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and
1 1 1
ulx, v x;) = Z(l + v;-vy) + Z(l + U0 vg) + Z(l ~v; ).

We then consider the following relaxation,

Max Y Wiz
Cje“g
subject to:
Z u(xl') + Z u(ii) > Zi VC] =274
Ierlf iel;
u(C)) z z; YC € &, 1(C) =2
vru; =1 O<izgn
0<z <1 VC e@.

Thus, if we set x; to be true with probability u(x,) for the optimal solution to
the corresponding semidefinite program, then by the arguments of Goemans
and Williamson [1994b], we satisfy a clause C; of length k with probability at
least (1 — (1 — (1/k)")z,.

To obtain the improved bound, we consider three algorithms: (1) set x; true
independently with probability 3; (2) set x; true independently with probability
u(x,) (given the optimal solution to the program); (3) pick a random unit vector
r and set x; true iff sgn(v, - r) = sgn(v, - r). Suppose we use algorithm i with
probability p;, where p, + p, + p; = 1. From the previous section, for algo-
rithm (3) the probability that a clause C; of length 1 or 2 is satisfied is at least
au(C;) =z az;. Thus the expected value of the solution is at least

3 wj(.Sp1 + (p, + ap3)zj) + Y wj(,75p1 + (.75p, + ap3)zj)
JilC)=1 JiC=2

[ \KS
b (1 - z(cj))

If we set p, = p, = 4785 and p, = .0430, then the expected value is at least
7554 Zj w;z;, yielding a .7554-approximation algorithm. To see this, we check
the value of the expression for lengths 1 through 4, and notice that

4 1\ 1
min —(—7{-) 21—2

1
.4785((1 —-27)+1 - —) = .7554.
e

Pz;y.

+ Y Wj((l — 271N p, +
Jj:HCP=3

and

We can obtain even a slightly better approximation algorithm for the MAX
SAT problem. The bottleneck in the analysis above is that algorithm (3)
contributes no expected weight for clauses of length 3 or greater. For a given
clause C; of length 3 or more, let P; be a set of length 2 clauses formed by
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i

taking the literals of C; two at a time; thus, P, will contain ( Zf)) clauses. If at

least one of the literals in C; is set true, then at least /(C;) — 1 of the clauses
in P, will be satisfied. Thus, the following program is a relaxation of the MAX
SAT problem:

Max Y W;Z;
Ce¥

subject to:
,%““9 + Zru(fc,-) >z VC e®
u(C) = 2 VC e®,l(C) =2

. Y, u(C) VC e#,I(C) =3

— > Z. e L) >
l(Cj)~1CEPju =% i y L) =
vty =1 0<i<n
0<z <1 VC e®.

Algorithm (3) has expected value of au(C) for each C € P, for any j, so that
its expected value for any clause of length 3 or more becomes at least

1 2 1
“Tic) C§,3”(C) ~ ey Hc) -1 CE,},”(C)
)
2
> o @ZP

so that the overall expectation of the algorithm will be at least

Y wi(Spy+ (py+ap)z)+ 2 wi(75p, + (T5p, + apy)z;)
JUCH=1 JUCH=2

+ r Wf'((l_z_l(c’))pl

R
1—1|1-
( z(cj))

By setting p, = p, = .467 and p, = .066, we obtain a .7584-approximation
algorithm, which can be verified by checking the expression for lengths 1
through 6, and noticing that

2

+ +a-

Z;

.467((1 — -2—) +(1 - 2‘7)) > .7584.

Other small improvements are possible by tightening the analysis.
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7.3 MAX DICUT. Suppose we are given a directed graph G = (V, 4) and
weights w;; on each directed arc (i, j) € A, where i is the tail of the arc and j
is the head. The maximum directed cut problem is that of finding the set of
vertices S_that maximizes the weight of the edges with their tails in § and their
heads in §. The problem is NP-hard via a straightforward reduction from MAX
CUT. The best previously known approximation algorithm for MAX DICUT
has a performance guarantee of + [Papadimitriou and Yannakakis 1991].

To model MAX DICUT, we consider the integer quadratic program

Max Z [Cijk(l =YY ViV +y]‘)’k)
ik

+dp (L =y y, + 39 + )’j}’k)]
Q") subject to: y; € {—1,1} VieV,

where ¢, and d,; are nonnegative. Observe that 1 —y;y; — y,y, + ¥,y can
also be written as (1 — y,y, X1 — y,y,) (or as (1 — y;y,)(1 + y;y,)), and, thus, the
objective function of (Q") can be interpreted as a nonnegative restricted
quadratic form in 1 +y,y,. Moreover, 1 — y;y; — y;, ¥, + ;¥ is equal to 4 if
y; = —y; = —y, and O otherwise, while 1 + y,y; + y,y; + y;y, is4if y, =y, =y,
and is 0 otherwise.

