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§3.1 Metrics, connections and curvatures
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Hermitian metrics

Definition

Let E — X be a complex (C*) vector bundle of rank r over a smooth manifold X. A
smooth Hermitian metric on E is an assignment of Hermitian inner products

hy(-,-) =< -,- >, on each fiber Ep, such that if £, are smooth sections of E over an
open set U, then h(&,n) € C*(U; C).

If U is a local triviliazation neighborhood of E via ¢y : 7' (U) —» U x C', then we
can define r smooth sections of E over U:

e.(p) :== ¢ (p,0,...,0,1,0...,0).
Then at any point p € U, {e,(p)}/ _, is a basis of E,. We call {e,}’ _, a local frame of

a=1
E over U. Note that when E is a holomorphic bundle and (U, ¢y) a holomorphic
trivialization, then these ,’s are also holomorphic sections, and we call it a

holomorphic frame.
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Local representation of a metric

If £ is a smooth section over U, then we can write in a unique way ¢ = £*e,, with
£, € C°(U;C),a=1,...,r. If we define the (positive definite) Hermitian
matrix-valuded smooth functions: h,; := h(e,, &), then we have

h(&.m) = h(¢"es. 7" €5) = h,pt" i7"
Sometimes, we also denote the matrix-valued smooth function (h,z) by h.
Notation: We shall denote the space of smooth sections of E over U by C*(U; E).

When E is a holomorphic bundle, the set of holomorphic sections over U is
denoted by I'(U; E) or ¢(E)(U).
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Connection
Definition
A connection on a smooth rank r complex vector bundle over a manifold X is a
map D : C*(X; E) » C=(X, T*°X ® E) satisfying :
1. D is C-linear;
2. (Leibniz rule) D(f¢) = df ® ¢ + D&, Vf € C¥(X;C),& € C°(X; E).
D is a local operator: if £ € C*(X; E) vanishes on an open subset U, then so is D¢:

For any p € U, choose a smooth function f on X such that f vanishes on a small
neighborhood V c U and f|yc = 1. Then f¢ = &, so by the Leibniz rule, we have

(D&)(p) = (D(F&))(p) = (df & & + DE)(p) = O.
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Local representation of a connection

e Locality of D implies that we can define D¢ for ¢ € C*(U; E) when U c X is
an open subset: for any p € U, choose open nbhd V c U and a global section
n € C*(X; E) such that 5|y = €|y, then define (D¢)|y := (Dn)ly.
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Local representation of a connection

e Locality of D implies that we can define D¢ for ¢ € C*(U; E) when U c X is
an open subset: for any p € U, choose open nbhd V c U and a global section
n € C*(X; E) such that ]y = ¢|v, then define (D¢)lv := (Dn)lv.

e If {e,} is a local frame, then we can define a family of local smooth 1-forms
6, € A'(U) satisfying:

De, = ¢ ® e;.

Sometimes we just write De, = Hf,eﬁ for short. We call these {6} “connection
one-forms”.
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Local representation of a connection

e Locality of D implies that we can define D¢ for ¢ € C*(U; E) when U c X is
an open subset: for any p € U, choose open nbhd V c U and a global section
n € C*(X; E) such that ]y = ¢|v, then define (D¢)lv := (Dn)lv.

e If {e,} is a local frame, then we can define a family of local smooth 1-forms
6, € A'(U) satisfying:

De, = ¢ ® e;.

Sometimes we just write De, = Hf,eﬁ for short. We call these {6} “connection
one-forms”.

e For ¢ = ¢%e, € C*(U; E), we then have

D¢ = D(¢%e,) = (dé* + £°6)) e,
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Local representation of a connection

e Locality of D implies that we can define D¢ for ¢ € C*(U; E) when U c X is
an open subset: for any p € U, choose open nbhd V c U and a global section
n € C*(X; E) such that ]y = ¢|v, then define (D¢)lv := (Dn)lv.
e If {e,} is a local frame, then we can define a family of local smooth 1-forms
6, € A'(U) satisfying:
De, = ¢ ® e;.
Sometimes we just write De, = Hf,eﬁ for short. We call these {6} “connection

one-forms”.
e For ¢ = ¢%e, € C*(U; E), we then have

D¢ = D(¢%e,) = (dé* + £°6)) e,

e Regard £ as a column vector, and for 65 we always regard the upper index as
line index and the lower index the column index. So if we identify & with the
column vector &%, then we can write D = d + 6 (Physicists’ notation).
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The curvature

