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We consider in this chapter block coordinate descent (BCD) methods for solving semidefinite programming (SDP) problems. These methods are based on
sequentially minimizing the SDP problem’s objective function over blocks of
variables corresponding to the elements of a single row (and column) of the
positive semidefinite matrix X; hence, we will also refer to these methods
as row-by-row (RBR) methods. Using properties of the (generalized) Schur
complement with respect to the remaining fixed (n − 1)-dimensional principal submatrix of X, the positive semidefiniteness constraint on X reduces to
a simple second-order cone constraint. It is well known that without certain
safeguards, BCD methods cannot be guaranteed to converge in the presence of
general constraints. Hence, to handle linear equality constraints, the methods
that we describe here use an augmented Lagrangian approach. Since BCD
methods are first-order methods, they are likely to work well only if each
subproblem minimization can be performed very efficiently. Fortunately, this
is the case for several important SDP problems, including the maxcut SDP
relaxation and the minimum nuclear norm matrix completion problem, since
closed-form solutions for the BCD subproblems that arise in these cases are
available. We also describe how BCD can be applied to solve the sparse inverse
covariance estimation problem by considering a dual formulation of this problem. The BCD approach is further generalized by using a rank-two update
so that the coordinates can be changed in more than one row and column
at each iteration. Finally, numerical results on the maxcut SDP relaxation
and matrix completion problems are presented to demonstrate the robustness
and efficiency of the BCD approach, especially if only moderately accurate
solutions are desired.
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1 Introduction
Semidefinite programming (SDP) problems are convex optimization problems
that are solvable in polynomial time by interior point methods [57, 64, 70].
Unfortunately however, in practice large scale SDPs are quite difficult to solve
because of the very large amount of work required by each iteration of an interior point method. Most of these methods form a positive definite m × m
matrix M , where m is the number of constraints in the SDP, and then compute the search direction by finding the Cholesky factorization of M . Since m
can be O(n2 ) when the unknown positive semidefinite matrix is n × n, it can
take O(n6 ) arithmetic operations to do this. Consequently, this becomes impractical both in terms of the time and the amount of memory O(m2 ) required
when n is much larger than one hundred and m is much larger than a few
thousand. Moreover forming M itself can be prohibitively expensive unless m
is not too large or the constraints in the SDP are very sparse [27]. Although
the computational complexities of the block coordinate descent (BCD) methods presented here are not polynomial, each of their iterations can, in certain
cases, be executed much more cheaply than in an interior point algorithm. This
enables BCD methods to solve very large instances of these SDPs efficiently.
Preliminary numerical testing verifies this. For example, BCD methods produce highly accurate solutions to maxcut SDP relaxation problems involving
matrices of size 4000×4000 in less than 5.25 minutes and nuclear norm matrix
completion SDPs involving matrices of size 1000 × 1000 in less than 1 minute
on a 3.4 GHZ workstation. If only moderately accurate solutions are required
(i.e., a relative accuracy of the order of 10−3 ) then less than 45 and 10 seconds, respectively, is needed. We note, however, that using a BCD method as
a general purpose SDP solver is not a good idea.
1.1 Review of BCD methods
BCD methods are among the oldest methods in optimization. Since solving
the original problem with respect to all variables simultaneously can be difficult or very time consuming, these approaches are able to reduce the overall
computational cost by partitioning the variables into a few blocks and then
minimizing the objective function with respect to each block by fixing all other
blocks at each inner iteration. They have been studied in convex programming
[45, 60], nonlinear programming [6, 34, 33], nonsmooth separable minimization
with and without linearly constraints [58, 63, 59] and optimization by direct
search [42]. Although these methods have never been the main focus of the
mathematical optimization community, they remain popular with researchers
in the scientific and engineering communities. Recently, interest in coordinate
descent methods has been revived due to the wide range of large-scale problems in image reconstruction [9, 73, 24], machine learning including support
vector machine training [17, 62, 8, 39], mesh optimization [20], compressive
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sensing [44, 23, 75, 48], and sparse inverse covariance estimation [2] to which
these methods have been successfully applied.
The basic BCD algorithmic strategy can be found under numerous names,
including linear and nonlinear Gauss-Seidel methods [53, 33, 35, 69], subspace
correction methods [56] and alternating minimization approaches. BCD methods are also closely related to alternating direction augmented Lagrangian
(ADAL) methods which alternatingly minimize the augmented Lagrangian
function with respect to different blocks of variables and then update the
Lagrange multipliers at each iteration. ADAL methods have been applied to
many problem classes, such as, variational inequality problems [37, 36, 72], linear programming [21], nonlinear convex optimization [7, 43, 18, 41, 61, 32, 31],
maximal monotone operators [22], nonsmooth ℓ1 minimization arising from
compressive sensing [65, 71, 77] and SDP [74, 68].
There are several variants of coordinate and BCD methods. The simplest
cyclic (or Gauss-Seidel) strategy is to minimize with respect to each block
of variables one after another in a fixed order repeatedly. The essentially
cyclic rule [45] selects each block at least once every T successive iterations,
where T is an integer equal to or greater than the number of blocks. The
Gauss-Southwell rule [45, 63] computes a positive value qi for every block i
according some criteria and then chooses the block with the largest value of qi
to work on next, or chooses the k-th block to work on, where qk ≥ β maxi qi
for β ∈ (0, 1]. An extreme case is to move along the direction corresponding
to the component of the gradient with maximal absolute value [49, 19]. The
approach in [49] chooses a block or a coordinate randomly according to prespecified probabilities for each block or coordinate.
The convergence properties of BCD methods have been intensively studied
and we only summarize some results since the 1990s. Bertsekas [6] proved that
every limit point generated by the coordinate descent method is a stationary
point for the minimization of a general differentiable function f (x1 , . . . , xN )
over the Cartesian product of closed, nonempty and convex subsets {Xi }N
i=1 ,
such that xi ∈ Xi , i = 1, . . . , N , if the minimum of each subproblem is
uniquely attained. Grippo and Sciandrone [33] obtained similar results when
the objective function f is componentwise strictly quasiconvex with respect to
N − 2 components and when f is pseudoconvex. Luo and Tseng [45] proved
convergence with a linear convergence rate without requiring the objective
function to have bounded level sets or to be strictly convex, by considering the problem minx≥0 g(Ex) + b⊤ x, where g is a strictly convex essentially
smooth function and E is a matrix. In [58], Tseng studied nondifferentiable
(nonconvex) functions f with certain separability and regularity properties,
and established convergence results when f is pseudoconvex in every pair of
coordinate blocks from among N − 1 coordinate blocks or f has at most one
minimum in each of N − 2 coordinate blocks if f is continuous on a compact level set, and when f is quasiconvex and hemivariate in every coordinate
block. Tseng and Yun [63] considered a nonsmooth separable problem whose
objective function is the sum of a smooth function and a separable convex
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function, which includes as special cases bound-constrained optimization and
smooth optimization with ℓ1 -regularization. They proposed a (block) coordinate gradient descent method with an Armijo line search and established
global and linear convergence under a local Lipschitz error bound assumption.
Recently, complexity results for BCD methods have also been explored.
Saha and Tewari [54] proved O(1/k) convergence rates, where k is the
iteration counter, for two cyclic coordinate descent methods for solving
minx f (x) + λkxk1 under an isotonicity assumption. In [49], Nesterov proposed unconstrained and constrained versions of a Random Coordinate Descent Method (RCDM), and showed that for the class of strongly convex
functions, RCDM converges with a linear rate, and how to accelerate the
unconstrained version of RCDM to have an O(1/k 2 ) rate of convergence. A
stochastic version of the coordinate descent method with runtime bounds was
also considered in [55] for ℓ1 -regularized loss minimization.
1.2 BCD methods for SDP
All coordinate descent and block coordinate descent methods for SDP, that
maintain positive semidefiniteness of the matrix of variables, are based upon
the well known relationship between the positive semidefiniteness of a symmetric matrix and properties of the Schur complement of a sub-matrix of
that matrix [76]. We note that Schur complements play an important role
in SDP and related optimization problems. For example, they are often used
to formulate problems as SDPs [10, 64]. In [1, 29, 30] they are used to reformulate certain SDP problems as second-order cone programs (SOCPs).
More recently, they were used by Banerjee, El Ghaoui and d’Aspremont [2] to
develop a BCD method for solving the sparse inverse covariance estimation
problem whose objective function involves the log determinant of a positive
semidefinite matrix. As far as we know, this was the first application of BCD
to SDP.
As in the method proposed in Banerjee et. al [2], the basic approach described in this chapter uses Schur complements to develop an overlapping
BCD method. The coordinates (i.e., variables) in each iteration of these methods correspond to the components of a single row (column) of the unknown
semidefinite matrix. Since every row (column) of a symmetric matrix contains one component of each of the other rows (columns), the blocks in these
methods overlap. As we shall see below, the convergence result in [6] can be
extended to the case of overlapping blocks. However, they do not apply to the
case where constraints couple the variables between different blocks. To handle
general linear constraints, the BCD methods for SDP described here resort
to incorporating these constraints into an augmented Lagrangian function,
which is then minimized over each block of variables. Specifically, by fixing
any (n − 1)-dimensional principal submatrix of X and using its Schur complement, the positive semidefinite constraint is reduced to a simple second-order
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cone constraint and then a sequence of SOCPs constructed from the primal
augmented Lagrangian function are minimized.
Most existing first-order methods for SDP are also based on the augmented
Lagrangian method (also referred to as the method of multipliers). Specific
methods differ in how the positive semidefinite constraints are handled. In
[13, 14], the positive definite variable X is replaced by RR⊤ in the primal
augmented Lagrangian function, where R is a low rank matrix, and then
nonlinear programming approaches are used. In [11, 15], a BCD (alternating
minimization) method and an eigenvalue decomposition are used to minimize
the primal augmented Lagrangian function. In [78], the positive semidefinite
constraint is represented implicitly by using a projection operator and a semismooth Newton approach combined with the conjugate gradient method is
applied to minimize the dual augmented Lagrangian function. The regularization methods [47, 50]) and the alternating direction augmented Lagrangian
method [68] are also based on a dual augmented Lagrangian approach and the
use of an eigenvalue decomposition to maintain complementarity.
We also generalize the BCD approach by using rank-two updates. This
strategy also gives rise to SOCP subproblems and enables combinations of the
coordinates of the variable matrix X in more than a single row and column
to change at each iteration. Hence, it gives one more freedom in designing an
efficient algorithm.
1.3 Notation and Organization
We adopt the following notation. The sets of n × n symmetric matrices and
n × n symmetric positive semidefinite (positive definite) matrices are denoted
n
n
), respectively. The notation X  0 (X ≻ 0) is also used
(S++
by S n and S+
to indicate that X is positive semidefinite (positive definite). Given a matrix
A ∈ Rn×n , we denote the (i, j)-th entry of A by Ai,j . Let α and β be given
index sets, i.e., subsets of {1, 2, · · · , n}. We denote the cardinality of α by |α|
and its complement by αc := {1, 2, · · · , n}\α. Let Aα,β denote the submatrix
of A with rows indexed by α and columns indexed by β, i.e.,


