F + ρ

µ2‖Sk+1−S∗‖2
F + ρ(T−ρ)

µ2 ‖A∗(yk+1)+Sk+1−C‖2
F (3.3.2)

≤ ‖Xk−X∗‖2
F + ρ

µ2‖Sk−S∗‖2
F + ρ(T−ρ)

µ2 ‖A∗(yk)+Sk−C‖2
F

− (1+ρ−ρ2)ρ
3µ2

(
‖A∗(yk+1)+Sk+1−C‖2

F +‖Sk−Sk+1‖2
F

)
.

Hence, we obtain

lim
k→∞

(
‖A∗(yk+1)+Sk+1−C‖2

F +‖Sk−Sk+1‖2
F

)
= 0. (3.3.3)

Based on Theorem 3.3.1, we can show that both the primal and dual infeasibilities

and the violation of the complementary condition converge to zero. From statement 1 of

Corollary (3.2.8), we have

‖A(Xk+1)−b‖2 ≤ ‖A(X̄k+1)−b‖2 +‖A(Xk+1)−A(X̄k+1)‖2 (3.3.4)

≤ 1
µ
‖A‖2 ‖Sk+1−Sk‖F +‖A‖2 ‖Xk+1− X̄k+1‖F .
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We obtain from (3.3.1) that

‖Xk+1Sk+1‖F = (1−ρ)‖XkSk+1‖F (3.3.5)

≤ (1−ρ)
(
‖(Xk− X̄k+1)Sk+1‖F +‖X̄k+1Sk+1‖F

)

= (1−ρ)‖(Xk− X̄k+1)Sk+1‖F

≤ (1−ρ)‖(Xk− X̄k+1)‖F‖Sk+1‖F .

It follows from (3.3.1) and (3.3.3) that

lim
k∞

‖Xk+1−Xk‖F = 0, lim
k∞

‖X̄k+1−Xk‖F = 0, lim
k∞

‖Xk+1− X̄k+1‖F = 0. (3.3.6)

Combining (3.3.3)-(3.3.6), we obtain

limk→∞ ‖A∗(yk+1)+Sk+1−C‖2
F = 0,

limk→∞ ‖A(Xk+1)−b‖2
F = 0,

limk→∞ ‖Xk+1Sk+1‖F = 0.

3.3.4 Termination rules and detection of stagnation

Since the rate of convergence of first-order methods can slowdown as the iterates approach

an optimal solution, it is critical to detect this stagnation and stop properly. However, it is

difficult to predict whether an algorithm can get out of a region in which it is temporarily

trapped and then resume a fast rate of convergence. Hence, itis usually beneficial to allow
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some flexibility in the termination rules. Similarly to the rules used in the Seventh DIMACS

Implementation Challenge, we measure the infeasibilities and closeness to optimality for

the primal and dual problems as follows

pinf =
‖A(X)−b‖2

1+‖b‖2
, dinf =

‖C+S+Z−A∗(y)‖F

1+‖C‖1
, gap=

|b⊤y−〈C,X〉 |
1+ |b⊤y|+ 〈C,X〉 .

(3.3.7)

We stop our algorithm when

δ := max{pinf, dinf, gap} ≤ ε,

for ε > 0. We use “itstag” to count the number of consecutive iterations thatδ does not de-

crease below the best value obtained thus far and stop if the following criteria are satisfied:

(it stag> h1 andδ <= 10ε) or (it stag> h2 andδ <= 102ε) (3.3.8)

or (it stag> h3 andδ <= 103ε),

where 1< h1 < h2 < h3 are integers representing different levels of difficulty.

The complete pseudo-code for our algorithmSDPAD (SDP Alternating Direction) is

presented in Algorithm 7.SDPAD uses eleven parameters, the values of only a few of

which are critical to its convergence and performance. The default value of the termination

toleranceε is 10−6, andh1, h2 andh3 are used to detect stagnation. The following parame-

ters are for adjusting the penalty parameterµ: the initial value ofµ is 5, and its minimal and
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maximal valuesµmin andµmax are set to 10−4 and 104, respectively, the factor for reducing

(increasing)µ is γ = 0.5, and this is done if there areh4 consecutive iterations in which the

ratio of the primal to the dual infeasibility is less than or equal toη1 (greater thanη2). The

step sizeρ for updatingX is set to 1.6. We choose the initial iterateX0 = I andS0 = 0.

Note thatSDPAD can be extended naturally to the expanded problem (3.2.18);we shall also

refer to the resulting algorithm asSDPAD .