We can extend the action of D to bundle-valued differential forms. We write
AK(X,E) := C*(X; NKT**X ® E). Then we define D : A¥(X, E) — A**(X, E) by

D(¢¢) := (d)é + (-1) ¢ A DE,

where ¢ is a C-valued k-form and ¢ is a smooth section of E.

Definition
We define the curvature of D to be © := D?: A°(X; E) — A%(X, E).
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Curvature as a bundle-valued 2-form

If f is a smooth function and ¢ € A°(X, E), we have

o(f&) = D(df¢ + fDg)
= d(df)¢ - df A Dé + df A De + fD?¢
= fO(&).

Locally if we define the 2-forms ©” by
O(e,) = ey

Then we have
O(¢) = 6(¢"e,) = £70(6,) = Opé’6,.
From this, we conclude that © € A%(X, End(E)).

SHI, Yalong (Nanjing University) BICMR Complex Geometry 9/59



Local representation of the curvature

We can also represent ©j in terms of b3

e, = D(De,) = D(6e,)
=d0e, -6 A De,
= dbfe; - 60, A eg
= (d6 + &£ A 6))es.

So we get
@g:dngrQ;”/\Qg,

or © = df + 6 A 0 for short. Note that our sign convention is different from
Griffiths-Harris, since they regard the upper index as the column index.
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Changing the frame
e Suppose {&,} is another local frame on U, then we can write &, = aﬁeﬁ, where
(&) is a GL(r, C)-valued smooth function on U. (When both frames are local
holomorphic frames of a holomorphic bundle, then (&) is a GL(r, C)-valued
holomorphic function on U.)

SHI, Yalong (Nanjing University) BICMR Complex Geometry 11/59



Changing the frame
e Suppose {&,} is another local frame on U, then we can write &, = aﬁeﬁ, where
(&) is a GL(r, C)-valued smooth function on U. (When both frames are local
holomorphic frames of a holomorphic bundle, then (&) is a GL(r, C)-valued
holomorphic function on U.)
e The new connection forms and curvature forms are denoted by  and 6. We
have
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Changing the frame
e Suppose {&,} is another local frame on U, then we can write &, = aﬁeﬁ, where
(&) is a GL(r, C)-valued smooth function on U. (When both frames are local
holomorphic frames of a holomorphic bundle, then (&) is a GL(r, C)-valued
holomorphic function on U.)
e The new connection forms and curvature forms are denoted by  and 6. We
have

e On the other hand, the left equals égageﬁ. So we get af = da + #a, or
6=a'da+a'sa
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Change of curvature
From the above formula, we get

O=di+06A0
=d(a'da+a'ea)+ (a'da+a'ba)A(a'da+ a'lea)
=-a'dana'da-a'dara'da+a'dda-a'oAda
+a'dana'da+a'dana'ba+a'onda+a’onea
=a'(do+6n6)a.

So we conclude

6=a'oa
From this, we can construct a family of globally defined differential forms:
-1
¢(E, D) := det(lr n 2—\/”_@) =1+ ¢(E, D)+ + c(E. D),

where ck(E, D) € A%K(X) is called the “k-th” Chern form of E associated to D.
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Physicists’ language

In physicists’ language, a connection is a “field”, the curvature is the “strength” of
the field, and choosing a local frame is called “fixing the gauge”. The reason for
these names comes from H. Weyl’s work, rewriting Maxwell’s equations. The
“vector potential” and “scalar potential” together form the connection 1-form, and
the curvature 2-form has 6 components, consisting the components of the electric
field and the magnetic field.
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83.2 Chern connection on holomorphic vector bundles
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Chern connection on a holomorphic vector bundle

In general, there is no “canonical connections” on a given vector bundle with a
smooth Hermitian metric. However, if the bundle is a holomorphic vector bundle,
there is indeed a canonical connection, called the “Chern connection”:

Theorem

On a given holomorphic vector bundle E with a smooth Hermitian metric h, there is a
unique connection D, called the “Chern connection” satisfying the following two
additional conditions:

1. (Compatibility with the metric) If s, t are two smooth sections, then we have
dh(s,t) = h(Ds, t) + h(s, Dt).