Aα1 , β1 · · · Aα1 , β|β|


..
..
Aα,β := 
.
.
.
Aα|α| , β1 · · · Aα|α| , β|β|

We write i for the index set {i} and denote the complement of {i} by
ic := {1, 2, · · · , n}\{i}. Hence, Aic ,ic is the submatrix of A that remains after
removing its i-th row and column, and Aic ,i is the ith column of the matrix A without the element Ai,iP
. The inner product between two matrices C
and X is defined as hC, Xi := jk Cj,k Xj,k and the trace of X is defined as
 
Pn
x
obtained by stacking the vector x ∈ Rp
Tr(X) = i=1 Xii . The vector
y
on the top of the vector y ∈ Rq is also denoted by [x; y] ∈ Rp+q .
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The rest of this chapter is organized as follows. In section 2, we briefly
review the relationship between properties of the Schur complement and the
positive semidefiniteness of a matrix, and present a prototype of the RBR
method for solving a general SDP. In section 3.1, the RBR method is specialized for solving SDPs with only diagonal element constraints, and it is
interpreted in terms of the logarithmic barrier function. Coordinate descent
methods for sparse inverse covariance estimation are reviewed in section 3.3.
Convergence of the RBR method for SDPs with only simple bound constraints
is proved in section 3.4. To handle general linear constraints, we apply the
RBR method in section 4 to a sequence of unconstrained problems using an
augmented Lagrangian function approach. Specialized versions for the maxcut
SDP relaxation and the minimum nuclear norm matrix completion problem
are presented in sections 4.2 and 4.3, respectively. A generalization of the RBR
scheme based on a rank-two update is presented in section 5. Finally, numerical results for the maxcut and matrix completion problems, are presented in
section 6 to demonstrate the robustness and efficiency of our algorithms.

2 Preliminaries
In this section, we first present a theorem about the Schur complement of a
positive (semi-) definite matrix, and then present a RBR prototype method
for SDP based on it.
2.1 Schur complement
Theorem 1. ([76],
1.12 and 1.20) Let the matrix X ∈ S n be par
 Theorems
⊤
ξy
, where ξ ∈ R, y ∈ Rn−1 and B ∈ S n−1 . The Schur
titioned as X :=
y B
complement of B in X is defined as (X/B) := ξ − y ⊤ B † y, where B † is the
Moore-Penrose pseudo-inverse of B. Then the following holds.
1) If B is nonsingular, then X ≻ 0 if and only if B ≻ 0 and (X/B) > 0.
2) If B is nonsingular, then X  0 if and only if B ≻ 0 and (X/B) ≥ 0.
3) X  0 if and only if B  0, (X/B) ≥ 0 and y ∈ R(B), where R(B) is the
range space of B.
Proof. We only prove here 1) and 2). Since B is nonsingular, X can be factorized as


 ⊤ −1  
1 0
ξ − y ⊤ B −1 y 0
1y B
.
(1)
X=
B −1 y I
0
B
0
I
Hence, det(X) = (ξ − y ⊤ B −1 y) det(B) and
X ≻ ()0 ⇐⇒ B ≻ 0 and (X/B) := ξ − y ⊤ B −1 y > (≥)0.

(2)
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2.2 A RBR method prototype for SDP
We consider here the standard form SDP problem
min

X∈S n

s.t.

hC, Xi
A(X) = b,

(3)
X  0,

where the linear map A(·) : S n → Rm is defined by
D
E
D
E⊤
A(X) := A(1) , X , · · · , A(m) , X
,

the matrices C, A(i) ∈ S n , and the vector b ≡ (b1 , . . . , bm )⊤ ∈ Rm are given.
Henceforth, the following Slater condition for (3) is assumed to hold.
Assumption 2 Problem (3) satisfies the Slater condition:
(
A : S n → Rm is onto ,
n
∃X 1 ∈ S++
such that A(X 1 ) = b.

(4)

Given a strictly feasible solution X k ≻ 0, we can construct a SOCP restriction for the SDP problem (3) as follows. Fix the n(n − 1)/2 variables in
the (n − 1) × (n − 1) submatrix B := X1kc ,1c of X k and let ξ and y denote the
remaining unknown variables X
1,1 and
 1/column 1), respec X1c ,1
 (i.e.,⊤row
ξ y
ξ y⊤
. It then follows from
:=
tively. Hence, the matrix X :=
y X1kc ,1c
y B
Theorem 1 that X  0 is equivalent to ξ − y ⊤ B −1 y ≥ 0. Here we write this
as ξ − y ⊤ B −1 y ≥ ν, with ν = 0, so that strict positive definiteness of X can
be maintained if we choose ν > 0. Hence, the SDP problem (3) becomes
min

[ξ;y]∈Rn

s.t.

e
c⊤ [ξ; y]

e [ξ; y] = eb,
A

(5)

ξ − y ⊤ B −1 y ≥ ν,

e and eb are defined as follows using the subscript i = 1:
where ν = 0, and e
c, A

E
D


(1)
(1)
(1)
b1 − Aic ,ic , B


Ai,i 2Ai,ic


Ci,i

e := 
 . (6)
···
· · ·  and eb := 
···
e
c :=
, A



D
E
2Cic ,i
(m)
(m)
(m)
Ai,i 2Ai,ic
bm − Aic ,ic , B

If we let LL⊤ = B be the Cholesky factorization of B and introduce a new
variable z = L−1 y, the Schur complement constraint ξ − y ⊤ B −1 y ≥ ν is
equivalent to the linear constraints Lz = y and η = ξ − ν and the rotated
second-order cone constraint kzk22 ≤ η. Clearly, similar problems can be constructed if for any i, i = 1, · · · , n, all elements of X k other than those in the
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i-th row/column are fixed and only the elements in the i-th row/column are
treated as unknowns.
We now present the RBR method for solving (3). Starting from a positive
definite feasible solution X 1 , we update one row/column of the solution X at
each of n inner steps by solving subproblems of the form (5) with ν > 0. As
we shall show below, choosing ν > 0 in (5) (i.e., keeping all iterates positive
definite), is necessary for the RBR method to be well-defined. This procedure
from the first row to the n-th row is called a cycle. At the first step of the
k-th cycle, we fix B := X1kc ,1c , and solve subproblem (5), whose solution is
k
denoted by [ξ; y]. Then the first row/column of X k is replaced by X1,1
:= ξ and
k
k
X1c ,1 := y. Similarly, we set B := Xic ,ic in the i-th inner iteration and assign
e and eb according to (6). Then the solution [ξ; y] of (5) is
the parameters e
c, A
k
used to set Xi,i
:= ξ and Xikc ,i := y. The k-th cycle is finished after the n-th
row/column is updated. Then we set X k+1 := X k and repeat this procedure
until the relative decrease in the objective function on a cycle becomes smaller
than some tolerance ǫ. This RBR method prototype is outlined in Algorithm 1.
In the next section, we illustrate its usefulness for problems in which the linear
constraints are simple bound constraints. Unfortunately, when they are not,
the RBR prototype fails. Hence, for the general case we present an augmented
Lagrangian version of the RBR method is section 4.
Algorithm 1: A RBR method prototype
Set X 1 ≻ 0, ν ≥ 0, k := 1 and ǫ ≥ 0. Set F 0 := +∞ and compute
F 1 := C, X 1 .
k−1