Algorithm 7 : SDPAD

Set 0< µmin ≤ µ≤ µmax < +∞, ε > 0, γ ∈ (0,1), 0< η1 ≤ η2 < ∞, ρ ∈ (0, 1+
√

5
2 ),

1 < h1 < h2 < h3 andh4 > 1. SetX0 � 0 andS0 � 0. SeteigS= true, re f = +∞,
it stag= 0, it pin f = 0 andit din f = 0.
for k = 0,1, · · · do

S1 Update yk+1, Sk+1 and Xk+1:
Computeyk+1 according to (3.2.6) andVk+1 according to (3.2.8).
if eigS == truethen

ComputeVk+1
† , setSk+1 := Vk+1

† andXk+1 = 1
µ(Sk+1−Vk+1).

if κ(Vk+1
† ) ≥ n

2 then seteigS= f alse.

else
ComputeVk+1

‡ , setSk+1 := Vk+1 +Vk+1
‡ andXk+1 = 1

µVk+1
‡ .

if κ(Vk+1
‡ ) ≥ n

2 then seteigS= true.

SetXk+1 := (1−ρ)Xk +ρXk+1.
S2 Check optimality and detect stagnation:

Computeδ := max{pinf, dinf, gap}.
if δ ≤ ε then return the solution.
if δ ≤ re f then setre f := δ andit stag= 0 else setit stag= it stag+1.
if condition(3.3.8)is satisfiedthen return the solution.

S3 Update penalty parameter µ:
if pin f/din f ≤ η1 then

Setit pin f = it pin f +1 andit din f = 0.
if it pin f ≥ h4 then setµ= max(γµ,µmin) andit pin f = 0.

else if pin f/din f > η2 then
Setit din f = it din f +1 andit pin f = 0.
if it din f ≥ h4 then setµ= min(1

γ µ,µmax) andit din f = 0.
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3.4 Numerical Results

Although the numerical results that we present in this section are limited to three special

classes of SDP problems, they illustrate the effectivenessof our alternating direction meth-

ods. The main parts of our code were written in C Language MEX-files in MATLAB

(Release 7.3.0), and all experiments were performed on a DellPrecision 670 workstation

with an Intel Xeon 3.4GHZ CPU and 6GB of RAM.

3.4.1 Frequency assignment relaxation

In this subsection, we demonstrate the effectiveness ofSDPAD on the SDP relaxations of

frequency assignment problems and compare the results withresults obtained using the

code SDPNAL [64]. These problems (see equations (4) and (5) on page 363 in [13], or

equation (2) on page 5 of [45]) arise from wireless communication networks and contain

both equality and inequality constraints. LetG= (V,E) be an undirected graph with vertex

setV = {1, · · · , r} and edge setE ⊆V ×V, and letW ∈ Sr be a weight matrix forG such

that wi, j = w j,i is the weight associated with edge(i, j) ∈ E. For those edges(i, j) /∈ E,

we assumewi, j = w j,i = 0. Let T ⊆ E be a given edge subset. These problems can be
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formulated as:

min
〈 1

2kdiag(We)+ k−1
2k W,X

〉

s.t. Xi, j ≥ −1
k−1, ∀(i, j) ∈ E\T,

Xi, j = −1
k−1, ∀(i, j) ∈ T,

diag(X) = e, X � 0.

(3.4.1)

Using the matrices corresponding to the edges inT and the constraint diag(X) = e to con-

struct the operatorA , and the matrices corresponding to the edges inE\T to construct the

operatorB, we can formulate (3.4.1) as the expanded problem (3.2.18) without the posi-

tivity constraintsX ≥ 0. We replaced the constraintsXi j = −1
k−1 by Xi j /

√
2 = −1√

2(k−1)
and

Xi j ≥ −1
k−1 by Xi j /

√
2≥ −1√

2(k−1)
, hence,AA∗ = I , BB∗ = I andA andB are orthogonal to

each other. Therefore, the optimal solution of the subproblems (3.2.22a) and (3.2.22b) are

explicitly available:

yk+1 := −
(

µ(A(Xk)−b)+A(Sk−C)
)

and

vk+1 := max
(
−

(
µ(B(Xk)−d)+B(Sk−C)

)
,0

)
.

To accommodate the inequality constraints, the primal infeasibility was measured by

pinf =
‖A(X)−b‖2 +‖min(B(X)−d,0)‖2

1+‖b‖2
.



72

Since the matrices corresponding to the operatorsA andB do not have to be stored, the

memory required by our implementation is quite small.

The parameters of SDPNAL were set to their default values. The iteration counter set

pointsh1, h2 andh3 were set to 20, 150 and 300, respectively, the iteration counter h4 for

changingµ was set to 50 and the ratiosη1 andη2 were set to 1. We stoppedSDPAD when

the total number of iterations reached 2000. All other parameters were set to their default

values. A summary of the computational results is presentedin Table 3.1. In that table, ˆm

denotes the total numberm+q of equality and inequality constraints, “itr” denotes the total

number of iterations performed and “cpu” denotes the CPU timereported in the format of