2. (Compatibility with the complex structure) If s is a holomorphic section of
E, then Ds is a E-valued (1, 0)-form.
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Proof (Uniqueness)

Let {e,}/ _, be a local holomorphic frame, and the connection 1-form with respect to
this frame is (6’5)1@,%,, satisfying De, = Oieﬁ. By the compatibility with complex
structure, each 6. is a smooth (1,0)-form. Now we use the compatibility with metric
to get

dh,; = h(De,, e3) + h(e,., Des)
= 05/775 ol égh(l)_’

On the other hand, we have dfz(,- = 0h,z + éh(,/;. Comparing types, we get 6h = 6'h, so
6" = 6h- h™'. Denote h™' = (h*®), then we can rewrite this as

Hg = h‘_'ﬁahm—,.

Also, since h' = h, the (0, 1)-part gives the same equation. This proves the uniqueness.
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Proof (Existence)

For existence, we simply set locally 6} := hBdh,;, and define for s = f*e,:
Ds := (df* + f°65)e,

We need to check that this is globally well-defined. For this, if &, = & €5 s another
holomorphic frame on V with UN V # 0. Then ais a holomorphic matrix. We have

h = a'ha, so we have 6 := (h')'0h' = a'da+ a'0a. Since s = f*&, = f*e,, we have
f=a'f so

&(df + 0f) = ea(-a 'daa 'f+ a'df + a 'vaa 'f + a '0aa 'f)
_ o(df + 0f).

So D is globally defined. It is direct to check that D is compatible with both the metric
and the complex structure of the bundle.
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Remark

e If we define covariant derivatives of a smooth section S with respect to a complex
tangent vector ¢ at a given point p by DS = Ds(¢), where we use the dual

pairing of tangent vectors and differential 1-forms. Then the “compatibility with
metric” takes the form

¢(h(s. 1)) = h(Dss. t) + h(s, Dst).
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Remark

e If we define covariant derivatives of a smooth section S with respect to a complex
tangent vector ¢ at a given point p by DS = Ds(¢), where we use the dual
pairing of tangent vectors and differential 1-forms. Then the “compatibility with
metric” takes the form

¢(h(s. 1)) = h(Dss. t) + h(s, Dst).
e If we write the (1,0) and (0, 1) parts of D as D'"® and D', so that

D = D' + D°'. then the compatibility with complex structure condition can be
restated as D*' = 9 on smooth sections.
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Remark

e If we define covariant derivatives of a smooth section S with respect to a complex
tangent vector ¢ at a given point p by DS = Ds(¢), where we use the dual
pairing of tangent vectors and differential 1-forms. Then the “compatibility with
metric” takes the form

¢(h(s. 1)) = h(Dss. t) + h(s, Dst).

e If we write the (1,0) and (0, 1) parts of D as D'"® and D', so that
D = D' + D°'. then the compatibility with complex structure condition can be
restated as D*' = 9 on smooth sections.

e The line bundle case is particularly simple: if e is a local holomorphic frame and
we set h = h(e, e) > 0. Then the connection 1-form is § = h™'0h = dlog h. Then
the curvature is © = dd + 6 A 6 = df = ddlog h = 03 log h. It is already a
globally defined closed (1, 1)-form.
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Property of the curvature of Chern connection

e In general, the curvature of Chern connection is locally given by:
O=do+0A0=00+(00+6A0).

So © = 029 + O where ©20 = 99+ 6 A 6 and O = 6.
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Property of the curvature of Chern connection

e In general, the curvature of Chern connection is locally given by:
O=do+0A0=00+(00+6A0).