k

F
−F
while max{|F
k−1 |,1} ≥ ǫ do
for i = 1, · · · , n do
e and e
Set B := Xikc ,ic and the parameters e
c, A
b according to (6).
Solve the subproblem (5) whose solution is denoted by ξ and y.
⊤
k
k
c := y .
Update Xi,i
:= ξ, Xikc ,i := y and Xi,i

Compute F k := C, X k . Set X k+1 := X k and k := k + 1.

We note that the RBR method is similar to the block Gauss-Seidel method
for solving a system of linear equations and the block coordinate descent
method (sometimes referred to as the nonlinear Gauss-Seidel method) for
nonlinear programming, except that because of the symmetry of X, the blocks
in the RBR method overlap. Specifically, exactly one of the variables in any
two inner iterations of the RBR method overlap.
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3 The RBR methods for SDPs with bound constraints
We now apply the RBR method to SDPs with simple bound constraints,
including the maxcut SDP relaxation, the SDP relaxation of the matrix completion problem, and the sparse inverse covariance estimation problem. Convergence of the RBR method for such problems is also analyzed.
3.1 Maxcut SDP relaxation
The well known SDP relaxation [28, 12, 38, 3] for the maxcut problem, which
seeks to partition the vertices of a graph into two sets so that the sum of the
weighted edges connecting vertices in one set with vertices in the other set is
maximized, takes the following form:
X0

min

hC, Xi

s.t.

Xii = 1,

(7)
i = 1, · · · , n.

We now present the RBR subproblem for solving (7). Since the diagonal
elements of X are known to be equal to 1, they are kept fixed at 1. At the ith
step of the k-th cycle, we fix B = Xikc ,ic , where X k is the iterate at the (i − 1)st step of the k-th cycle. Although in all RBR algorithms positive definiteness
of all iterates is maintained, we assume here that B is positive semidefinite
and use the generalized Schur complement to construct the second-order cone
constraint. Hence, the RBR subproblem (5) for problem (7) is
min

y∈Rn−1

s.t.

b
c⊤ y

1 − y ⊤ B † y ≥ ν,

(8)
y ∈ R(B),

where b
c := 2Cic ,i .

Lemma 1. If γ := b
c⊤ Bb
c > 0, the solution of problem (8) with ν < 1 is given
by
r
1−ν
Bb
c.
(9)
y=−
γ

Otherwise, y = 0 is a solution.
n
Proof. Suppose that the matrix B ∈ S+
has rank r, where 0 < r ≤ n. Hence,
B has the spectral decomposition
  ⊤

 Λr 0
Qr
⊤
= Qr Λ r Q⊤
(10)
B = QΛQ = Qr Ql
r .
0 0
Q⊤
l

where Q is an orthogonal matrix, Λ = diag(λ1 , · · · , λr , 0, · · · 0), and λ1 ≥
λ2 ≥ · · · ≥ λr > 0, and the Moore-Penrose pseudo-inverse of B is

10

Zaiwen Wen, Donald Goldfarb, and Katya Scheinberg

B † = Qr Ql


  ⊤
 Λ−1
Qr
⊤
r 0
= Qr Λ−1
r Qr .
0 0
Q⊤
l

Let z = Q⊤ y =: [zr ; zl ]. Since y ∈ R(B) and R(B) = R(Qr ), zl = 0; hence,
problem (8) is equivalent to
min

zr ∈Rr

s.t.

(Q⊤
c ) ⊤ zr
r b

(11)

1 − zr⊤ Λ−1
r zr ≥ ν,

whose Lagrangian function is ℓ(zr , λ) = (Q⊤
c ) ⊤ zr −
r b
∗
where λ ≥ 0. At an optimal solution zr to (11),

λ
2 (1

∗
c + λ∗ Λ−1
∇zr ℓ(zr∗ , λ∗ ) = Q⊤
r b
r zr = 0.

− ν − zr⊤ Λ−1 zr ),
(12)

Suppose that 1 − (zr∗ )⊤ Λ−1 zr∗ > ν. It follows from the complementary condic = 0 and γ = 0 by using (12). It is
tions that λ∗ = 0, which implies that Q⊤
r b
obvious that y ∗ = 0 is a solution. Otherwise, zr∗ satisfies the constraint (11)
∗
with equality, i.e., 1 − (zr∗ )⊤ Λ−1 zr∗ = ν. Then, we have zr∗ = −Λr Q⊤
r c̄/λ and
⊤
γ
b
c⊤ Qr Λr Λ−1
c
r Λ r Qr b
= 1 − ∗ 2 = ν.
∗
2
(λ )
(λ )
p
Since ν < 1, we must have γ > 0. Hence, we obtain λ∗ = γ/(1 − ν) and
r
r
1−ν
1−ν
⊤
∗
∗
Qr Λ r Qr b
c=−
Bb
c.
y = Q r zr = −
γ
γ

1−



For simplicity, we let PURE-RBR-M denote the RBR method for the maxcut SDP described above. PURE-RBR-M is extremely simple since only a
single matrix-vector product is involved at each inner step. Numerical experiments show PURE-RBR-M works fine if the initial solution X is taken as the
identity matrix even if we take ν = 0. However, there exist examples where
starting from a rank-one point that is not optimal, the RBR method using
ν = 0 either does not move away from the initial solution or it moves to a
non-optimal rank-one solution and stays there.
We next interpret PURE-RBR-M as a variant of the RBR method applied to a logarithmic barrier function approximation to (7). Consider the
logarithmic barrier problem for (7), i.e.,
min

X∈S n

s.t.

φσ (X) := hC, Xi − σ log det X
Xii = 1, ∀i = 1, · · · , n,

(13)

X ≻ 0,

where we define log det(X) to be negative infinity for X not positive definite.
Given a row i and fixing the block B = Xic ,ic , we have from (1) that
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det(X) = det(B)(1 − Xi⊤c ,i B −1 Xic ,i ),
which implies that
φσ (X) := b
c⊤ Xic ,i − σ log(1 − Xi⊤c ,i B −1 Xic ,i ) + w(B),

where b
c = 2Cic ,i and w(B) is a function of B (i.e., a constant). Hence, the
RBR subproblem for (13) is the unconstrained minimization problem
min

y∈Rn−1

b
c⊤ y − σ log(1 − y ⊤ B −1 y).

(14)

Lemma 2 below shows that PURE-RBR-M is essentially the RBR method
applied
solving problem (13), if in the former algorithm ν is replaced by
√
2σ

σ 2 +γ−σ
.
γ

If B is only positive semidefinite the (14) is replaced by
b
c⊤ y − σ log(1 − y ⊤ B † y),

min

y∈Rn−1

s.t. y ∈ R(B).

(15)

Lemma 2. If γ := b
c⊤ Bb
c > 0, the solution of problem (15) is
p
σ2 + γ − σ
Bb
c.
y=−
γ

(16)

Hence, the subproblem (8) has the same solution as (15) if ν = 2σ

√

σ 2 +γ−σ
.
γ

Proof. Similar to Lemma 1, we have the spectral decomposition (10) of B.
Let z = Q⊤ y =: [zr ; zl ]. Since y ∈ R(B) and R(B) = R(Qr ), we obtain zl = 0
and hence y = Qr zr . Therefore, problem (15) is equivalent to
min
zr

(Q⊤
c)⊤ zr − σ log(1 − zr⊤ Λ−1
r b
r zr ),

(17)

whose first-order optimality conditions are
Q⊤
c+
r b

∗
2σΛ−1
r zr
∗
= 0, and 1 − (zr∗ )⊤ Λ−1
r zr > 0.
−1
1 − (zr∗ )⊤ Λr zr∗
θΛ Q⊤ b
c

(18)

r r
∗
∗
. SubLet θ = 1−(zr∗ )⊤ Λ−1
r zr . Then equation (18) implies that zr = −
2σ
∗
2 γ
stituting this expression for zr into the definition of θ, we obtain θ 4σ2 +θ−1 =
√
√ 2
σ +γ−σ
2σ σ 2 +γ−2σ 2
∗
0, which has a positive root θ =
.
Hence,
y
=
−
Bb
c.
γ
γ
2
∗
Since ∇ φσ (y)  0, y is an optimal
of (15). Furthermore,
√ 2 solution
√ 2problems
q
σ +γ−σ
σ +γ−σ
1−ν
(8) and (15) are equivalent if
=
. 
γ
γ ; that is ν = 2σ
γ

Bb
c
Remark 1. Note from (16) that limσ→0 y = − √
γ.
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3.2 Matrix Completion
Given a matrix M ∈ Rp×q and an index set
Ω ⊆ {(i, j) | i ∈ {1, · · · , p}, j ∈ {1, · · · , q}},
the nuclear norm matrix completion problem is
minW ∈Rp×q kW k∗
s.t.
Wij = Mij , ∀ (i, j) ∈ Ω.

