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Cohomology class of the Ricci form

e Recall that A"T"0X =: K" is the anticanonical line bundle, and g induced an
Hermitian metric on K", with |% Ao A %'S = det(gj), its curvature form is
exactly 09 log det(gj).
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exactly 9 log det(gj).

e S0 we get

V=10(Kx', det g) = Ric(wy).

SHI, Yalong (Nanjing University) BICMR Complex Geometry 2/31



Cohomology class of the Ricci form

e Recall that A"T"0X =: K" is the anticanonical line bundle, and g induced an
Hermitian metric on K", with |% Ao A a%ls = det(gj), its curvature form is
exactly 9 log det(gj).

e S0 we get

V=10(Kx', det g) = Ric(wy).

e By Chern’s theorem,

[Ric(wg)] = 2rci(Ky') =: 2rci(X).
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Calabi’s problem

Calabi asked the following questions:

1. Given a Kahler metric g and a closed (1,1)-form n such that its cohomology
class in H55(X) is [7] = 27ci(X), can we find another Kihler metric g’ within
the same Kahler class [wy] such that Ric(wg ) = 1?
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1. Given a Kahler metric g and a closed (1,1)-form n such that its cohomology
class in H55(X) is [7] = 27ci(X), can we find another Kihler metric g’ within
the same Kahler class [wy] such that Ric(wg ) = 1?
2. When can we find a Kahler metric which is at the same time an Einstein
metric? That is, Ric(wg) = Awy for a constant A € R. We call such a metric a
Kahler-Einstein metric.
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Calabi’s problem

Calabi asked the following questions:
1. Given a Kahler metric g and a closed (1,1)-form n such that its cohomology
class in H55(X) is [7] = 27ci(X), can we find another Kihler metric g’ within
the same Kahler class [wy] such that Ric(wg ) = 1?
2. When can we find a Kahler metric which is at the same time an Einstein
metric? That is, Ric(wg) = Awy for a constant A € R. We call such a metric a
Kahler-Einstein metric.

Recall that by 6§-Iemma, different Kdhler metrics in the same Kéahler class
differ by V-10d¢ for a R-valued function ¢. So Calabi’s problems actually ask
whether we can find smooth function ¢ satisfying a specific equation.
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Obvious necessary condition

Recall that for a real (1,1)-form n = V-1n;0z; A dZ;, we say it is positive (write
n > 0), if the matrix (n;) is positive definite everywhere. And we say a real

(1,1)-class & € H35(X) is positive if we can find a closed 1 > 0 such that [5] = a.
First, observe that:

Lemma

If the compact Kdhler manifold (X, J, g) is Einstein, then either ¢;(X) > 0 or
c1(X) <0orci(X)=0.

Also observe that the Ricci form is invariant under rescaling, so for the
Kahler-Einstein problem, we can assume 4 = 1,-1 or 0.
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Aubin-Yau and Calabi-Yau Theorem
Theorem (Aubin-Yau)

If X is compact Kahler manifold with ¢i(X) < 0, then there is a unique Kdhler metric

g satisfying
Ric(wg) = —wy.

Theorem (Calabi-Yau theorem)

If X is compact Kdhler manifold with a given Kdhler metric gy, then given any closed
(1,1)-form 5 such that [n] = 2rx¢(X), there is a unique Kdahler metric g with

[wg] = [wg,] satisfying

Ric(wg) = 1.
In particular, if ¢i(X) = 0, then for any Kdhler class a, there is a unique Ricci-flat
Kdhler metric in the class a.
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Equation for Aubin-Yau Theorem

e For Aubin-Yau theorem, we start with a go such that its Kahler form
w € —2n¢1(X) = —[Ric(w)], so we can apply the do-lemma to get a smooth
function h satisfying Ric(w) + w = V-10dh, and h is unique if we require

fxeh ”:wa”.
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Equation for Aubin-Yau Theorem

e For Aubin-Yau theorem, we start with a go such that its Kahler form
w € —2n¢1(X) = —[Ric(w)], so we can apply the do-lemma to get a smooth
function h satisfying Ric(w) + w = V-10dh, and h is unique if we require
f el = f w"
X x )

e We want to find ¢ € C?(X;R) s.t. w, := w + V-1dd¢ > 0 and
Ric(w,) + w, =0, i.e.,

det(gpg + ¥pg) _h- go)