So © = 029 + O where ©20 = 99+ 6 A 6 and O = 6.
e However, from the local expression of 6, we get

020 — a((hf)-1ahf) + (W) aht A (H) " aht
— (M) AR'(AY! A Bh + (K TBRR! + (H) ARt A (R)ah!
0.
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Property of the curvature of Chern connection(continued)

e So with respect to a local holomorphic frame we have © = ©" is of type
(1,1), and

o= 5((h’)‘16h’).
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Property of the curvature of Chern connection(continued)

e So with respect to a local holomorphic frame we have © = ©" is of type
(1,1), and

o= 5((h’)‘16h’).

o What happens if we choose a local C™ frame? Let &, = &, €, be such a C
frame, and let ©” be the corresponding curvature 2-forms, then we still have

©=a'oa

which is also of type (1,1)!
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Property of the curvature of Chern connection(continued)

e So with respect to a local holomorphic frame we have © = ©" is of type
(1,1), and
o= 5((h’)‘16h’).
o What happens if we choose a local C™ frame? Let &, = &, €, be such a C
frame, and let ©” be the corresponding curvature 2-forms, then we still have

©=a'oa

which is also of type (1,1)!

e Conclusion:For Chern connection on a holomorphic vector bundle, its
curvature form is always of type (1,1), regardless of whether the frame is
holomorphic or not!
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Koszul-Malgrange theorem

For a smooth vector bundle, the “compatibility with complex structure” condition
does not make sense any more. But we can always find connections compatible
with a given Hermitian metric. However, its curvature 2-form is never of type (1,1)
unless it is a holomorphic vector bundle:

Theorem
Let E — X be a smooth complex vector bundle over a complex manifold. If we can
define a linear operator dg : C*(X, E) — A%'(X, E) satisfying

CT)E(fS) —0f®s -+ féES

and 62 = 0. Then we can make E into a holomorphic vector bundle, so that the d
operator of this holomorphic bundle is precisely k.

Ref: Atiyah-Hitchin-Singer: Self-duality in four-dimensional Riemannian geometry,
Prog. Roy. Soc. London 362 (1978), 425-461. or Donaldson-Kronheimer.
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Example

Consider the universal bundle U — CP". Recall that
U={([z],v)|velz]} cCP"xC"T,

We can define a very natural Hermitian metric on U:

hiz (v, w) = (v, W)cns1.

We now compute this metric and its curvature using local trivializations: Take

Uo = {[2]| zo # O} for example, the coordinates are (&,. .., X,) = (2 ZO) As a
local frame of U over Uy, we can choose e([z]) := ([z], (1, ? yeens z—)) So we get

h(e.e) =1+ &2+ --- + |4n%, and hence

_ Sji £ _
o() = dolog(1 + I+ + 1) = 70~ f%z)z)dfi A dE,
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§3.3 Chern classes of a complex vector bundle
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Tools: trace and (super)-commutator
e We first define a trace map tr : AK(X, EndE) — A¥(X). For a EndE-valued
form n € A%(X, EndE), the trace of 5 is the k-form tr(n) obtained by tracing
out the EndE factor. Locally, we can write 1 as a matrix of k-forms, and tr(n) is
just the trace of this matrix. Or equivalently, we can write n as }; w; ® A; with
w; a family of k-forms and A; a family of local sections of EndE, and then

tr(n) = Z,’ tl’(A,')a),'.
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Tools: trace and (super)-commutator

e We first define a trace map tr : AK(X, EndE) — A¥(X). For a EndE-valued
form n € A%(X, EndE), the trace of 5 is the k-form tr(n) obtained by tracing
out the EndE factor. Locally, we can write 1 as a matrix of k-forms, and tr(n) is
just the trace of this matrix. Or equivalently, we can write n as }; w; ® A; with
w; a family of k-forms and A; a family of local sections of EndE, and then
tr(n) =D tl’(A,')a),'.

e Another tool we shall use is the (super)-commutator, defined by
[w®A,n® B| = (wAn)®[A, B], where w, n are locally defined forms and A, B
are local sections of EndE. It is easy to see that

[w® A n®B] = wAA B —(—1)%9)ddNyB A LA,

The appearance of the extra factor (—1)9(«)?9() s the reason why sometimes
it is called a “super”’-commutator. We sometimes extend the definition: we
define for the connection D: [D,w ® Als := D(w ® As) — (-1)%9“w ® A A Ds.
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Three simple lemmas
Lemma
If D is another connection on E, then D — D € A'(X, EndE).