“hours:minutes:seconds”. Since running SDPNAL on “fap25”and “fap36” is very time

consuming (for example, in the results reported in [64], SDPNAL took more than 65 hours

to solve problem “fap36”), we did not run SDPNAL on our own computer on these two

problems and the results presented here were taken from Table 3 in [64]. Note that the nu-

merical results of SDPNAL on problems from “fap01” to “fap12” in Table 3.1 are slightly

different from those reported in Table 3 in [64]. Since the results in [64] were obtained

from a PC with Intel Xeon 3.2GHZ and 4GB of RAM which has a very similar perfor-

mance profile to the computer that we used, the numbers reported in our table and Table 3

in [64] are very similar and the comparison between them is meaningful. From these two

tables, we can see thatSDPAD is faster than SDPNAL for achieving a duality gap of almost

the same order. The results of the boundary point method “mprw.m” reported in Table 4

in [64] are much worse than those ofSDPAD . Since the implementation in “mprw.m” is

essentially an alternating direction method applied to SDPs in standard form, we can con-
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Table 3.1: Computational results on computing frequency assignment problems

SDPAD SDPNAL
name n m̂ pobj dobj pinf dinf itr gap cpu gap cpu
fap01 52 1378 3.28730e-2 3.28826e-2 2.78e-7 3.94e-7 6079.06e-6 0.35 1.39e-7 6.31
fap02 61 1866 1.07696e-3 1.02391e-3 2.18e-6 1.94e-5 6665.29e-5 0.49 1.15e-5 4.12
fap03 65 2145 4.94123e-2 4.94107e-2 5.89e-6 4.30e-6 8401.48e-6 0.75 2.27e-6 7.44
fap04 81 3321 1.74875e-1 1.74845e-1 3.09e-6 2.21e-6 7182.18e-5 1.21 1.53e-5 19.69
fap05 84 3570 3.08288e-1 3.08302e-1 3.49e-6 3.76e-6 7688.84e-6 1.32 1.09e-5 31.59
fap06 93 4371 4.59362e-1 4.59379e-1 5.69e-6 5.72e-6 5068.91e-6 1.07 1.73e-5 29.84
fap07 98 4851 2.11763e+ 2.117686e+ 4.54e-6 4.95e-6 5439.89e-6 1.26 5.75e-6 29.88
fap08 120 7260 2.43583e+ 2.43633e+ 1.76e-5 8.74e-6 4248.39e-5 1.57 5.93e-6 25.25
fap09 174 152251.07978e+1 1.07978e+1 7.99e-7 9.98e-7 5052.06e-7 4.77 2.86e-6 59.67
fap10 183 14479 9.25963e-3 9.76489e-3 3.22e-6 5.46e-6 12504.96e-4 14.93 7.93e-5 1:50
fap11 252 24292 2.93137e-2 2.98421e-2 3.26e-6 3.21e-6 16544.99e-4 49.57 1.89e-4 5:15
fap12 369 26462 2.72774e-1 2.73768e-1 2.59e-6 3.19e-6 20006.43e-4 2:34 1.60e-4 13:14

fap25∗ 2118 3229241.28632e+1 1.28802e+1 1.40e-5 1.63e-5 20006.37e-4 7:17:081.1e-4 10:53:22
fap36∗ 4110 11544676.98284e+1 6.98594e+1 2.03e-5 1.48e-5 20002.20e-4 53:14:122.5e-5 65:25:07

clude that treating inequality constraints directly can greatly improve the performance of

such methods.

We now compare the numerical results of our alternating direction methods obtained

usingρ = 1 andρ = 1.6 by using performance profiles as proposed in [18]. Specifically,

performance plots for the duality gap and the CPU time are presented in Figures 3.1(a) and

(b), respectively. These figures show that the variant usingρ = 1.6 is both faster than the

variant usingρ = 1 and achieves a smaller duality gap.
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Figure 3.1: Performance profiles of two variants ofSDPAD for frequency assignment prob-
lems
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3.4.2 The SDP relaxation of the maximum stable set problem

Given a graphG with edge setE, two SDPs relaxations of the maximum stable set problem

are

θ(G) := max
〈

C⊤,X
〉

s.t. Xi j = 0, (i, j) ∈ E, 〈I ,X〉 = 1,

X � 0,

(3.4.2)

and

θ+(G) := max
〈

C⊤,X
〉

s.t. Xi j = 0, (i, j) ∈ E, 〈I ,X〉 = 1,

X � 0, X ≥ 0,

(3.4.3)
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whereC = ee⊤. We scaled the constraints so thatAA∗ = I , i.e., we replaced the constraints

Xi j = 0 by Xi j /
√

2 = 0 and〈I ,X〉 = 1 by 1√
n 〈I ,X〉 = 1√

n. The matrixC was also scaled

by n. The tests problems were taken from [35, 49, 53]. The numbersh1, h2 andh3 were

set to 20, 50 and 150, respectively, the iteration counterh4 for changingµ was set to 100

and the ratiosη1 andη2 were set to 1. We stoppedSDPAD when the total number of it-

erations reached 1000. All other parameters were set to their default values. Summaries

of the computational results forθ(G) andθ+(G) are presented in Tables 3.2 and 3.3, re-

spectively. In these tables, the duality “gap” was measuredin the original scale, but “pinf”

and “dinf” were computed for the scaled problems. Since running SDPNAL on all the test

problems is very time consuming (for example, in the resultsreported in [64], SDPNAL

took almost 81 hours to computeθ+(G) on problem “1et.2048”), we did not run SDPNAL

on our own computer on any of theθ(G) andθ+(G) or BIQ (see next subsection) problems.