0 = —0,3;log det(gpg + ¥pg) + 9 + 9 = —6,-67( 8~ fer(a)
g
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Equation for Aubin-Yau Theorem

e For Aubin-Yau theorem, we start with a go such that its Kahler form
w € —2n¢1(X) = —[Ric(w)], so we can apply the do-lemma to get a smooth
function h satisfying Ric(w) + w = V-10dh, and h is unique if we require
f el = f w"
X x )

e We want to find ¢ € C?(X;R) s.t. w, := w + V-1dd¢ > 0 and
Ric(w,) + w, =0, i.e.,

det(gpg + ¥pg) _h- go)

0 = —0,3;log det(gpg + ¥pg) + 9 + 9 = —6,-67( 8~ fer(a)
g

e So we get the equation

(w+ V=100p)" = eM¢w". (0.1)
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Equation for Calabi-Yau Theorem

e For Calabi-Yau theorem, we have a unique h satisfying Ric(w) - = V-13dh
and [ e"w" = [ "
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Equation for Calabi-Yau Theorem

e For Calabi-Yau theorem, we have a unique h satisfying Ric(w) - = V-13dh

and [ e"w" = [ "
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Equation for Calabi-Yau Theorem

e For Calabi-Yau theorem, we have a unique h satisfying Ric(w) - = V-13dh
and [ e"w" = [ "
e We want to find ¢ such that w, > 0 and Ric(w,) = n, i.e.

—0;0; log det(gpg + ¢pg) = —0i0;log det(gpgz) — hy.

e So the equation is
(w+ V=180p)" = e"w". (0.2)
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Uniqueness
Lemma (Calabi)
The solutions to (0.1) and (0.2) are both unique.

Proof

o If both ¢1 and ¢, solve (0.1), set ¢ := @2 — ¢1. Then Y satisfies
(w1 + V=180y)" = e’ w!.
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Uniqueness
Lemma (Calabi)
The solutions to (0.1) and (0.2) are both unique.

Proof

e If both ¢y and ¢ solve (0.1), set ¥ := o> — 1. Then ¥ satisfies
(w1 + V=100y)" = e’ .

e At the maximum point of i, we have €’w! </, so y < 0. Similarly, we get
W > 0, hence y = 0.
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Uniqueness
Lemma (Calabi)
The solutions to (0.1) and (0.2) are both unique.

Proof

e If both ¢y and ¢ solve (0.1), set ¥ := o> — 1. Then ¥ satisfies
(w1 + V=100y)" = e’ .

e At the maximum point of i, we have €’w! </, so y < 0. Similarly, we get
W > 0, hence y = 0.

e Ifboth ¢ and g5 solve (0.2), set y := ¢» — ¢1. Then y satisfies an elliptic
equation of the form Ly = 0, with L = A(z,8%¢1, 6%02)d;0:.
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Uniqueness
Lemma (Calabi)
The solutions to (0.1) and (0.2) are both unique.

Proof

e If both ¢y and ¢ solve (0.1), set ¥ := o> — 1. Then ¥ satisfies
(w1 + V=100y)" = e’ .

e At the maximum point of i, we have €’w! </, so y < 0. Similarly, we get
W > 0, hence y = 0.

e Ifboth ¢ and g5 solve (0.2), set y := ¢» — ¢1. Then y satisfies an elliptic
equation of the form Ly = 0, with L = A1(z, 81, 8¢2)0;6;.

e Since y must achieve its maximum and minimum somewhere, by strong
maximum p r1nc11ple W is a constant, and the corresponding metrics are the same.
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The “Continuity Method”

e We start with the Aubin-Yau theorem. The idea of proof is to use the so called
“continuity method”, introduced in the first half of 20th century by H. Weyl.
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The “Continuity Method”

e We start with the Aubin-Yau theorem. The idea of proof is to use the so called
“continuity method”, introduced in the first half of 20th century by H. Weyl.

e We introduce an extra parameter t into (0.1):
(w+ V=180p)" = e+, (0.3)

Then we study the set S := {t € | = [0,1] | (0.3) is solvable in Ck*(X)}.
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The “Continuity Method”

e We start with the Aubin-Yau theorem. The idea of proof is to use the so called
“continuity method”, introduced in the first half of 20th century by H. Weyl.