(19)

An equivalent SDP formulation of (19) is
minX∈S n Tr(X)

X (1) W
0
s.t.
X :=
W ⊤ X (2)
Wij = Mij , ∀ (i, j) ∈ Ω,

(20)

where n = p + q and the number of linear constraints is m = |Ω|. Let MΩ be
the vector whose elements are the components of {Mi,j | (i, j) ∈ Ω} obtained
by stacking the columns of M from column 1 to column q and then keeping
only those elements that are in Ω. Hence, MΩ corresponds to the right hand
side b of the constraints in the general SDP (3).
We now present the RBR subproblem (46) corresponding to problem (20).
First, the vector y can be partitioned into two subvectors corresponding to
elements whose indices are, respectively, in and not in the set Ω:
 
yb
, yb := Xα,i , and ye := Xβ,i ,
y :≈
ye

where, the index sets β := ic \α and
(
{j + p, | j ∈ ᾱ}, where ᾱ := {j | (i, j) ∈ Ω, j = 1, · · · , q}, if i ≤ p,
α :=
{j | (j, i) ∈ Ω, j = 1, · · · , p}, if p < i ≤ n.
(21)
Letting
(
⊤
eb := (Mi,ᾱ ) , if i ≤ p,
(22)
Mα,i−p ,
if p < i ≤ n,

the RBR subproblem (5) becomes
min

(ξ;y)∈Rn

s.t.
where the matrix B =



ξ
yb = eb,


k
k
Xα,β
Xα,α
.
k
k
Xβ,α
Xβ,β

ξ − y ⊤ B −1 y ≥ ν,

(23)

Block coordinate descent methods for semidefinite programming
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Lemma 3. The optimal solution of the RBR subproblem (23) is given by
ξ = λ⊤eb + ν,

k
ye = Xβ,α
λ,

where,

k
λ = (Xα,α
)−1eb.

(24)

Proof. Note that the optimal solution [ξ; y] = [ξ; yb; ye] of (23) must satisfy
ξ = y ⊤ B −1 y+ν. Hence, (23) is equivalent to the linearly constrained quadratic
minimization problem
min{y ⊤ B −1 y | yb = eb}
(25)
y

whose optimality conditions are

which implies that

k
k
Xα,α
Xα,β
k
k
Xβ,α Xβ,β

−1    
λ
yb
= 0,
−
0
ye

     k 
eb
Xα,α
yb
=
=
λ.
k
Xβ,α
ye
ye

(26)



Note from (24) that we only need to solve a single system of linear equations, whose size is the number of known elements in the row and hence
expected to be small, to obtain the minimizer of the RBR subproblem (23).
3.3 Sparse inverse covariance estimation
In this subsection, we review the block coordinate descent methods proposed
in [2] and [26] for solving the sparse inverse covariance estimation problem.
Given an empirical covariance matrix S ∈ S n , the problem is to maximize the
ℓ1 -penalized log-likelihood function, i.e.,
Σ̂ −1 = arg maxX≻0 log det X − Tr(SX) − λkXk1 ,
(27)
P
where λ > 0 and kXk1 =
i,j |Xi,j |. Instead of solving (27) directly, the
approaches in [2] and [26] consider the dual of (27)
Σ̂ = arg max log det W,
W ≻0

s.t.

kW − Sk∞ ≤ λ,

(28)

which is a problem with only simple bound constraints. To derive this, note
that (27) is equivalent to
max min

X≻0 kU k∞ ≤λ

log det X − Tr(X(S + U )),

(29)

since the ℓ1 -norm kXk1 can be expressed as maxkU k∞ ≤1 Tr(XU ), where kU k∞
is the maximum of the absolute values of the elements of the symmetric matrix
U . It is obvious that
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− log det(S + U ) − n = max
X≻0

log det X − Tr(X(S + U )).

Hence, the dual (28) is obtained by exchanging the max and the min in (29).
The subproblems solved at each iteration of the BCD methods in [2] and
[26] are constructed as follows. Given a positive definite matrix W ≻ 0, W
and S are partitioned according to the same pattern as

 ⊤

ξ y⊤
ξy
and S = S S ,
W =
yS B S
y B
where ξ, ξS ∈ R, y, yS ∈ Rn−1 and B, BS ∈ S n−1 . Since log det W = log(ξ −
y ⊤ B −1 y) det B, and B is fixed, the RBR subproblem for (28) becomes the
quadratic program
min y ⊤ B −1 y − ξ,
[ξ;y]

s.t.

k[ξ; y] − [ξS ; yS ]k∞ ≤ λ, ξ ≥ 0.

(30)

Note that (30) is separable in y and ξ. The solution ξ is equal to ξS + λ.
In fact, the first-order optimality conditions of (27) and X ≻ 0 imply that
Wii = Sii + λ for i = 1, . . . , n. Hence, problem (30) reduces to
min y ⊤ B −1 y,
y

s.t.

ky − yS k∞ ≤ λ.

(31)

It can be verified that the dual of (31) is
min x⊤ Bx − yS⊤ x + λkxk1 ,
x

(32)

which is also equivalent to
min
x

1
1
1
B 2 x − B − 2 yS
2

2

+ λkxk1 .

(33)

2

If x solves (33), then y = Bx solves (31).
The BCD method in [2] solves a sequence of constrained problems (31).
Specifically, the initial point is set to W 1 = S + λI so that only off-diagonal
elements have to be updated. The parameters B := Wikc ,ic , yS = Sic ,i and
BS = Sic ,ic are assigned in the i-th inner iteration at k-th cycle. Then the
solution y of (30) is computed and one sets Wikc ,i := y. A similar procedure is
used in the approach in [26] except that the solution y is obtained by solving
the so-called LASSO problem (33) using a coordinate descent algorithm, which
1
1
does not require computation of either B 2 or B − 2 .
3.4 Convergence results
The RBR method can be extended to solve

Block coordinate descent methods for semidefinite programming

min

X∈S n

s.t.

ψσ (X) := f (X) − σ log det X
X ∈ X := {X ∈ S n | L ≤ X ≤ U, X ≻ 0}.
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(34)

where f (X) is a differentiable convex function of X, the constant matrices L, U ∈ S n satisfy L ≤ U and L ≤ X means that Li,j ≤ Xi,j for all
i, j = 1, · · · , n. Note that Li,j = −∞ (Ui,j = ∞) if Xi,j is unbounded below (above). Clearly, problem (34) includes (13) and the logarithmic barrier
function version of problems (20) and (28) as special cases. Starting from
the point X k ≻ 0 at the k-th cycle, we fix the n(n − 1)/2 variables in the
(n − 1) × (n − 1) submatrix B := Xikc ,ic of X k and let ξ and y denote the remaining unknown
 ⊤ variables Xi,i and Xic ,i (i.e., row i/column i), respectively;
ξy
. Hence, the RBR subproblem for problem (34) becomes
i.e., X k :≈
y B
min

X∈S n

s.t.

fe(ξ, y) − σ log(ξ − y ⊤ B −1 y)

   

Li,i
ξ
Ui,i
≤
≤
,
Lic ,i
Uic ,i
y

(35)

where fe(ξ, y) := f (X k ). Inspired by Proposition 2.7.1 in [6], we now prove the
following convergence result for the RBR method applied to problem (34).

Theorem 3. Let {X k } be a sequence generated by the RBR method for solving
(34). Assume that the level set {X ∈ X |ψσ (X) ≤ ψσ (X 1 )} is compact. Then
every limit point of {X k } is a global minimizer of (34).
Proof. Clearly, the RBR method produces a sequence of nondecreasing objective function values
ψσ (X k ) ≥ ψσ (X k,1 ) ≥ ψσ (X k,2 ) ≥ · · · ≥ ψσ (X k,n−1 ) ≥ ψσ (X k+1 ).