Hence, the SDPNAL results in Tables 3.2 and 3.3 are taken fromTables 5 and 6 in [64].

Because the computer used to obtain the results in [64] has very similar performance char-

acteristics to the computer that we used, the comparison presented in Tables 3.2 and 3.3 is

meaningful. Specifically, when we run SDPNAL on smaller and easier problems, such as

“fap01”-“fap12”, on our computer, the cpu time differed from those reported in [64] by an

insignificant amount. From Table 3.2, we can see thatSDPAD achieves approximately the

same level of duality gap as SDPNAL on problems such as “theta102” to “theta123”, “c-

fat200-1” and “brock400-1”. Although SDPNAL is faster thanSDPAD on problems such

as “hamming-10-2” and “G43” to “G47”,SDPAD is faster than SDPNAL on “2dc.512”.

From Table 3.3, we can see thatSDPAD is faster than SDPNAL on most problems except
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Table 3.2: Computational results on computingθ(G)

SDPAD SDPNAL
name n m̂ pobj dobj pinf dinf itr gap cpu gap cpu
theta102 500 37467-3.8390626e+1 -3.8390551e+1 8.76e-7 6.27e-7 2569.67e-7 47 1.6-8 50
theta103 500 62516-2.2528588e+1 -2.2528572e+1 2.85e-7 9.42e-7 2573.33e-7 57 4.6-8 1:00
theta104 500 87245-1.3336159e+1 -1.3336141e+1 3.40e-7 9.72e-7 2606.53e-7 48 7.6-8 58
theta123 600 90020-2.4668678e+1 -2.4668655e+1 3.42e-7 9.71e-7 2634.57e-7 1:43 4.1-8 1:34
MANN-a27 378 703 -1.3276623e+2 -1.3276388e+2 8.45e-7 3.50e-6 5038.81e-6 27 8.3-8 07
sanr200-0.7 200 6033 -2.3836177e+1 -2.3836162e+1 7.83e-7 9.98e-7 2193.04e-7 04 1.4-7 04
c-fat200-1 200 18367 -1.2000003e+1 -1.1999980e+1 1.00e-6 1.76e-7 3029.15e-7 04 8.5-8 09
ham-10-2 1024 23041-1.0239734e+2 -1.0239930e+2 4.72e-7 3.16e-6 5979.51e-6 22:8 9.0-8 02
ham-8-3-4 256 16129-2.5599950e+1 -2.5599909e+1 9.92e-8 9.94e-7 1998.04e-7 05 1.3-8 10
ham-9-5-6 512 53761-8.5332165e+1 -8.5334776e+1 5.70e-7 4.51e-6 10001.52e-5 2:48 1.4-6 1:33
brock400-1 400 20078-3.9701971e+1 -3.9701904e+1 9.75e-7 8.06e-7 2548.30e-7 25 1.7-8 26
keller4 171 5101 -1.4012231e+1 -1.4012258e+1 5.06e-7 9.88e-7 2499.32e-7 03 1.3-8 05
p-hat300-1 300 33918-1.0067984e+1 -1.0067963e+1 7.58e-7 6.81e-7 7649.96e-7 37 5.3-7 1:45
G43 1000 9991 -2.8063120e+2 -2.8062688e+2 2.84e-6 3.91e-6 9357.68e-6 21:17 4.2-8 1:33
G44 1000 9991 -2.8058951e+2 -2.8058568e+2 3.65e-6 4.21e-6 9336.82e-6 21:02 3.3-7 2:59
G45 1000 9991 -2.8017918e+2 -2.8018294e+2 4.02e-6 3.88e-6 9576.70e-6 21:27 5.6-8 2:51
G46 1000 9991 -2.7984557e+2 -2.7984014e+2 3.18e-6 5.46e-6 9279.69e-6 21:02 2.3-7 2:53
G47 1000 9991 -2.8190252e+2 -2.8189748e+2 4.86e-6 6.01e-6 8808.91e-6 19:41 1.3-7 2:54
2dc.512 512 54896-1.1777815e+1 -1.1770773e+1 2.24e-5 2.57e-5 10002.87e-4 5:51 1.7-4 32:16
1dc.1024 1024 24064-9.6053190e+1 -9.5999280e+1 7.82e-5 5.10e-5 7472.79e-4 24:26 2.9-6 41:26
1et.1024 1024 9601 -1.8460646e+2 -1.8434339e+2 1.93e-4 1.32e-4 6037.11e-4 20:03 1.8-6 1:01:14
1tc.1024 1024 7937 -2.0705051e+2 -2.0663863e+2 4.16e-4 5.21e-4 6119.93e-4 21:47 2.2-6 1:48:04
1zc.1024 1024 16641-1.2866647e+2 -1.2866658e+2 9.72e-7 3.78e-7 6084.16e-7 23:15 3.3-8 4:15
2dc.1024 1024 169163-1.8654205e+1 -1.8641209e+1 1.85e-5 2.71e-5 10003.39e-4 49:05 9.9-5 2:57:56
1dc.2048 2048 58368-1.7527338e+2 -1.7492237e+2 2.82e-4 2.16e-4 4739.99e-4 2:50:441.5-6 6:11:11
1et.2048 2048 22529-3.4297575e+2 -3.4229432e+2 1.78e-4 4.05e-4 9049.93e-4 4:54:578.8-7 7:13:55
1tc.2048 2048 18945-3.7567281e+2 -3.7486271e+2 1.79e-4 4.48e-4 10001.08e-3 5:15:147.9-6 9:52:09
1zc.2048 2048 39425-2.3739409e+2 -2.3739845e+2 1.42e-6 3.10e-6 9419.17e-6 6:39:071.2-6 45:16
2dc.2048 2048 504452-3.0698999e+1 -3.0679246e+1 1.88e-5 8.37e-6 10003.17e-4 7:12:504.4-5 15:13:19