e We introduce an extra parameter t into (0.1):
(w+ V=180p)" = e+, (0.3)

Then we study the set S := {t € | = [0,1] | (0.3) is solvable in Ck*(X)}.

e Obviously 0 € S, since in this case ¢ = 0 is a solution. Then we try to show S is
both open and closed. By connectness of /, we will get 1 € S, i.e. (0.1) is
solvable.
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Openness

e To show the openness, we shall use the implicit function theorem in Banach
spaces.
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Openness

e To show the openness, we shall use the implicit function theorem in Banach
spaces.

e We consider the operator W : | x Ck*(X) — Ck-2¢ where

V(t,¢) = log

(w+ V=10d¢)" i
w" —em T
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Openness

e To show the openness, we shall use the implicit function theorem in Banach
spaces.

e We consider the operator W : | x Ck*(X) — Ck-2¢ where

(w+ V=10d¢)"
wn

V(t,¢) = log —¢—th.

e Then we have N
Dapw(‘/’) = 9{0'(915790 —yY = (Aso - 1)¢
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Openness

e To show the openness, we shall use the implicit function theorem in Banach
spaces.

e We consider the operator W : | x Ck*(X) — Ck-2¢ where

V(t,¢) = log

(w+ ‘V—‘Iﬁggo)” i
w" —em T

e Then we have _
D,V(y) = 9,00 —¢ = (By = 1)y
e This is invertible by Fredholm alternative, since we can easily prove its

injectivity, either use maximum principle or integration by parts. So we get the
openness of S.
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A priori estimates: C%-estimates

e To prove the closedness, we shall derive a priori estimates: if {j € S with
solution ¢; € CK*(X) and t; — t, € I, we need to show that ||pj|[x, < C with a

uniform constant C. Then we can find a converging subsequence in C*?. If
k > 2, then we will get a solution for f{) and S must be closed.
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A priori estimates: C%-estimates

e To prove the closedness, we shall derive a priori estimates: if {j € S with
solution ¢; € CK*(X) and t; — t, € I, we need to show that ||pj|[x, < C with a

uniform constant C. Then we can find a converging subsequence in C*?. If
k > 2, then we will get a solution for f{) and S must be closed.

e The C° estimate of ¢ is rather direct: if
(w+ ‘/_6690) elte )"
and ¢ achieves its maximum at p € X, then
e"PImw (p) < w"(p),

s0 ¢ < ||hl|.. Similarly, we get ¢ > —||hllw, SO ||¢lle < ||Alle. This is already
known to Calabi.
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Preparation for C?-estimates

e We shall not prove C' estimate directly, (which is not simple, and first proved
directly by Blocki, more than 30 years later than Yau’s work) but use C?
estimates.
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directly by Blocki, more than 30 years later than Yau’s work) but use C?
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e The C? estimate is due independently to Aubin and Yau, with slightly different
calculations.
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Preparation for C?-estimates

e We shall not prove C' estimate directly, (which is not simple, and first proved
directly by Blocki, more than 30 years later than Yau’s work) but use C?
estimates.

e The C? estimate is due independently to Aubin and Yau, with slightly different
calculations.

e We denote by A := g/9;0; and A, := g,8;;. Since (g; + ¢j) is positive
definite, taking trace with respect to w, we have
0 < g'(g5 + ¢j) =: trow, = N+ Ap. Now we compute A,tr,w, at a point p,
using Kahler normal coordinates of g at p.
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Note that at this point, we have Rj; = —8,0;g,, so we have

< - g g
Atr,w, = G009 g,.3) = 919" 8;"' g g pqgwkl)
-/

g¢ K

B g{"’iglk 02,0z + gf’g g Rij0q9,.41
j

= 9,9"(~ R(g.)a + gﬁ"soprjsokaf) + 9/9°9" RipaG.a

= —tr,Ric(w,) + & g% 9P o015 + 999" Rina G, i
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So we get

A, log tr,w, = g'o;

(2

Glrow,  Dytr,w,  10Mw,L2

tr,w, N tr,w, (tr,wy)?