Lemma

If P, Q are both EndE-valued differential forms, then tr[P, Q] = 0.

The first nontrivial lemma is:

Lemma (Bianchi identity)
We have [D,©%] = 0, for any k € N.

Proof
Simply note that © = D?, so [D,©K] = [D, D] = 0.
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The key lemma
Lemma
For A € AX(X, EndE), we have d tr(A) = tr[D, A].

Proof

First note that the left hand side is obviously independent of the connection. For the
right hand side, if we use another connection D, by Lemmal0 and Lemmal1l, we have
tr[D, A] = tr[D - D, A| + tr[D, A] = tr[D, A. So the right hand side is also
independent of the connection.

So we can in fact choose a trivial connection locally to carry out the computation: Let
Dy = d be a trivial connection on E|y — U, then

[Do, Als = Do(As) — (=1)%9NAA Dys = d(AF")es — (—1)IAN A8 A df* e, = dACFe,.
Hence tr[Dy, A] = d tr(A).
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Chern-Weil Theorem

For any formal power series in one variable f(x) = ap + a;x + ..., we define
f(©) :=ay+ a©+---+ a0 e A(X).

Theorem (Chern-Weil)

For f as above, we have:
1. d trf(©) = 0;

2. If D is another connection with curvature ©, there is a differential form

n € A*(X) such that tr f(©) — tr f(©) = dn.

So the cohomology class of tr f(©) is independent of the connection. We call it the
“characteristic class” of E associated to f, and tr f(©) the corresponding
“characteristic form” of E associated to f and D.
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Chern classes

Example

Since det(/; + £10) = exp (trlog(l, + 2—‘6@)) So ci(E, D) € A%(X) are all closed

forms, whose cohomology classes are all independent of D. These are called
“Chern classes”. For example we have

¢i(E, D) = \;—__;tr@, e (E, D) = #(tr(e"‘) - (tr@)z).
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Proof (Proof of Chern-Weil Theorem:)

e For the first conclusion, we have

d trf(©) = tr[D, f(©)] = > axtr[D,0%] =0,
k

where we used Bianchi identity in the last step.
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Proof (Proof of Chern-Weil Theorem:)

e For the first conclusion, we have

d trf(©) = tr[D, f(©)] = > axtr[D,0%] =0,
k

where we used Bianchi identity in the last step.

e For the second one, we choose a family of connections Dy := tD + (1 - t)D. Then
D;:= 2t = D- D e A(X, EndE), and

. do, db aD,
=g ~ @t D =~ 1D

dD,

W] = [Dy, Dy].
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Proof of Chern-Weil Theorem: (continued).

e So we have (we can change the positions of © and © by previous lemmas)

%tr f(©;) = tr(6:f(0y)) = tr([Dy, D] (©y))
Bigchi tl’[Dt, th’(@t)]

:dﬂaﬁ@»

SHI, Yalong (Nanjing University) BICMR Complex Geometry 30/59



Proof of Chern-Weil Theorem: (continued).

e So we have (we can change the positions of © and © by previous lemmas)

%tr f(©;) = tr(6:f(0y)) = tr([Dy, D] (©y))

P2 4 (D, Dy (O)]
:dﬂaﬁ@»

.30mmmmmmmmna@—naepqu:dameﬂm.

SHI, Yalong (Nanjing University) BICMR Complex Geometry 30/59



Chern classes are real

Let E — X be a complex vector bundle over X, we know that the Chern classes
ck(E) are independent of the connection, so we can choose a metric h and require
that D is compatible with the metric. Choose a local unitary frame, so that

h,z = 645. Then we have

0 = dhys = 66,5 + 60,0, = 65 + 6.