“hamming-9-5-6”, “hamming-10-2”, “1zc.1024” and “1zc.2048” while achieving almost

the same level of duality gap. Finally, performance plots for numerical results obtained

usingρ = 1 andρ = 1.6 for computingθ(G) andθ+(G) are presented in Figures 3.2(a) and

(b), and Figures 3.3(a) and (b), respectively. When both the final duality gap and CPU time

are considered, these plots again show that using a fixed stepsize ofρ = 1.6 is preferable

to a step size ofρ = 1.
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Table 3.3: Computational results on computingθ+(G)

SDPAD SDPNAL
name n m̂ pobj dobj pinf dinf itr gap cpu gap cpu
theta102 500 37467-3.8066274e+1 -3.8066252e+1 2.94e-7 9.58e-7 2812.84e-7 1:01 8.4-8 3:31
theta103 500 62516-2.2377445e+1 -2.2377422e+1 3.27e-7 9.52e-7 2624.85e-7 1:01 2.3-8 3:28
theta104 500 87245-1.3282631e+1 -1.3282610e+1 3.57e-7 9.55e-7 2667.35e-7 52 1.6-7 2:35
theta123 600 90020-2.4495182e+1 -2.4495152e+1 3.77e-7 9.43e-7 2676.02e-7 1:39 1.2-7 6:44
MANN-a27 378 703 -1.3275956e+2 -1.3276174e+2 8.98e-7 4.08e-6 5308.17e-6 32 1.6-7 35
sanr200-0.7 200 6033 -2.3633314e+1 -2.3633293e+1 8.61e-7 9.57e-7 2284.47e-7 05 2.9-7 11
c-fat200-1 200 18367 -1.2000012e+1 -1.1999991e+1 4.71e-7 2.04e-7 3068.40e-7 04 2.1-7 36
ham-8-3-4 256 16129-2.5599951e+1 -2.5599909e+1 9.91e-8 9.94e-7 1998.05e-7 05 2.7-10 05
ham-9-5-6 512 53761-5.8666560e+1 -5.8666522e+1 6.49e-8 7.58e-7 4723.25e-7 2:19 2.6-7 42
ham-10-2 1024 23041-8.5333069e+1 -8.5333237e+1 4.99e-8 5.49e-7 6539.78e-7 27:58 4.2-7 4:35
brock400-1 400 20078-3.9331005e+1 -3.9330926e+1 9.98e-7 7.54e-7 2589.83e-7 29 3.5-9 1:45
keller4 171 5101 -1.3466089e+1 -1.3466006e+1 3.61e-6 9.01e-6 3312.98e-6 05 3.7-7 43
p-hat300-1 300 33918-1.0020244e+1 -1.0020212e+1 1.34e-6 5.93e-7 5671.50e-6 29 7.9-7 6:50
G43 1000 9991 -2.7972840e+2 -2.7973289e+2 4.40e-6 5.45e-6 8648.02e-6 20:22 2.1-7 52:00
G44 1000 9991 -2.7975221e+2 -2.7974864e+2 4.95e-6 4.36e-6 8936.36e-6 21:14 5.7-8 49:32
G45 1000 9991 -2.7931027e+2 -2.7931528e+2 5.11e-6 4.08e-6 9168.96e-6 22:54 2.4-8 50:25
G46 1000 9991 -2.7904079e+2 -2.7903549e+2 4.34e-6 5.19e-6 8869.47e-6 22:48 3.3-8 44:38
G47 1000 9991 -2.8089994e+2 -2.8089501e+2 6.05e-6 5.66e-6 8388.76e-6 21:11 5.1-9 40:27
2dc.512 512 54896-1.1385823e+1 -1.1383769e+1 9.43e-6 9.09e-6 10008.64e-5 5:10 3.8-4 2:25:15
1dc.1024 1024 24064-9.5563960e+1 -9.5552471e+1 2.13e-5 8.50e-6 10005.98e-5 57:20 1.4-5 5:03:49
1et.1024 1024 9601 -1.8229378e+2 -1.8210159e+2 1.18e-4 2.16e-4 6515.26e-4 36:04 1.1-5 6:45:50
1tc.1024 1024 7937 -2.0440122e+2 -2.0425679e+2 1.65e-4 2.67e-4 7993.53e-4 49:13 8.7-4 10:37:57
1zc.1024 1024 16641-1.2813904e+2 -1.2800286e+2 5.71e-5 1.80e-5 5065.30e-4 28:22 1.6-7 40:13
2dc.1024 1024 169163-1.7711337e+1 -1.7709936e+1 3.81e-6 2.37e-6 10003.85e-5 50:34 7.3-4 11:57:25
1dc.2048 2048 58368-1.7477173e+2 -1.7442175e+2 2.01e-4 9.45e-5 5179.99e-4 4:25:17 9.7-5 35:52:44
1et.2048 2048 22529-3.3883524e+2 -3.3837436e+2 1.76e-4 2.66e-4 6596.80e-4 5:15:09 4.0-5 80:48:17
1tc.2048 2048 18945-3.7115486e+2 -3.7070213e+2 1.86e-4 3.97e-4 8626.09e-4 6:35:33 1.4-3 73:56:01
1zc.2048 2048 39425-2.3739370e+2 -2.3739764e+2 3.58e-7 4.60e-6 9538.27e-6 7:14:21 2.3-7 2:13:04
2dc.2048 2048 504452-2.8789604e+1 -2.8786706e+1 4.84e-6 2.79e-6 10004.95e-5 5:45:25 2.7-3 45:21:42