1 . ii oo ~0
— ( - tr,Ric(w,) + &, g'P g R;jpag¢,k7)

tr,w,

(trow,) 9 9% 9P e jowai — 101w, 2
(tr,w,)? '
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Claim: We always have

(trww¢)g{;’ g 9P sergi — 0tr,w,l2 > 0.

To see this, by an extra linear coordinate change, we can further assume that
ej = Aidjj, with 4; e R and 1 + 4; > 0. So at this point, we have

9,7 = (1+ 1))

and g{;j = %, and so tr,w, = >,;(1+ 4;), and

o 11
Jinlk 4P, E — 12
gt,ag ggo Qop/j‘pkq’ & 1 +/ll1 —f—/lplSOkal .
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So
1 : 1
2_2:_ Tk _2_2:_ ko ~ 2
|8trww§0|<p_ ,' 1+/l,|al(g gsﬂ,k/)l - : 1+/l,|g a’g%k/l
1 5 1 Pkki 2
=S 1Y il = > > VT A2
- 1-l-/lil p P - 1+/1i| P g 1+/lk|

1 lppil® ) 1 lpppil®
<y — — —
‘Z1+A,-(Zk:(1+ﬂk))( 1+ 2 (trw“’*");1+1,-1+ap

1 1
< (o) 2 7y g el
ip,k p
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Main Lemma for C2-estimate

Lemma

Let w be a Kdhler metric on a compact Kahler manifold X and ¢ € C*(X;R) satisfies
w+ V=19dp > 0, then

—tr, Ric(w,)

A, log tr,w, >
o 1932 ey tr,w,

- Citr,,w. (0.4)
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Proof

By the above discussions, we have

A, log try,w, >

( — tr, Ric(w,) + g/ gP g% R,-;pz,gw,m)

r,w,

_ —tr,Ric(w,) 1 T+ 4%p

- tr,w, trow, 4= 144, "k

. —tr,Ric(w,) N infj k Rk T+ A

- l'l’wa)‘/7 trwwso ik T+ 4
—tr,Ric(w,) .

Since X is compact, we can find C > 0 such that inf;x R % > —C.
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Using the equation
Note that we haven’t use the equation! So the above computation applies to other

situations.
Now we rewrite the equation (0.3) as

Ric(w,) = Ric(w) — t V=106h — Y=1d¢
= Ric(w) - {(Ric(w) + w) - (w, - w)
=(1- t)(RiC(cu) + w) -w

So —tr, Ric(w,) > tr,w, — C. So we conclude that

Aglog tr,w, > 1 — C( o, + tr%a)) >1-C'tr,,w.

1 1
< <
trw PV 3 G T B F P try, -
19 /31

The last step used the fact
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Applying the maximum principle
e On the other hand, we have A ¢ = tr, (w, — w) = n— tr, w, and so we get

A‘p( log tr,w, — (C" + 1)50) > -C" + tr,,w.
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Applying the maximum principle
e On the other hand, we have A ¢ = tr, (w, — w) = n— tr, w, and so we get
Aw( log tr,w, — (C" + 1)<p) > -C" + tr,,w.
e At the maximum point of log tr,w, — (C" + 1)¢, we have tr, w < C”. Use Kéhler

normal coordinates at that point and assume g, is diagonal as before, we get
ﬁ < C” for each i.
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Applying the maximum principle
e On the other hand, we have A ¢ = tr, (w, — w) = n— tr, w, and so we get

Aw( log tr,w, — (C" + 1)<p) > -C" + tr,,w.

e At the maximum point of log tr,w, — (C" + 1)¢, we have tr, w < C”. Use Kéhler
normal coordinates at that point and assume g, is diagonal as before, we get

1 7 :
77 S C” for each |.

e By (0.3), we have M;(1 + ;) = e"*¢ < Cy, which implies 1 + A; < Co(C”)"™".
So tr,w, < NCy(C”)"1. This implies at this point log tr,w, — (C’' + 1)y is
uniformly bounded from above (use |¢| < ||Al|c0). This in turn implies

tr,w, < C for a uniform constant C.
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Applying the maximum principle
e On the other hand, we have A ¢ = tr, (w, — w) = n— tr, w, and so we get

A¢( log tr,w, — (C" + 1)<p) > -C" + tr,,w.