In short, 8! = —6. This in turn implies that ©! = —-©, and so

(VT N, N
(27T@) 2n _27r

~——
~
|
Q.
0]
—+
—
—
_l’_
_=
@
~
I
A
m
2
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Chern classes as obstructions

We shall prove that Chern classes are obstructions to the existence of global
linearly independent smooth sections:

Theorem

If E — X is a smooth complex vector bundle of rank r. If there are k smooth sections
St,...,Sk € C(X; E) such that {s;(p)}s_, are linearly independent everywhere, then
we have ¢;(E) = 0 for i > r — k.

Proof

We first consider the k = r case. Then the assumption implies that E is a trivial
bundle. We use a trivial connection D = d on E, then © = 0 and we have ¢(E, D) =1,
and hence ¢;(E) =0 fori=1,...,r.
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Proof (continued)

In general, the assumption implies that there is a rank k trivial sub-bundle T of E,
generated by these k sections. Using a metric on E, we can define the orthogonal
complement of T in E, it is also a sub-bundle of E, denoted by E’, so we get
E=TeokF.

Now we choose connections Dr and Dg: respectively, where Dy is the trivial
connection, and form the connection D := Dt & Dg on E. Then locally we have

0 = diag{0r, 0/}, and consequently 6 = diag{fr, 0 } = diag{0, Og:}. Consequently, we
have © = diag{0, ©¢/}. Note that ¢(T, Dr) = 1, so we get

-1 —1
c(E,D) = det(l + 2—\/:6) = det I - det(f_x + 2—\/:69)

= 14+ ¢c(E,Dg)+-- -+ c—«(E', Dg).

This implies ¢;(E) = 0 for i > r — k.
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Comparing two definitions of first Chern classes

Recall: let X be a complex manifold, using the short exact sequence

ex ﬂ\/j
0—>Z—>ﬁ—>p(2 ") o — 1

we get the exact sequence
o HI(X, 00D HA(X,Z) > . ...

We call 6 : H'(X, 0*) — H?(X,Z) the “first Chern class” map.
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First Chern class classifies line bundles

Instead of holomorphic line bundles, we can consider C* line bundles. These
bundles are classified by H'(X, &*). Similarly, we have short exact sequence

(V.
052562 D oy,

and consequently a short exact sequence:
s HY(X,E) - — HY(X,E) S HE(X,Z) — HA(X,E) — ...

Since & is a fine sheaf, we have HP(X, &) = 0 whenever p > 1. So

6 : H'(X,&") - H?(X,Z) is an isomorphism (also called “first Chern class map”).
This means that complex line bundles are determined up to C* isomorphisms by their
first Chern class.
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The problem

e On the other hand, we can use a connection on a given C* complex line
bundle L, and use the curvature form © to define

ci(L) = [g@] € H2A(X;R) = H*(X,R).

SHI, Yalong (Nanjing University) BICMR Complex Geometry 36/59



The problem

e On the other hand, we can use a connection on a given C* complex line
bundle L, and use the curvature form © to define
ci(L) = [ge] € H2.(X:R) = H(X,R).

e Since we have a natural homomorphism ¢ : H?(X,Z) — H?(X,R) using the
sheaf morphism Z — R. We shall explore the relation between

o(5([L])) € H3(X.R) and ¢;(L) € H2,(X.R).
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The problem

e On the other hand, we can use a connection on a given C* complex line
bundle L, and use the curvature form © to define
[ e

il ] € H2.(X;R) = H¥(X,R).

C1(L) = or

e Since we have a natural homomorphism ¢ : H?(X,Z) — H?(X,R) using the
sheaf morphism Z — R. We shall explore the relation between
o(5([L])) € H3(X.R) and ¢;(L) € H2,(X.R).