Figure 3.2: Performance profiles of two variants ofSDPAD for computingθ(G)
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Figure 3.3: Performance profiles of two variants ofSDPAD for computingθ+(G)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

not more than 2x times worse than the best

%
 o

f p
ro

bl
em

s

gap

 

 

ρ=1.6
ρ=1

(a) gap

0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

not more than 2x times worse than the best

%
 o

f p
ro

bl
em

s

cpu

 

 

ρ=1.6
ρ=1

(b) cpu

3.4.3 Binary Integer Quadratic Programming Problem

In this subsection, we report on howSDPAD performs on SDP relaxations of binary in-

teger quadratic programming problems and compare these results to those obtained using

SDPNAL. These problems have the form:

min

〈



Q 0

0 0


 ,X

〉

s.t. Xii −Xn,i = 0, i = 1, · · · ,n−1,

Xnn = 1, X � 0, X ≥ 0,

(3.4.4)

whereQ∈ R
(n−1)×(n−1). We replaced the constraintsXii −Xn,i = 0 by

√
2
3

(
Xi j −Xn,i

)
= 0

and the matrixQ was scaled by its Frobenious norm. The computational results obtained on

the BIQ instances described in [58] are presented in Table 3.4, where “best upper bound” is

the best known upper bound reported in [58], and “%pgap” and “%dgap” were computed
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Figure 3.4: Performance profiles of two variants ofSDPAD for the BIQ problems
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as

%pgap :=

∣∣∣∣
best upper bound−pobj

best upper bound

∣∣∣∣×100%,

%dgap :=

∣∣∣∣
best upper bound−dobj

best upper bound

∣∣∣∣×100%.

The numbersh1, h2 andh3 were set to 50, 400 and 500, respectively, the iteration counterh4

for changingµ was set to 0 and the ratiosη1 andη2 were set to 1 and 100, respectively. We

stoppedSDPAD when the total number of iterations reached 10000. The minimum penalty

parameterµmin is set to 0.1. All other parameters were set to their default values. Again,

we did not run SDPNAL on our own computer but presented the results reported in Table

8 in [64] in Table 3.4. From this table, we can see thatSDPAD is faster than SDPNAL

for achieving comparable lower bounds. Finally, performance plots for numerical results

obtained usingρ = 1 andρ = 1.6 are presented in Figures 3.4(a) and (b). When both the

final duality gap and CPU time are considered, these plots again show that using a fixed

step size ofρ = 1.6 is preferable to using a step size ofρ = 1.
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Table 3.4: Computational results on the BIQ problems