e At the maximum point of log tr,w, — (C" + 1)¢, we have tr, w < C”. Use Kéhler
normal coordinates at that point and assume g, is diagonal as before, we get

1 7 :
77 S C” for each |.

e By (0.3), we have M;(1 + ;) = e"*¢ < Cy, which implies 1 + A; < Co(C”)"™".
So tr,w, < NCy(C”)"1. This implies at this point log tr,w, — (C’' + 1)y is
uniformly bounded from above (use |¢| < ||Al|c0). This in turn implies
tr,w, < C for a uniform constant C.

e Since we have L™ control of Ay, using LP theory for linear elliptic equations,
we get uniform control of C'-norm for ¢. Also a direct consequence of the Ay
estimate is that there is a uniform constant C > 0 such that %w <w, < Cw.
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C?® and higher order derivatives

e After obtaining C? estimates, there are two ways to get higher order
estimates. The original approach of Aubin and Yau used Calabi’s 3rd order
estimates, and then use Schauder estimates and then bootstrapping.
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C?® and higher order derivatives

e After obtaining C? estimates, there are two ways to get higher order
estimates. The original approach of Aubin and Yau used Calabi’s 3rd order
estimates, and then use Schauder estimates and then bootstrapping.

e Later, Evans and Krylov independently discovered that the C>“ estimate
follows directly from the C? estimate. The basic idea is that if we differentiate
the equation in the tangent direction y 2-times, we will get an elliptic equation
for u,,. The above estimate implies that we have uniform control for the
ellipticity constants. Then we can get Harnack inequality for u,, by exploring
the concavity structure of the complex Monge-Ampere operator.

SHI, Yalong (Nanjing University) BICMR Complex Geometry 21/31



C?® and higher order derivatives

e After obtaining C? estimates, there are two ways to get higher order
estimates. The original approach of Aubin and Yau used Calabi’s 3rd order
estimates, and then use Schauder estimates and then bootstrapping.

e Later, Evans and Krylov independently discovered that the C>“ estimate
follows directly from the C? estimate. The basic idea is that if we differentiate
the equation in the tangent direction y 2-times, we will get an elliptic equation
for u,,. The above estimate implies that we have uniform control for the
ellipticity constants. Then we can get Harnack inequality for u,, by exploring
the concavity structure of the complex Monge-Ampere operator.

e After obtaining C>“ control of ¢, we can differentiate the equation once, then
the coefficients have uniform Holder norm, so we can use Schauder estimates
and then bootstrapping. This finishes the proof to Aubin-Yau Theorem.
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Back to Calabi-Yau

e Now we study the Calabi-Yau equation. First, we need a continuity path for the
equation (0.2):
(w+ V=189¢)" = e, (0.5)

where ¢; is a constant defined by [, €"%w" = [ w". Again let
S :={tel]|(0.5) is solvable in Cg’“},

where we define Cg’a = {p e Ck(X) | fxgoa)” = 0}.
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Back to Calabi-Yau

e Now we study the Calabi-Yau equation. First, we need a continuity path for the
equation (0.2):
(w+ V=189¢)" = e, (0.5)

where ¢; is a constant defined by [, €"%w" = [ w". Again let
S :={tel]|(0.5) is solvable in Cg’“},

where we define Cg’a = {p e Ck(X) | fxgoa)” = 0}.

e When t =0, ¢ = 0 is the solution. So S # 0. To show S is open, we use the
implicit function theorem. However, there is additional difficulty caused by the
change of ¢;, so we modify the function spaces in Aubin-Yau’s theorem.
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Openness
e We define the affine subspace of C-2¢:

C’\(/_z’a = {fe CF29(X) | ffa)” = fw”}.
X X
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Openness
e We define the affine subspace of C-2¢:

C’\(/_z’a = {fe CF29(X) | ffa)” = fa)”}.
X X

e Then we define the operator ¢ : Cg’“ - CC‘Z’“,

(w+ \/jag(p)”

w

bp) =
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Openness
e We define the affine subspace of C-2¢:

C’\(/_z’a = {fe CF29(X) | ffa)” = fa)”}.
X X

e Then we define the operator ¢ : Cg’“ - CC‘z’“,

(w+ \/3(95(,0)”

w

bp) =

e The linearization at ¢, is D®,, : Ci — Ci2"

n
(27}
—2 Ay U

w

Dq)tpto (lr[/) =

This operator is invertible since A, y = f is solvable if and only if fx f“’gto =0.