We can model the MAX DICUT problem using the program (Q”) by
introducing a variable y, for each i € V, and, as with the MAX 2SAT program,
and introducing a variable y, that will denote the S side of the cut. Thus, i € §
iff y, = y,. Then arc (i, j) contributes weight

1 1
Zwij(]- + 3501 _yij) = Zwij(l +¥iYo ~ ¥iYo _Yi)’j)

to the cut. Summing over all arcs (i, j) € 4 gives a program of the same form
as (Q”). We observe that if the directed graph has weighted indegree of every
vertex equal to weighted outdegree, the program (Q”) reduces to one of the
form (Q’), and therefore our approximation algorithm has a performance
guarantee of (a — €).

We relax (Q”) to:

Max Y e — v v —viop + 050 0)
ik
+d (1 4+ 00 + 0,00, + 0,0 00)]

(P") subject to: u; € §, YieV.

We approximate (Q”) by using exactly the same algorithm as before. The
analysis is somewhat more complicated. As we will show, the performance
guarantee S is slightly weaker, namely

. 2 27 —36
B = min > 0.79607.

0<6<arccos(~1,3) ™ 1 + 3cos 6
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Given a vector r drawn uniformly from the unit sphere S,, we know by the
linearity of expectation that the expected value E[U] of the solution output is

4 Y e Pr[sgn(v, - r) # sgn(v; - r) = sgn(v, - r)]
i,j,k

+d;j, Pr[sgn(vi-r) = sgn(v;-r) = sgn(vk-r)”.

Consider any term in the sum, say d, ;- Prlsgn(v; - r) = sgn(v; - ) = sgn(v; - r)l.
The c;;, terms can be dealt with similarly by simply replacing v; by —v;. The
performance guarantee follows from the proof of the following two lemmas.

LEmMMA 7.3.1
Pr[sgn(ui -r) =sgn(v; - r) = sgnlv; - r)]

=1- E;(arccos(vi *v;) + arccos(v, - vy) + arccos(v; - v})).

LeEmMA 73.2. Forany v, v}, v, € S,

1
1~ —ﬂ(arccos(ui “v;) + arccos(v; * v,) + arccos(v; - v;))

B 1
> ~4—[ + 00+ 0+ ),
) 2 27— 360
where 3 = min, _ 0 <arccost-1/9 7 17 3008 @ > 0.79607.

ProoF OF LEMMA 7.3.1. A very short proof can be given relying on
spherical geometry. The desired probability can be seen to be equal to twice
the area of the spherical triangle polar to the spherical triangle defined by v,
v;, and v,. Stated this way, the result is a corollary to Girard’s [1629] formula
(see Rosenfeld [1988]) expressing the area of a spherical triangle with angles
6,, 6,, and 6, as its excess 6, + 6, + 6; — 7.

We also present a proof of the lemma from first principles. In fact, our proof
parallels Euler’s [1781] proof (see Rosenfeld [1988]) of Girard’s formula. We
define the following events:

A: sgn(u;-r) = sgn(v; - r) = sgn(v; - r)

B;: sgn(v;-r) # sgn(v; - r) = sgn(v, - r)
C;: sgn(v;-r) = sgn(vg - r)
C;: sgn(v;-r) = sgn(vy - r)
Cp: sgn(v;-r) = sgn(v; -r).

Note that B, = C; — A. We define B; and B, similarly, so that B; = C; —A4
and B, = C, — A. Clearly,

Pr{A] + PrB;] + Pr[B;] + Pr[B,] = 1. )]

Also, P1lC;] = Pi[ A] + Pr[B;] and similarly for j and k. Adding up these
equalities and subtracting (1), we obtain

Pr{C;]1 + Pr[C;] + Pr[C, ] =1 + 2Pr[ A]. (2)
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By Lemma 3.2, Pr{C;] = 1 — 1/7 arccos(v; - v;) and similarly for j and k.
Together with (2), we derive

1
Pr(Al=1- —2——7T(arccos(ui ~v;) + arccos(v; - v,) + arccos(v; - v,)),

proving the lemma. O

PrOOF OF LEMMA 7.3.2. One can easily verify that the defined value of 8 is
greater than 0.79607. Let a = arccos(v;-v;), b = arccos(v;-v;), and ¢ =
arccos(v; - v,). From the theory of spherical triangles, it follows that the
possible values for (a, b, ¢) over all possible vectors v;, v;, and v, define the set

S={{a,b,c):0<a<m,0<b<nm,0gc<m,
c<a+bb<sa+c,a<b+c,a+b+c<2m},

(see Berger [1987, Corollary 18.6.12.3]). The claim can thus be restated as
1 B
1- 2—(a +b+c)> Z(l + cos(a) + cos(b) + cos(c))
o

for all (a,b,c) € 8.
Let (a, b, ¢) minimize

1
hla,b,c) =1- —i;(a +b+c)— g(l + cos(a) + cos(b) + cos(c))

over all (a, b, c) € S. We consider several cases:

MDa+b+c=2m. We have 1 —(1/27)a +b + ¢) =0. On the other
hand,

1 + cos(a) + cos(b) + cos(c)
=1+ cos(a) + cos(b) + cos(a + b)

) a+b a—>b
=1+ cos(a +b) + ZCOS( 5 )cos( )

2
a+b a+b a—>b
= 20082( ) + 2cos( )cos( )
2 2
5 a+b a-+b a—>b
= cos( 5 )cos( 5 )+cos( 5 ) 3)

We now derive that

vl

h(a,b,c) > — £} cos

a+b a—»b
cos( > )+cos( > )20,

the last inequality following from the fact that
a—-b>b l
2

a+b
< —
) < T

o
- <
2
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and thus

a+b
cos( ) <0 and

2

a+b a—>b 0
cos( 5 )+cos( 5 )2.

D a=b+corb=a+corc=a+b Bysymmetry, assume that ¢ =a
+ b. Observe that

a+b

1
1~ —(@@+b+c)=1-
2 T

On the other hand, by (3) we have that

1 + cos(a) + cos(b) + cos(c)

5 a+b a—>b a+b

= +

cos 5 coS 5 ) cos( 3 )
a+b a+b

_<_2cos( ) 1 +cos( )

Letting x = (a + b)/2, we observe that the claim is equivalent to

2x B
1 - — > —cos(x)(1 + cos(x))
T 2

for any 0 < x < 7/2. One can in fact verify that
2x  0.81989

11— — > cos(x)(1 + cos(x))
g 2

for any 0 < x < 7/2, implying the claim.

(3 a=0or b=0 or ¢ =0. Without loss of generality, let a = 0. The
definition of S implies that b = ¢, and thus b = a + c. This case therefore
reduces to the previous one.

(4) a=morb=aorc=mx. Assume a = 7. This implies that b + ¢ = 7
and, thus, a + b + ¢ = 2. We have thus reduced the problem to case (1).

(5) In the last case, (a, b, ¢) belongs to the interior of S. This implies that the
gradient of 4 must vanish and the hessian of 4 must be positive semidefi-
nite at (a, b, ¢). In other words,

2
sing =sinb =sinc = —,
T

and cosa >0, cosb > 0 and cos ¢ > 0. From this, we derive that a =
b = c. But

3a B
hWa,a,a) =1— — — —(1 + 3cos(a)).
2 4

The lemma now follows from the fact that a < 27 /3, the definition of B
and the fact that 1 + 3cos @ < 0 for ¢ > arccos —1/3. O

Thus, we obtain a ( 8 — e)-approximation algorithm for (Q”) and for the
MAX DICUT problem.
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8. Concluding Remarks

Our motivation for studying semidefinite programming relaxations came from
a realization that the standard tool of using linear programming relaxations for
approximation algorithms had limits which might not be easily surpassed (see
the conclusion of Goemans and Williamson [1994b]). In fact, a classical linear
programming relaxation for the maximum cut problem can be shown to be
arbitrarily close to twice the value of the maximum cut in the worst case. Given
the work of Lovész and Schrijver [1989; 1990}, which showed that tighter and
tighter relaxations could be obtained through semidefinite programming, it
seemed worthwhile to investigate the power of such relaxations from a worst-
case perspective. The results of this paper constitute a first step in this
direction. As we mentioned in the introduction, further steps have already
been made, with improved results for MAX 2SAT and MAX DICUT by Feige
and Goemans, and for coloring by Karger, Motwani, and Sudan. We think that
the continued investigation of these methods is promising.

While this paper leaves many open questions, we think there are two
especially interesting problems. The first question is whether a .878-approxima-
tion algorithm for MAX CUT can be obtained without explicitly solving the
semidefinite program. For example, the first 2-approximation algorithms for
weighted vertex cover involved solving a linear program [Hochbaum 1982}, but
later Bar-Yehuda and Even [1981] devised a primal-dual algorithm in which
linear programming was used only in the analysis of the algorithm. Perhaps a
semidefinite analog is possible for MAX CUT. The second question is whether
adding additional constraints to the semidefinite program leads to a better
worst-case bound. There is some reason to think this might be true. Linear
constraints are known for which the program would find an optimal solution on
any planar graph, whereas there is a gap of 32/(25 + 5Y5) for the current
semidefinite program for the 5-cycle.

One consequence of this paper is that the situation with several MAX SNP
problems is no longer clear-cut. When the best-known approximation results
for MAX CUT and MAX SAT had such long-standing and well-defined
bounds as ; and 3, it was tempting to believe that perhaps no further work
could be done in approximating these problems, and that it was only a matter
of time before matching hardness results would be found. The improved results
in this paper should rescue algorithm designers from such fatalism. Although
MAX SNP problems cannot be approximated arbitrarily closely, there still is
work to do in designing improved approximation algorithms.
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