SDPAD SDPNAL
name n pinf dinf gap itr best upper bound %pgap %dgap cpu%dgap cpu
be200.3.1 201 7.09e-7 5.17e-7 9.99e-7 2484-2.5453000e+4 8.891 8.891 32 8.891 10:29
be200.3.3 201 8.73e-6 1.42e-6 6.43e-6 2296-2.8023000e+4 5.194 5.195 31 5.192 12:09
be200.3.5 201 2.66e-6 3.45e-8 3.55e-8 4782-2.6355000e+4 6.519 6.519 1:04 6.519 10:38
be200.3.7 201 8.88e-6 1.78e-6 9.97e-6 2447-3.0483000e+4 3.730 3.732 32 3.730 9:43
be200.3.9 201 1.00e-6 1.75e-8 1.50e-8 6940-2.4683000e+4 7.106 7.106 1:31 7.106 8:28
be200.8.1 201 1.93e-6 3.06e-8 2.77e-8 4267-4.8534000e+4 4.812 4.812 57 4.811 9:41
be200.8.3 201 8.79e-6 1.03e-6 1.00e-5 2107-4.3207000e+4 7.051 7.053 28 7.052 10:53
be200.8.5 201 8.60e-6 1.48e-6 9.99e-6 1885-4.1482000e+4 6.725 6.723 25 6.723 9:53
be200.8.7 201 8.59e-6 4.73e-7 9.97e-6 2186-4.6828000e+4 5.394 5.391 28 5.392 4:30
be200.8.9 201 5.57e-6 7.95e-7 4.60e-6 2146-4.3241000e+4 5.213 5.214 29 5.213 12:16
be250.1 251 9.99e-7 3.10e-8 8.74e-9 5923-2.4076000e+4 4.334 4.334 2:14 4.332 16:41
be250.3 251 6.12e-6 4.58e-6 7.82e-6 2747-2.2923000e+4 4.698 4.697 1:02 4.698 17:17
be250.5 251 9.98e-7 2.21e-8 1.03e-8 6326-2.1057000e+4 6.258 6.258 2:24 6.254 14:30
be250.7 251 2.30e-6 5.18e-8 7.88e-9 5256-2.4095000e+4 4.250 4.250 1:57 4.250 14:00
be250.9 251 1.00e-6 5.61e-8 8.25e-9 6532-2.0051000e+4 6.713 6.713 2:30 6.713 17:13
bqp250-1 251 6.41e-6 2.57e-6 9.97e-6 3005-4.5607000e+4 4.509 4.507 1:08 4.508 17:42
bqp250-3 251 3.18e-6 2.06e-6 7.68e-7 3006-4.9037000e+4 4.159 4.159 1:05 4.160 10:36
bqp250-5 251 7.80e-6 1.10e-6 9.08e-6 3129-4.7961000e+4 4.260 4.261 1:10 4.260 19:03
bqp250-7 251 5.63e-7 3.21e-7 9.98e-7 4801-4.6757000e+4 4.630 4.630 1:46 4.630 16:36
bqp250-9 251 6.64e-6 3.47e-6 9.24e-6 3006-4.8916000e+4 5.277 5.279 1:06 5.276 16:12
bqp500-1 501 2.36e-7 3.92e-7 1.00e-6 8960-1.1658600e+5 8.044 8.044 19:448.045 1:00:59
bqp500-3 501 2.42e-7 3.61e-7 1.00e-6 8824-1.3081200e+5 5.842 5.841 19:045.842 1:01:47
bqp500-5 501 4.44e-7 4.03e-7 9.99e-7 8288-1.2548700e+5 6.857 6.857 18:416.857 1:36:43
bqp500-7 501 2.75e-7 4.83e-7 9.99e-7 9153-1.2220100e+5 7.603 7.602 20:167.603 1:25:26
bqp500-9 501 2.82e-7 4.88e-7 1.00e-6 8439-1.2079800e+5 7.856 7.856 18:547.857 1:24:40
gka2e 201 9.99e-7 1.65e-8 2.07e-8 4375-2.3395000e+4 6.508 6.508 57 6.506 7:23
gka4e 201 8.35e-6 2.75e-7 3.42e-6 2735-3.5594000e+4 4.583 4.582 36 4.582 11:25
gka1f 501 4.43e-7 5.83e-7 9.99e-7 8106-6.1194000e+4 7.133 7.133 17:577.133 1:28:54
gka3f 501 3.43e-7 5.27e-7 9.99e-7 7785-1.3803500e+5 8.778 8.777 17:048.778 1:31:34
gka5f 501 3.78e-7 7.40e-7 1.00e-6 8849-1.9050700e+5 8.612 8.612 18:588.613 1:25:48
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3.5 Conclusion

In this chapter, we presented alternating direction augmented Lagrangian methods for solv-

ing semidefinite programming (SDP) problems. At each inner iteration, the algorithm min-

imizes the dual augmented Lagrangian function with respectto each block of dual vari-

ables separately while other blocks are fixed and then updates the primal variables. For

the version of our algorithm that uses a unit step sizeρ = 1, complementary is enforced

by computing partial eigenvalue decompositions at each iteration. The special structure of

the constraints, such as sparsity and orthogonality, can often be used to simplify the com-

putation when solving the subproblems. Our method can handle SDPs with inequality and

positivity constraints directly without transforming them to equality constraints. Since in

our numerical experience the low rank structure of the optimal solution is often exposed

after relatively few iterations, we plan to explore how to take advantage of this to improve

the efficiency of our algorithm.
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[37] Michal Kočvara and Michael Stingl,Pennon: a code for convex nonlinear and
semidefinite programming, Optim. Methods Softw.18 (2003), no. 3, 317–333. MR
MR1989707 (2004e:90076)

[38] Spyridon Kontogiorgis and Robert R. Meyer,A variable-penalty alternating direc-
tions method for convex optimization, Math. Programming83 (1998), no. 1, Ser. A,
29–53. MR MR1643963 (99k:90116)
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Appendix A

A1. Analysis of the augmented

Lagrangian approach

We now present a convergence proof of our augmented Lagrangian approach (1.2.5)-(1.2.6).