This proves the openness.
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Reduce the closedness to CP-estimate

e For closedness, as before, we need to derive a priori estimates. Only the C°
estimate is different, other parts are almost identical.
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Reduce the closedness to CP-estimate

e For closedness, as before, we need to derive a priori estimates. Only the C°
estimate is different, other parts are almost identical.

e We will basically follow Yau’s original proof using Moser iteration. Later there
are other proofs, e.g. S. Kolodziej’s approach using pluripotential theory and
Z. Blocki’s proof using Alexandrov’s maximum principles. We shall follow the
exposition of Phong-Song-Sturm.
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Reduce the closedness to CP-estimate

e For closedness, as before, we need to derive a priori estimates. Only the C°
estimate is different, other parts are almost identical.

e We will basically follow Yau’s original proof using Moser iteration. Later there
are other proofs, e.g. S. Kolodziej’s approach using pluripotential theory and
Z. Blocki’s proof using Alexandrov’s maximum principles. We shall follow the
exposition of Phong-Song-Sturm.

e Rewrite the equation as (w + V=148¢)" = Fw" with F = e+, Note that F
has uniform positive upper and lower bounds, independent of t.
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Set Y :=supy¢ —¢p+1 > 1. Since
n—1
—w:a)—i-—_—a):—_/\ a)_'_/\',
(F=1)w" = (@ + V=133¢)" - " = V=183p A Y 77" Ao/
j=0

we multiply ¥**' on both sides for some @ > 0, and integrate over X:

n—1
fz//“+1(F—1)w” = (a/+1)2ftp"\/j@w/\5w/\wg_j_1/\wj
X = JIx

(a+1)f¢“\/j&ﬁ/\5w/\w”_1

- a+1 f‘\/ 10y Adye ™ A W™

a+1 o
— V §+1 2.
G

\%
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So we get

(_l
IVye P < C er17 f yr "

where C; depends only on ||F||.«.
On the other hand, we have Sobolev inequality

llulP? Lo S < Go(IVUllZ, + NlulZ,).

We apply this to u := wgz

1 < Cz(||Vl//2||Lz + 7o),
where 8 := - > 1. Then we choose p = a + 2, to get

s < (Cap)*llle, P> 2.

Then we can iterate p — p8 — pB> — --- — pBX — .... Using the fact that
limk—co Il px = [IW]l2~, we conclude that once we have a uniform L bound for ¢ for
some p > 2, then we will have uniform L* estimate for .
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The final ingredient: Tian’s a-invariant

e To get this LP bound, one can use, for example, the following result of G. Tian:
Given a Kahler form w, we can find a positive number ¢ > 0, depending only
on the Kahler class, such that we can find another uniform constant C > 0
such that

f @ Cly—supx¥) ;N < C,
X

Vo € C*(X;R) such that w + V-13d¢ > 0. From this, we get uniform estimate
of ||¥||« for any k € N.
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The final ingredient: Tian’s a-invariant

e To get this LP bound, one can use, for example, the following result of G. Tian:
Given a Kahler form w, we can find a positive number ¢ > 0, depending only
on the Kahler class, such that we can find another uniform constant C > 0
such that

f @ Cly—supx¥) ;N < C,
X

Vo € C*(X;R) such that w + V-13d¢ > 0. From this, we get uniform estimate
of ||¥||« for any k € N.

e Alternatively, we can first use Green formula to bound ||||;1, then use the
a = 0 case inequality and Poincaré inequality to bound |[y/]|,2.
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ci1(X) > 0 case

e When ¢;(X) > 0, we want to find a Kihler metric g such that Ric(wg) = wg. A
necessary condition for solvability of this equation is
[wg] = [Ric(wg)] = 2rci(X).
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ci1(X) > 0 case

e When ¢;(X) > 0, we want to find a Kihler metric g such that Ric(wg) = wg. A
necessary condition for solvability of this equation is
[wg] = [Ric(wg)] = 27¢:(X).