(36)

e be a limit point of the sequence {X k }. It follows from equation (36)
Let X
that the sequences {ψσ (X k )}, {ψσ (X k,1 )}, · · · , {ψσ (X k,n−1 )} all converge to
e Hence, X
e must be positive definite. We now show
a bounded number ψσ (X).
e minimizes ψσ (X).
that X
e We first show
Let {X kj } be a subsequence of {X k } that converges to X.
that {X kj ,1 − X kj } converges to zero as j → ∞. Assume on the contrary, that
{X kj ,1 − X kj } does not converges to zero. Then there exists a subsequence
{k̄j } of {kj } and some γ̄ > 0 such that γ k̄j := kX k̄j ,1 −X k̄j kF ≥ γ̄ for all j. Let
Dk̄j ,1 := (X k̄j ,1 − X k̄j )/γ k̄j . Thus X k̄j ,1 = X k̄j + γ k̄j Dk̄j ,1 , kDk̄j ,1 kF = 1 and
Dk̄j ,1 differs from zero only along the first row/column. Since Dk̄j ,1 belongs
to a compact set, it has a limit point D̄1 . Hence, there exists a subsequence
of {k̂j } of {k̄j } such that Dk̂j ,1 converges to D̄1 . Consider an arbitrary t ∈
[0, 1]. Since 0 ≤ tγ̄ ≤ γ k̂j , X k̂j + tDk̂j ,1 lies on the segment joining X k̂j and
X k̂j + γ k̂j Dk̂j ,1 = X k̂j ,1 , and belongs to X since X is a convex set. Moreover,
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since X k̂j ,1 uniquely minimizes ψσ (X) over all X that differ from X k̂j along
the first row/column, it follows from the convexity of ψσ (X) that
ψσ (X k̂j ,1 ) = ψσ (X k̂j + γ k̂j Dk̂j ,1 ) ≤ ψσ (X k̂j + tγ k̂j Dk̂j ,1 ) ≤ ψσ (X k̂j ). (37)
e it follows (37) that ψσ (X)
e ≤ ψσ ( X
e+
Since ψσ (X k̂j ,1 ) converges to ψσ (X),
1
1
e
e
e
tγ̄ D̄ ) ≤ ψσ (X), which implies that ψσ (X) = ψσ (X + tγ̄ D̄ ) for all t ∈ [0, 1].
Since γ̄ D̄1 6= 0, this contradicts the fact that ψσ (X) is strictly convex; hence
e
X kj ,1 − X kj converges to zero and X kj ,1 converges to X.
From the definition (34), we have ψσ (X kj ,1 ) ≤ ψσ (X) for all

  

   

ξ y⊤
ξ
L1,1
ξ
U1,1
n
X ∈ V kj ,1 :=
∈
R
,
≤
≤
.
k
L1c ,1
y
U1c ,1
y
y X1cj,1c
e ≤ ψσ (X) for all
Taking the limit as j tends to infinity, we obtain that ψσ (X)
  


   

ξ y⊤
ξ
L1,1
ξ
U1,1
n
X ∈ V 1 :=
∈
R
,
≤
≤
,
e1c ,1c
L1c ,1
y
U1c ,1
y
yX

which implies that, for any p ∈ {1, · · · , n},
e ≤ ψσ (X) ,
ψσ (X)

epc ,1 ,
∀X ∈ V 1 and Xpc ,1 = X

i.e., all components of the first row and column [ξ; y] other than the p-th are
n
e lies in the open convex set S++
fixed. Since X
, we obtain from the optimality
conditions that, for any p ∈ {1, · · · , n},
D
E
e X −X
e ≥ 0, ∀X ∈ V 1 and Xpc ,1 = X
epc ,1 ,
∇ψσ (X),

which further gives that, for any p ∈ {1, · · · , n},


 
e
ep,1 ≥ 0, ∀Xp,1 such that Lp,1 ≤ Xp,1 ≤ Up,1 . (38)
∇ψσ (X)
Xp,1 − X
p,1

Repeating the above argument shows that for i = 2, · · · , n, the points X kj ,i
e and
also converges to X


 
e
ep,i ≥ 0, ∀Lp,i ≤ Xp,i ≤ Up,i ,
(39)
∇ψσ (X)
Xp,i − X
p,i

for any p ∈ {1, · · · , n}. Therefore, for any X ∈ X , it follows from (38) and
(39) that
D
E
 

X 
e X −X
e =
e
ei,j ≥ 0,
∇ψσ (X),
∇ψσ (X)
Xi,j − X
i,j=1,··· ,n

e is a global minimizer.
which implies that X

i,j

Block coordinate descent methods for semidefinite programming

17

4 A RBR method for SDP with general linear
constraints
We now consider SDP problem (3) with general linear constraints. Unfortunately, in this case, the RBR method may not converge to an optimal solution.
This is similar to the fact that the BCD method may not converge to an optimal solution for a linearly constrained convex problem [33]. It has long been
known in [51] that the coordinate descent method for general nonlinear programming may not converge. Here is a 2-dimensional example that shows that
for general linear constraints the RBR method may not converge to a global
minimizer. Consider the SDP
min
s.t.

X11 + X22 − log det(X)
X11 + X22 ≥ 4, X  0.

(40)

Starting from a point X, where X11 = 1, X12 = 0 and X22 = 3, the RBR
subproblems are
min

2
X11 − log(3X11 − X12
), s.t. X11 ≥ 1,

and
min

2
X22 − log(X22 − X12
), s.t. X22 ≥ 3,

2
since det(X) = X11 X22 − X12
. It is readily verified that optimal solutions to
these subproblems are, respectively, X11 = 1, X12 = 0 and X12 = 0, X22 = 3;
hence, the RBRmethod
 remains at the initial point, while the true optimal
20
solution is X =
.
02
To overcome this type of failure, the coordinate descent method is usually applied to a sequence of unconstrained problems obtained by penalizing
the constraints in the objective function. We adopt a similar approach here
by embedding the pure RBR method in an augmented Lagrangian function
framework. We then introduce specialized versions of this algorithm for the
SDP relaxation of the maxcut problem (7) and the minimum nuclear norm
matrix completion problem.

4.1 A RBR augmented Lagrangian method
In this subsection, we first introduce an augmented Lagrangian method and
then combine it with the RBR method for solving the standard form SDP (3).
The augmented Lagrangian function for problem (3) taking into consideration only the general linear constraints A(X) = b is defined as:
L(X, π, µ) := hC, Xi − π ⊤ (A(X) − b) +

1
kA(X) − bk22 ,
2µ

(41)

where π ∈ Rm and µ > 0. Starting from π 1 = 0, µ1 ∈ (0, +∞) and 0 < η < 1,
our augmented Lagrangian method iteratively solves
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X k := arg min L(X, π k , µk ),
X

s.t. X  0,

(42)

chooses µk+1 ∈ [ηµk , µk ] and then updates the vector of Lagrange multipliers
by
A(X k ) − b
,
(43)
π k+1 := π k −
µk
for the next iteration k + 1. It is important to note that our algorithm does
not incorporate the positive semidefinite constraint into the augmented Lagrangian function, and therefore, it is different from the methods in [47, 78].
As is well known (see chapter 12.2 in [25]), (42) is equivalent to minimizing
a quadratic penalty function:
X k := arg min F(X, bk , µk ) := hC, Xi +
X

1
kA(X) − bk k22 , s.t. X  0, (44)
2µk

where bk = b+µk π k and the difference between L(X, π k , µk ) and F(X, bk , µk )
k
is the constant − µ2 kπ k k22 . Hence, we consider an alternative version of the
augmented Lagrangian method which solves (44) and updates bk by
bk+1 := b +


µk+1 k
b − A(X k ) ,
k
µ

(45)

where b1 := b. We now apply the RBR method to minimize (44). Starting from
the point X k ≻ 0 at the k-th iteration, the RBR subproblem corresponding
to the quadratic SDP (44) that is obtained by fixing all elements of X k other
than those in the i-th row and column results in a minimization problem
with two conic constraints. Specifically, we fix the n(n − 1)/2 variables in the
(n − 1) × (n − 1) submatrix B := Xikc ,ic of X k and let ξ and y denote the
remaining unknown variables Xi,i and Xic ,i (i.e., row i/column i), respectively.
Hence, the quadratic SDP problem (44) becomes, after, replacing the zero on
the right hand side of the Schur complement constraint by ν > 0 to ensure
positive definiteness of X k ,
 
 
2
1
ξ
⊤ ξ
e
− eb
min n e
c
+ k A
y
y
2µ
(ξ;y)∈R
(46)
2
s.t.