e For simplicity, in the following we assume L is a holomorphic line bundle with
Hermitian metric h. We leave the necessary modification in the general
complex line bundle case as an exercise.
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Computing <D(5([L]))

e First recall the construction of ¢ : H'(X, 0*) — H?(X,Z). Let L be a complex
line bundle. We use sufficiently fine locally finite trivializations U = {U,}qen
such that each U, is simply connected and H*(X, £*) is isomorphic to
H*(U, 0). Then [L] € H'(X, 0*) is determined by the Cech cocycle {/,s),
Wap € O°(U, N Up). We define ¢ := 5~ log /,s. Note that this is not a

well-defined Cech cochain: log is a multi-valued function!
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Computing CD(5([L]))

e First recall the construction of ¢ : H'(X, 0*) — H?(X,Z). Let L be a complex
line bundle. We use sufficiently fine locally finite trivializations U = {U,}qen
such that each U, is simply connected and H*(X, £*) is isomorphic to
H*(U, 0). Then [L] € H'(X, 0*) is determined by the Cech cocycle {/,s),
Wap € O°(U, N Up). We define ¢ := 5~ log /,s. Note that this is not a
well-defined Cech cochain: log is a multi-valued function!

e However, since Yos5,¥,, = 1 on U, N Us N U, we get
Zopy = ¢aﬁ + ¢ﬂy - ¢ay S Z( Ua N Uﬁ N Uy)

This defines a Cech cocycle, whose cohomology class defines §([L]). Then
<D(5([L])) is also defined by {z,4,}, just viewing Z as a subsheaf of R.
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A closer look at the de Rham isomorphism

To compare we first break the resolution 0 - R — /% — &' — ... into short
exact sequences:

O—>R—>¢zf°—>7(1—>0, 05K » " - % — 0,
where % is the sheaf of closed i-forms. We get exact sequence for cohomology:
0— H'(X, %) - H*(X,R) - 0, A'(X) - Kz(X) - H'(X,%;) — 0.

The first one gives 8, : H'(X, %) = H?(X,R) and the second gives

 Hig(X) = H'(X, %).
Our de Rham class is given by r@(h) € K>(X). Locally, we have © = d#,, where
0, = dlog h,, h, = h(e,, e,). Then 51([2£6(h)]) is given by [{-5 (9,3 0)}]-
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Now

es(p) = @5 (0. 1) = ¢, 0 (¢a 005" )0 1) = 0, (0. Wap(P)) = Wap(P)Ea(P).

So we get hy = h,ly,.p%, and hence log hs = log h, + log [usl?. So on U, N Us, we
have

VA VA

VA VA
_ =_— 9l 22— 9l = ——dl .
T (QB 6&) 271_ 0 og |’7[fa,8| 271_ 0 og w(tB 271' d og '7[’a,8

Then 62([{2£(6ﬁ 0 )}]) is represented by

(1 1ok s, gty + o ).

This is precisely —{z,, }.
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83.4 Hermitian metrics and Kahler metrics
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Hermitian metric as a special Riemannian metric

Let X be a complex manifold of dimension n. We denote the canonical almost
complex structure by J. A Riemannian metric g on X is called “Hermitian”, if g is
J-invariant, i.e.

g(Ju,Jv) = g(u,v), Yu,ve T X, VxeX.

As before, we extend g to T¢X as a complex bilinear form. For simplicity, we also
denote this bilinear form by g. Then we have

g( T1’0, T1,0) =0= g( T0’1, T0,1)

and (Z, W) .= g(Z, W) defines an Hermitian metric on the rank n holomorphic
vector bundle T'9X. Conversely, any Hermitian metric on 7'°X determines
uniquely a J-invariant Riemannian metric on X.
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Kéahler form and Kahler metric

For an Hermitian metric g on (X, J), we define the associated Kéhler form w, by
wg(u, v) = g(Ju, v).

It is direct to check that wy is a real 2-form on X.