e We start with an arbitrary Kéhler metric w in the class 2z¢y(X), then since
Ric(w) has the same cohomology class as w, by d0-lemma, we can find a
smooth function h such that Ric(w) — w = V-10h.
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ci1(X) > 0 case

e When ¢;(X) > 0, we want to find a Kihler metric g such that Ric(wg) = wg. A
necessary condition for solvability of this equation is
[wg] = [Ric(wg)] = 2rci(X).

e We start with an arbitrary Kéhler metric w in the class 2z¢y(X), then since
Ric(w) has the same cohomology class as w, by do-lemma, we can find a
smooth function h such that Ric(w) — w = V-10h.

e Want to find ¢ € C*(X,R) such that w, > 0 and Ric(w,) = w,. Equivalently,

n

- - n - w
w+ V=190¢p = Ric(w) + V—‘Iaﬁlog% =w+ V—‘Iaa(h—logw—i).
©
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ci1(X) > 0 case

e When ¢;(X) > 0, we want to find a Kihler metric g such that Ric(wg) = wg. A
necessary condition for solvability of this equation is
[wg] = [Ric(wg)] = 2rcy(X).

e We start with an arbitrary Kéhler metric w in the class 2z¢y(X), then since
Ric(w) has the same cohomology class as w, by do-lemma, we can find a
smooth function h such that Ric(w) — w = V-10h.

e Want to find ¢ € C*(X,R) such that w, > 0 and Ric(w,) = w,. Equivalently,

n

- - n - w
w+ V=190¢p = Ric(w) + V—‘Iaﬁlog% =w+ V—‘Iaa(h—logw—i).
©

e We get
(w+ V—165g0)” = e*u". (0.6)
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Continuity method
e Aubin introduced the following continuity path:

(w+ V=180p)" = " %",

which means Ric(w) — Ric(w,) = Ric(w) — w - {(w, — w), or equivalently
Ric(w,) = tw, + (1 - Hw.
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Continuity method
e Aubin introduced the following continuity path:
(w~+ V=180¢)" = e,

which means Ric(w) — Ric(w,) = Ric(w) — w - {(w, — w), or equivalently
Ric(w,) = tw, + (1 - Hw.

e This equation is solvable when { = 0 by Calabi-Yau theorem, and Aubin also
proved openness.
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Continuity method

e Aubin introduced the following continuity path:
(w~+ V=180¢)" = e,
which means Ric(w) — Ric(w,) = Ric(w) — w - {(w, — w), or equivalently
Ric(w,) = tw, + (1 - Hw.

e This equation is solvable when { = 0 by Calabi-Yau theorem, and Aubin also
proved openness.

e For closedness, as before, if we have C%-estimate, we will get C?-estimate and
the remaining part is the same as before.

SHI, Yalong (Nanjing University) BICMR Complex Geometry 29 /31



Continuity method

e Aubin introduced the following continuity path:
(w+ V=180p)" = " %",

which means Ric(w) — Ric(w,) = Ric(w) — w - {(w, — w), or equivalently
Ric(w,) = tw, + (1 - Hw.

e This equation is solvable when { = 0 by Calabi-Yau theorem, and Aubin also
proved openness.

e For closedness, as before, if we have C%-estimate, we will get C?-estimate and
the remaining part is the same as before.

e However, C%-estimate may fail! There are obstructions to the existence of KE
metrics when ¢4(X) > 0 (then we say “X is a Fano manifold” in honor of the
Italian algebraic geometer Fano), like the vanishing of Futaki invariant and the
reductiveness of the automorphism group of X.
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Yau-Tian-Donaldson conjecture

The Fano case is solved by Tian in dimension 2 thirty years ago, and by
Chen-Donaldson-Sun and Tian recently in general dimensions. Now there are
other proofs, too. The ultimate result (first conjectured by Yau philosophically) is:

Theorem (Chen-Donaldson-Sun, Tian)

Let X be a compact Kdhler manifold with ¢;(X) > 0. Then X admits a Kdhler-Einstein
metric if and only if X is K-polystable.

I won’t explain the meaning of K-stability here. For the original definition, we refer
the readers to Tian’s 1997 Invent. Math. paper. The proofs of CDS and Tian both
uses structure theory of Riemannian manifolds with lower Ricci curvature bounds
(developed by Cheeger-Colding and Cheeger-Colding-Tian) and Hormander’s
L?-theory for the d-equation (We will discuss this tomorrow).
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