Let {Xk} be the sequence generated by the iterative procedure (1.2.5)-(1.2.6). The first-

order optimality conditions of (1.2.5) are

B pk
(X,Xk) :=

〈
∇L(Xk,πk,µk),X−Xk

〉
=

〈
C− pk,X−Xk

〉
≥ 0, (A.1)

wherepk = 1
µkA

∗(µkπk +b−A(Xk)), for all X ∈ Sn
+. Similar to Proposition 3.2 and Theo-

rem 3.3 in [44], we have the following results on the convergence of the sequence{H(Xk)},

whereH(X) := ‖A(X)−b‖2
2.

Theorem A.0.1. The iterates{Xk} generated by the iterative procedure(1.2.5)-(1.2.6)

satisfies the following:
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1) Monotonic decreasing in H: H(Xk+1) ≤ H(Xk+1)+2µk+1B pk
(Xk+1,Xk) ≤ H(Xk) for

k≥ 1.

2) B pk
(X,Xk)+B pk−1

(Xk,Xk−1)+ 1
µk H(Xk) ≤ 1

µk H(X)+B pk−1
(X,Xk−1) for k≥ 2.

3) If X̃ minimize H(X) and
〈

C, X̃
〉

< ∞, then H(Xk)≤ µ1

µk H(X̃)+ µ1

k−1B
p1

(X̃,X1) for k≥ 2.

Proof. 1) The first part of statement one is obvious sinceB pk
(Xk+1,Xk) ≥ 0. We now

prove the second part of statement one. Using the updating formula (1.2.6), we obtain

1
2µk+1H(Xk+1)+B pk

(Xk+1,Xk)

=
1

2µk+1‖A(Xk+1)−b‖2
2 +

〈
C,Xk+1−Xk

〉

+

〈
1
µkA

∗(A(Xk)−b−µkπk),Xk+1−Xk
〉

≤ 1
2µk+1‖A(Xk)−b‖2

2 +
〈

C,Xk
〉
− (πk+1)⊤(A(Xk)−b)

−
〈

C,Xk
〉

+(πk+1)⊤(A(Xk+1)−b)+

〈
1
µkA

∗(A(Xk)−b−µkπk),Xk+1−Xk
〉

=
1

2µk+1‖A(Xk)−b‖2
2 =

1
2µk+1H(Xk),

where the inequality uses the fact thatXk+1 is the optimal solution at iterationk+1.

2) From the definition ofB pk(·, ·), we have:

B pk
(X,Xk)+B pk−1

(Xk,Xk−1)−B pk−1
(X,Xk−1) =

〈
pk−1− pk,X−Xk

〉
. (A.2)
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We obtain from the definition ofpk that

pk−1− pk =
1

µk−1A
∗
(

µk−1πk−1 +b−A(Xk−1)
)
− 1

µkA
∗
(

µkπk +b−A(Xk)
)

=
1
µk

(
A∗

(
A(Xk)−b

))
. (A.3)

It follows from the convexity ofH(X), (A.2) and (A.3) that

1
µkH(X) ≥ 1

µkH(Xk)+

〈
1
µkA

∗
(
A(Xk)−b

)
,X−Xk

〉

=
1
µkH(Xk)+

〈
pk− pk+1,X−Xk

〉
,

which gives the statement 2.

3) We takeX := X̃ and summarize the inequality in statement 2 fromk≥ 2 arriving at

B pk
(X̃,Xk)+

k

∑
j=2

(
B p j−1

(X j ,X j−1)+
1
µj H(X j)− 1

µj H(X̃)

)
≤ B p1

(X̃,X1). (A.4)

SinceB pk
(X̃,Xk)≥ 0,B p j−1

(X j ,X j−1)≥ 0 for j = 2, · · · ,k, the monotonicity ofH(X j) and

µj ≥ µj+1 , we further conclude that(k− 1)
(

1
µ1H(Xk)− 1

µk H(X̃)
)
≤ B p1

(X̃,X1), which

completes the proof.

We now present the proof of Theorem 1.2.6.
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Proof. The optimality condition (A.1) atXk gives

〈
C,Xk

〉
≤ 〈C,X〉+

〈
1
µkA

∗(A(Xk)−b−µkπk),X−Xk
〉

= 〈C,X〉+ 1
µk

〈
A(Xk)−b−µkπk,A(X)−A(Xk)

〉
. (A.5)

Since the Slater condition holds,H(X̃) = 0 is attainable. Hence, statement 3 of Theorem

A.0.1 implies that limk→∞ A(Xk) = b. Let X̂ be a limit point of the sequence{Xk}. Taking

limits on both sides of (A.5), we obtain

〈
C, X̂

〉
≤ 〈C,X〉+

〈
πk,A(X)−b

〉
,

which gives
〈

C, X̂
〉
≤ 〈C,X〉 for any X satisfyingA(X) = b; Therefore,X̂ is an optimal

solution of (1.2.1).