ξ − y ⊤ B −1 y ≥ ν,

e and eb are given by (6) with bi for i = 1, · · · , m replaced by bk .
where e
c, A
i
If we let LL⊤ = B be the Cholesky factorization of B and introduce a new
variable z = L−1 y, problem (46) can be written as:
 
1
ξ
τ
+
min e
c⊤
Lz
2µ
(ξ;z;τ )
 
2
(47)
ξ
e
s.t.
A
− eb ≤ τ
Lz
2
kzk22 ≤ ξ − ν.
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Therefore, each step of our RBR augmented Lagrangian method involves solving a SOCP with two rotated second-order cone constraints. We plan to show
how advantage can be taken of the particular form of these SOCPs in a future paper. If B is only positive semidefinite, we can derive a similar SOCP
by using the spectral decomposition of B. For references on solving SOCPs,
see [1] for example. Our combined RBR augmented Lagrangian method for
minimizing (3) is presented in Algorithm 2.

Algorithm 2: Row-by-row augmented Lagrangian method
Set X 1 ≻ 0, b1 = b, η ∈ (0, 1), ν > 0, µ1 > 0, ǫ, ǫr , ǫf ≥ 0 and k := 1.
Set F 0 := +∞ and compute F 1 := C, X 1 .
k−1

k

k
F
−F
while max{|F
k−1 |,1} ≥ ǫ or kA(X ) − bk2 ≥ ǫr do
1
k
1
Compute f := C, X + 2µk kA(X k ) − bk k22 and set f 0 := +∞.
k−1

S1
S2
S3

S4

k

f
−f
while max{|f
k−1 |,1} ≥ ǫf do
for i = 1, · · · , n do
e and e
Set B := Xikc ,ic and compute e
c, A
b from (6) with b = bk .
Solve the SOCP (46) and denote its solution by ξ and y.
⊤
k
k
c := y .
Set Xi,i
:= ξ, Xikc ,i := y and Xi,i

Compute F k := C, X k and f k := F k +

k+1
Update bk+1 := b + µµk bk − A(X k ) .

1
kA(X k )
2µk

− bk k22 .

Choose µk+1 ∈ [ηµk , µk ] and set X k+1 := X k and k := k + 1.

The RBR method applied to problem (44) converges by Theorem 3 since
solving the RBR subproblem (46) essentially corresponds to minimizing the
unconstrained function obtained by subtracting σ log(ξ − y ⊤ B −1 y) from the
objective function in (46) using an argument analogous to the one made in
section 3.4. It is well known that an augmented Lagrangian method applied
to minimizing a strictly convex function subject to linear equality constraints,
where the minimization of the augmented Lagrangian for each value of the
multiplier λk (bk in Algorithm 2) is either done exactly or is asymptotically
exact, converges to an optimal solution [4, 5, 52]. Hence, it is clear that a
slightly modified version of Algorithm 2 converges to such a solution. For
more details for the exact minimization case, we refer the reader to [66].
4.2 Application to Maxcut SDP
Since the constraints in problem (7) are Xi,i = 1 for i = 1, · · · , n, the quadratic
term in the objective function of the RBR subproblem simplifies to
 
e ξ − eb
A
y

2

= (ξ − bki )2 ,

20

Zaiwen Wen, Donald Goldfarb, and Katya Scheinberg

and problem (46) reduces to
min

(ξ;y)∈Rn

s.t.

cξ + b
c⊤ y +

1
(ξ − bki )2
2µk

(48)

ξ − y ⊤ B −1 y ≥ ν,

where c := Ci,i , b
c := 2Cic ,i and b1i = 1. The first-order optimality conditions
for (48) are
ξ = bki + µk (λ − c),
ξ ≥ y ⊤ B −1 y + ν,

y=−
λ≥0

1
Bb
c
2λ
and (ξ − y ⊤ B −1 y − ν)λ = 0.

If b
c = 0, then y = 0 and ξ = max{ν, bki − µk c}. Otherwise, λ is the unique real
root of the cubic equation:
ϕ(λ) := 4µk λ3 + 4(bki − µk c − ν)λ2 − γ = 0,

(49)

which is positive. This follows from the continuity of ϕ(λ) and the facts that
ϕ(0) = −b
c⊤ Bb
c < 0, limλ→+∞ ϕ(λ) = +∞ and
ϕ′ (λ) = 12µk λ2 + 8(bki − µk c − ν)λ ≥ 4µk λ2
since ξ = bki − µk c + µk λ ≥ ν, which implies that ϕ′ (0) = 0 and ϕ′ (λ) > 0 for
λ 6= 0. The RBR augmented Lagrangian method for problem (7) is denoted
by ALAG-RBR-M.
4.3 Application to Matrix Completion SDP
Using the notation from section 3.2,
 the norm of the constraint residual of
e ξ − eb = Xα,i − eb =: kb
y − ebk, where
each RBR subproblem (46) is A
y
(
k ⊤
eb := (Mi,ᾱ ) , if i ≤ p,
(50)
k
,
if p < i ≤ n,
Mα,i−p
and M 1 = M . Therefore, the SOCP (46) becomes
min n

(ξ;y)∈R

s.t.


ξ+

1
yb − eb
2µk
⊤

ξ−y B

−1

2
2

y ≥ ν,

(51)


k
k
Xα,α
Xα,β
.
k
k
Xβ,α
Xβ,β
The optimal solution [ξ; y] = [ξ; yb; ye] of (51) must satisfy ξ = y ⊤ B −1 y + ν.
Hence, (51) is equivalent to an unconstrained quadratic minimization problem

where the matrix B =

Block coordinate descent methods for semidefinite programming

min y ⊤ B −1 y +
y

whose optimality conditions are

which implies that

k
k
Xα,α
Xα,β
k
k
Xβ,α
Xβ,β

1
yb − eb
2µk

2
2

,

−1  


1
yb
yb − eb
+ k
= 0.
ye
0
2µ
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(52)

(53)

 k 
 k 
 
1
1
Xα,α
Xα,α e
yb
yb =
b.
+ k
k
k
k
X
Xβ,α
ye
2µ
2µ
β,α

1
X k (eb − yb), where yb can be computed
2µk β,α

k e
k
b. Then, it follows
yb = Xα,α
the system of linear equations 2µk I + Xα,α
1
⊤ −1
⊤ e
ξ = y B y + ν and (53) that ξ = 2µk yb (b − yb) + ν.

Solving for yb and ye we obtain ye =

from
from
The above specialized augmented Lagrangian RBR method for minimizing
(20) is denoted by RBR-MC. As in the pure RBR method for the matrix
completion problem, we only need to solve a single system of linear equations,
whose size is expected to be small for each RBR subproblem (51).
We note that the subproblems that arise when the augmented Lagrangian
version of the RBR method is applied to other SDP problems is also solvable
in closed form as in the computation of the Lovasz theta function. We did not
include a discussion of this or of other SDPs, such as the theta plus problem,
that result in subproblems that are rather special quadratic programs, and
hence efficiently solvable, to keep the length of this chapter reasonable.

5 An extension of RBR using rank-two updates
In this section, we propose a generalization of the RBR scheme that uses
rank-two updates besides those that correspond to modifying a single row
and column. This results in a method that also requires solving a sequence
of SOCPs. Specifically, given a positive definite matrix X ≻ 0 and vectors
u, v ∈ Rn , we consider the rank-two update:
1
X+ = X + (uv ⊤ + vu⊤ ).
2

(54)

The RBR scheme is a special case of (54), corresponding to u = ei , where ei
is the i-th column of the identity matrix.
By allowing the algorithm to consider different vectors u we significantly
increase the flexibility of the BCD scheme to exploit the problem structure.
For instance, if u = (ei + ej )/2 then the BCD will modify the (i, j)-th pair
of rows and columns simultaneously. This can be useful, for instance, when
the linear constraints are of the form Xii + Xjj − 2Xij = dij as occurs in
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SDP relaxations of sensor network localization problems. More generally, one
might want to update a whole block of columns and rows at a time because
the variables defined in the blocks are closely related to each other via some
constraints. For instance, in sparse inverse covariance selection some of the
random variables may be known to be directly correlated, hence it makes
sense to update the corresponding rows and columns of the covariance matrix
in a related manner. In the case of the sensor network localization problem
the network may consist of several loosely connected small clusters, for each of
which the distance structure is highly constrained. In this case it also makes
sense to update the rows and columns related to the whole cluster rather
than to individual sensors, while preserving the constraints for the cluster by
choosing an appropriate u which keeps the step uv ⊤ + vu⊤ in the nullspace
of the chosen subset of constraints.
Alternatively, one may choose u to be the leading eigenvector of the objective function gradient, hence including the steepest descent rank-two direction
into the range of possible BCD steps. While a numerically efficient choice of
u is likely to be tailored to the specific SDP problem being solved, here we
consider the general case.
The positive definiteness of X+ in (54) can be expressed as a second-order
cone constraint for any fixed vector u, given that X is positive definite. To
see this, let X = LL⊤ be the Cholesky factorization of X, where L is a lower
triangular matrix. If we define y = L−1 u and x = L−1 v, then the matrix
X+ can be factorized as X+ = LV L⊤ , where V := I + 21 (yx⊤ + xy ⊤ ). It
can be easily verified that z1 := kyk2 x − kxk2 y and z2 := kyk2 x + kxk2 y are
eigenvectors of V corresponding to the eigenvalues
1
1
λ1 := 1 + y ⊤ x − kyk2 kxk2
2
2

and

1
1
λ2 := 1 + y ⊤ x + kyk2 kxk2 , (55)
2
2

respectively. The eigenvalues other than λ1 and λ2 are equal to 1 since V is a
rank-two update of the identity. Hence, the matrix V is positive definite if
1
1
(56)
λ1 = 1 + y ⊤ x − kyk2 kxk2 > 0,
2
2
p
which is equivalent to 2 + u⊤ X −1 v − (u⊤ X −1 u)(v ⊤ X −1 v) > 0. Since X+
in (54) can be written as X+ = X + ūū⊤ − v̄v̄ ⊤ , where ū = 12 (u + v) and
v̄ = 21 (u − v), the Cholesky factorization of X+ can be obtained in O(n2 )
operations from two rank-1 updates to the Cholesky factorization of X.
As in the augmented Lagrangian RBR approach for solving (3) described
in subsection 4.1, we can incorporate the rank-two update in an augmented
Lagrangian framework. Our goal is to solve (44) by iteratively solving subproblems generated by our rank-two updating technique. Given a matrix X ≻ 0
and a vector u, substituting X+ for X in (44) and using (54) and (56), we
obtain the subproblem
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min

x∈Rn

s.t.

1
kBx − dk22
2µk
2 + y ⊤ x − kyk2 kxk2 ≥ σ,
ϕ(x) := c⊤ x +
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(57)

where
y = L−1 u,

c := L⊤ Cu,




u⊤ A(1) L
B :=  · · ·  ,
u⊤ A(m) L

d = bk − A(X),

(58)

for finding v = Lx. Note that the subproblem (57) can be formulated as an
SOCP with two second-order cone constraints.
In general the matrix B has m rows. The l-th row of B is u⊤ A(l) L and
hence is equal to 0 if u⊤ A(l) = 0. As discussed above, u can be chosen to
contain only a few nonzeros. For instance, when u = ei + ej , the only rows of
B that are nonzero are those corresponding to A(l) that have nonzero elements
in row i or j. In particular, in sensor network localization problems the number
of rows in B will equal the number of links that involve nodes i or j; hence,
the size of the SOCP cone in the objective function in the subproblem (57)
will often be much smaller than the total number of constraints.
We can extend the convergence result stated in Theorem 3 for optimizing
the log det analog of Problem (57) to the case of rank-two updates. The theory
easily extends if the set of rank-two updates is defined by a finite set of
directions ui , which span Rn and through which the algorithm cycles (as in
the case of RBR, where ui = ei ). More generally we can allow an infinite set
of directions, but only under some additional restrictions. For instance one
such restriction is that the set of limit points of the set of directions is finite
and spans Rn . A suitable choice for the set of possible directions is likely to
depend on the particular application and is subject to further study.

6 Numerical Results
Although the numerical results that we present in this section are limited to
two special classes of SDP problems, they illustrate the effectiveness of our
RBR algorithmic framework when it gives rise to easily solved subproblems.
Specifically, they show that in these cases, large scale SDPs can be solved in a
moderate amount of time using only moderate amount of memory. Moreover,
our tests show that the number of cycles taken by our algorithm grows very
slowly with the size of the problem.
6.1 The maxcut SDP relaxation
In this subsection, we demonstrate the effectiveness of the RBR methods
PURE-RBR-M and ALAG-RBR-M on a set of maxcut SDP relaxation problems and compare them with the general solver DSDP (version 5.8) [3] and a
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routine in SDPLR (version 0.130301) [13] developed especially for the maxcut SDP. The DSDP code implements a dual interior point method that is
designed to take advantage of the structure of such problems. The SDPLR
code implements a low-rank factorization approach. The main parts of our
code were written in C Language MEX-files in MATLAB (Release 7.3.0), and
all experiments were performed on a Dell Precision 670 workstation with an
Intel Xeon 3.4GHZ CPU and 6GB of RAM.
The test problems are based on graphs generated by “rudy”, a machine
independent graph generator written by G.Rinaldi. Details of the generation
including the arguments of “rudy” are provided in [67]. The parameters of
DSDP were set to their default values. The tolerance in the code SDPLR was
set to 2e-5 and the parameter file “p.maxcut5” was used. The parameter ν in
the RBR methods was set to 10−6 . We ran PURE-RBR-M with two different tolerances, i.e., ǫ was set to 10−3 (moderately accurate) and 10−6 (highly
accurate), respectively. Similarly, we ran ALAG-RBR-M with two different
tolerance settings, that is, ǫ, ǫr , ǫf were all set to 10−1 and 10−4 , respectively.
For practical considerations, we terminated minimizing each augmented Lagrangian function if the number of cycles was greater than 5. The initial
penalty parameter µ1 in ALAG-RBR-M was set to 5 and was updated by
µk+1 = max(0.5µk , 10−1 ).
A summary of the computational results obtained by DSDP, SDPLR and
PURE-RBR-M is presented in Table 1. In the table, “obj” denotes the objective function of the dual problem computed by DSDP, “rel-obj” denotes
the relative error between “obj” and the objective function value computed
by either the RBR methods or SDPLR, “CPU” denotes CPU time measured
in seconds, and “cycle” denotes the total number of RBR cycles. From Table
1, we can see that our RBR code is able to solve the maxcut SDP relaxation
very efficiently. The number of cycles required was almost the same for all of
the problems, no matter what their size was. The RBR method was also quite
competitive with SDPLR in achieving a relative accuracy of roughly 5 × 10−5
in the objective function value.
To illustrate the relationship between the computational cost of the RBR
methods and the dimension of the SDP matrices, we plot the average of the
CPU time versus the dimension in Figure 1 (a) and the average of the number
of cycles versus the dimension in Figure 1 (b). Somewhat surprisingly, these
plots show that the augmented Lagrangian RBR algorithm solved the maxcut
SDP problems almost as efficiently as the pure RBR algorithm for a given
relative error. Consequently we did not include test results for ALAG-RBRM in Table 1.
6.2 Matrix Completion
In this subsection, we evaluate the augmented Lagrangian version of the RBR
method (RBR-MC) for the matrix completion problem (20). While the pure
RBR method can be directly applied to this problem, preliminary numerical
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Table 1. Computational results for the maxcut SDP relaxation.
DSDP
Name

obj

CPU

R1000-1
R1000-2
R2000-1
R2000-2
R3000-1
R3000-2
R4000-1
R4000-2

-1.4e+3 52.6
-1.4e+3 57.0
-4.1e+3 607.6
-4.1e+3 602.3
-7.7e+3 2576
-7.7e+3 2606
-1.2e+4 6274
-1.2e+4 6310

P1000-1
P1000-2
P2000-1
P2000-2
P3000-1
P3000-2
P4000-1
P4000-2

-1.4e+3 45.1
-1.4e+3 45.5
-2.9e+3 386.1
-2.8e+3 362.8
-4.3e+3 1400
-4.3e+3 1394
-5.7e+3 3688
-5.9e+3 3253

SDPLR

PURE-RBR-M
ǫ = 10−3
ǫ = 10−6
rel-obj CPU rel-obj CPU cycle rel-obj CPU
random graphs
1.6e-05 4.0
4.9e-3
0.6
13
3.0e-5
3.9
6.5e-06 6.0
5.0e-3
0.6
13
3.6e-5
4.1
5.1e-05 18.8 5.0e-3
3.9
14
3.7e-5 26.5
5.8e-05 19.4 5.2e-3
3.9
14
3.6e-5 27.5
4.2e-05 38.2 5.0e-3 12.8
15
4.1e-5 90.0
4.3e-05 42.2 5.2e-3 13.2
15
3.7e-5 89.4
6.9e-05 64.3 5.9e-3 36.5
15
4.0e-5 261.1
6.6e-05 63.4 5.7e-3 36.3
15
3.9e-5 265.7
random planar graphs
1.5e-05 6.3
5.0e-3
0.6
13
4.0e-5
4.9
8.9e-06 4.6
4.4e-3
0.6
13
2.9e-5
4.2
4.4e-06 43.9 5.5e-3
3.0
14
3.7e-5 21.6
5.7e-05 19.2 5.8e-3
2.9
14
3.9e-5 22.1
1.1e-05 49.9 6.0e-3
7.3
15
4.0e-5 56.3
1.4e-05 62.3 6.5e-3
7.0
14
4.7e-5 57.2
1.5e-05 122.7 6.5e-3 14.3
15
4.3e-5 114.2
9.9e-06 123.9 6.5e-3 14.4
15
4.9e-5 116.7

cycle
90
96
97
101
103
105
108
108
102
89
102
109
117
119
124
126

3

10

−3

PURE−RBR−M: ε=10

160

PURE−RBR−M: ε=10

−1

ALAG−RBR−M: ε=10
2

10

PURE−RBR−M: ε=10−3
−6

−6

PURE−RBR−M: ε=10

140

−1

ALAG−RBR−M: ε=10

−4

−4

ALAG−RBR−M: ε=10

ALAG−RBR−M: ε=10

100
Cycles

CPU (seconds)

120

1

10

80
60

0

10

40
20

−1

10
1000

1500

2000
2500
3000
SDP matrix dimension

(a) CPU Time

3500

4000

0
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1500

2000
2500
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3500
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(b) Cycles

Fig. 1. Relationship between the computational cost and SDP matrix dimension
for the maxcut SDP relaxation

testing showed that this approach is much slower (i.e., converges much more
slowly) than using RBR-MC, which requires only a small amount of additional work to solve each subproblem than the pure method. It seems that
the pure RBR method gets trapped close to the boundary of the semidefinite
cone. To overcome this we also tried starting with a very large value of ν
(say ν = 100), reducing ν every 20 cycles by a factor of 4 until it reached
a value of 10−6 . While this improved the performance of the method, the
augmented Lagrangian version was still two to four times faster. Hence, we
only present results for the latter method. Although we compare RBR-MC
with the specialized algorithms, such as SVT [40] and FPCA [46], for the
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matrix completion problem (19), our main purpose here is to demonstrate
that the RBR method can efficiently solve the SDP problem (20) rather than
to compete with those latter algorithms. In fact, the solver LMaFit [69] was
consistently much faster than all the methods mentioned above. DSDP is not
included in this comparison because it takes too long to solve all problems.
Random matrices M ∈ Rp×q with rank r were created by the procedure in
[46]. The ratio m/(pq) between the number of measurements and the number
of entries in M is denoted by “SR” (sampling ratio). The ratio r(p + q − r)/m
of the dimension of a rank r matrix to the number of samples is denoted by
“FR”. In our tests, the rank r and the number of sampling entries m were
taken consistently so that according to the theory in [16] the matrix M is
the optimal solution of problem (20). Specifically, FR was set to 0.2 and 0.3
and r was set to 10. We tested five square matrices M with dimensions p =
q ∈ {200, · · · , 500} and set the number m to r(p + q − r)/FR. All parameters
p, q, r, m and the random seeds “seed” used by the random number generators
“rand” and “randn” in MATLAB are reported in Tables 2 and 3.
We ran RBR-MC with two different tolerance settings, i.e., ǫ, ǫr , ǫf were all
set to 10−1 and 10−3 , respectively. All other parameters of RBR-MC were set
to the same values as those used in ALAG-RBR-M. The tolerance parameter
“xtol” of FPCA was set to 10−6 and all other parameters were set to their
default values. We tried many different parameter settings but could not get
SVT to work well on all problems. Hence, we only report the results of SVT
for the “best” parameter setting that we found, i.e., the parameters “tau” and
“delta” and “tol” were set to 5n, min(max(1.2n2 /p, 1), 3) and 10−5 , respectively. Summaries of the computational results for FR=0.2 and FR = 0.3 are
kF
presented in Tables 2 and 3, respectively. In these tables, rel-X := kX−M
kM kF
gives the relative error between the true and the recovered matrices. From
these tables, we can see that the RBR method can be faster than FPCA
when the SDP matrix dimension is small, although usually FPCA is somewhat to as much as twice as fast. However, there is an exception to this in
that FPCA took from 20 to 35 times as much CPU time to solve the examples with p = q = 500 when FR=0.3 as did the RBR method. To illustrate
the relationship between the computational cost of the RBR method and the
dimension of the matrices, we plot the average of the CPU time versus the
dimension of the SDP matrix (i.e., p + q) in Figure 2 (a) and the average of
the number of cycles versus this dimension in Figure 2 (b).

7 Summary
In this chapter, we have shown that RBR block coordinate descent methods
can be very effective for solving certain SDPs. In particular, they work extremely well when the subproblem that needs to be solved for each block of
variables can be given in closed form, as in SDPs that arise as relaxations of
maxcut, matrix completion and Lovasz theta function problems. The RBR
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Table 2. Computational results for the matrix completion problem with FR=0.2
seed
68521
56479
68521
56479
68521
56479
68521
56479

RBR-MC (ǫ = 10−1 ) RBR-MC (ǫ = 10−3 )
FPCA
rel-X CPU cycle
rel-X CPU cycle
rel-X CPU
p=q=200; r=10; m=19500; SR=0.49
7.5e-05 1.8
9
9.4e-07 3.6
17
1.6e-06 2.7
6.0e-05 1.9
9
7.4e-07 3.4
17
1.5e-06 2.7
p=q=300; r=10; m=29500; SR=0.33
1.0e-04 3.9
9
1.5e-06 7.2
17
2.2e-06 4.6
1.0e-04 4.0
9
1.7e-06 7.5
17
2.1e-06 4.6
p=q=400; r=10; m=39500; SR=0.25
1.0e-04 7.6
9
2.1e-06 14.3
17
2.8e-06 6.0
9.9e-05 5.7
9
1.9e-06 10.9
17
2.9e-06 6.0
p=q=500; r=10; m=49500; SR=0.20
2.4e-04 8.8
9
1.8e-06 18.6
19
3.6e-06 10.0
1.1e-04 9.0
9
1.5e-06 19.0
19
3.8e-06 10.0

SVT
rel-X CPU
1.6e-05 20.4
1.6e-05 13.6
1.7e-05 28.2
1.7e-05 39.0
1.8e-05 28.8
1.7e-05 28.1
1.9e-05 49.0
1.8e-05 45.9

Table 3. Computational results for the matrix completion problem with FR=0.3
seed
68521
56479
68521
56479
68521
56479
68521
56479

RBR-MC (ǫ = 10−1 ) RBR-MC (ǫ = 10−3 )
FPCA
rel-X CPU cycle
rel-X CPU cycle
rel-X CPU
p=q=200; r=10; m=13000; SR=0.33
1.0e-03 1.0
10
4.4e-06 2.3
24
3.3e-06 8.4
1.5e-03 1.0
10
6.8e-06 2.3
24
3.0e-06 8.5
p=q=300; r=10; m=19666; SR=0.22
1.0e-03 2.4
11
3.7e-06 5.5
26
3.4e-06 4.9
3.3e-04 2.6
12
2.2e-06 5.9
27
3.6e-06 4.5
p=q=400; r=10; m=26333; SR=0.16
9.8e-03 6.1
15
9.9e-04 16.2
40
4.8e-06 10.4
3.0e-03 5.6
14
4.6e-06 11.2
28
4.0e-06 16.1
p=q=500; r=10; m=33000; SR=0.13
5.3e-03 11.4
16
6.9e-06 20.1
29
6.1e-06 223.4
5.4e-03 11.0
16
5.9e-06 21.3
32
6.2e-06 212.8

2
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45

−1
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rel-X CPU
5.9e-04
1.3e-03

96.7
88.7

2.7e-03 180.6
2.5e-03 230.8
2.8e-02 418.8
1.5e-02 374.7
2.7e-02 675.0
2.8e-02 667.4

−1
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−3
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Fig. 2. Relationship between the computational cost and SDP matrix dimension
for SDP matrix completion
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method is also effective when the RBR subproblems can be formulated as
simple quadratic programming problems, as in sparse inverse covariance estimation, the computation of the Lovasz theta plus function, and relaxations
of the maximum k-cut and bisection problems.
Like all first-order methods, they are best suited to situations where highly
accurate solutions are not required. As is the case for BCD and coordinate descent methods in general, only constraints that do not couple different variable
blocks can be handled directly. For more general linear constraints, the RBR
approach has to be incorporated into an augmented Lagrangian framework.
Our numerical testing has shown that even problems in which the constraints
do not couple variables from different blocks, it still may be advantageous to
employ an augmented Lagrangian approach, since this gives the method more
freedom of movement. In addition, starting very close to the boundary of the
semidefinite cone, especially when combined with linear constraints that very
tightly limit the size of steps that the RBR method can take, can result in
very slow rates of convergence.
Finally, we have shown that the RBR approach can be generalized to accommodate rank-two updates other than those that correspond to modifying
a single row and column.
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