Definition

An Hermitian metric g on X is called a Kahler metric, if dwy = 0. Its cohomology

class in H5,(X) is call the “Kahler class” of g. If a (compact) complex manifold
admits a Kahler metric, we call it a “Kéhler manifold”.
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Local representation

Locally, if (2, ..., z,) is a holomorphic coordinate system, then g is determined by
g7 = 9(3% a%-)’ since g; = g5 = 0. Then we have wy = V-1g;dz; A dZ;, where
Einstein’s summation convention is always used. Now we have

0 = dwy = V-1dg;dz; A dZ;
59/7 5 _ o/ 5g,7 Z A dZ

-V Z > (P2 6gk’)dzk CITEEDY Z( 297 %90)oz, 0 oz a2

0Zx 0z, 52/

So being Kéhler mean that gj; have the additional symmetries:

g7 99 995 dgj
aZk N (92,' ’ (92/ N 82j’

Vi j, k. 1.
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Example

The Euclidean metric g = 3.7 ,(dx; ® dx; + dy; ® dy;) is a Kdhler metric, since we
have wy = g >, dz; A dz;, which is obviously closed.

For more examples, note that to define a Kahler metrics, it suffices to define its
associated Kahler form, since we have g(u, v) = g(Ju, Jv) = wg(u, Jv).

Example
Let X = B(1) c C" be the unit ball in C". We define a Kdhler metric:
- zdz;
— VZ108log —— = —1( ) ’).
wg = V=100 %8 7177 N or

i Z'Zj

Here, we have (9j) = (157 m), which is positive definite. So it is indeed a

Kahler metric. This is called the “complex hyperbolic metric”.
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Example

Let X = CP" with homogeneous coordinates [Z, ..., Z,], we define a Kahler

metric: N
9 _
W = —5—0010g(1Zof + -+ +1Z,P).

It is easy to check that this is well-defined and equals —*é—f@(h), where h is the
natural metric on the universal bundle. It is called the “Fubini-Study metric”.

Not every compact complex manifold is Kahler, since, for example, H5,(X) must be
non-trivial. For if not, wy will be exact, so fx wg = 0 by Stokes theorem. But this is
impossible since fx wg > 0. So Calabi-Eckmann manifolds are never Kéhler.
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Submanifold of a Kahler manifold

Lemma
If X is Kdhler and Y is a complex analytic submanifold of X, then Y is also Kdhler.

Proof (Outline)

Let g be a Kdhler metricon X and ¢ : Y — X be the embedding map, then (*g is a
Kdhler metric on Y and the associated Kdhler form is just t*wg.

By this lemma, all projective algebraic manifolds are Kahler.

SHI, Yalong (Nanjing University) BICMR Complex Geometry 46 / 59



Kahler normal coordinates

In Riemannian geometry, normal coordinates are very useful in tensor calculations.

The next lemma shows that being Kahler is both necessary and sufficient for the

existence of complex analogue of normal coordinates.

Lemma

For an Hermitian metric g on X, the follows two properties are equivalent:

(1) gis Kdhler;

(2) For any point p € X, there are local holomorphic coordinates (z,. .., Zp) such
that zj(p) = 0, g;(p) = ¢ and dg;(p) = 0.
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Proof

(2) = (1): For any given point p, we choose the coordinate in (2), then since first
order derivatives of g; at p vanish, we will have dwy(p) = 0. This implies dwg = 0,
i.e., g is Kdhler.

(1) = (2): Suppose g is Kdihler: Given any point p € X, we can first choose local
holomorphic coordinates (wy, ..., Wy) such that w;(p) = 0 and g(aw, o] -=)(p) = 6. We

want to find holomorphic coordinate transformation of the form w; = z; + }ajxz;z
with ajjk = Aij such that

wg = V=1(5; + O(I1z/?))dz; A dZ;.
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Proof (continued)

Direct computation shows that
g = V(05 + 97,d0)wk + 9(0) + O(wi?))cw; A ol
= \/3(50 + 9i7x(0) 2« + 9577(0)Z; + O(|z|2))(dZ,- + ApgZpdz,) A (dZ; + BjstZ:dZ;)
= V=1 (5,-,-dz,- A dz; + ayz/dz; A dZ; + aizkdz; A dz;
+ (974(0)2% + 973(0)2)0z A dZ; + O(1zF%)).

So the condition we need is ay; + gjj«(0) = 0 and aj; + g;57(0) = 0. So we simply take
%(0). The Kdhler condition makes sure that this is well-defined.

ki =~ g
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A useful corollary

Corollary
For a Kdhler manifold (X, J, g), we always have VJ = 0.

Proof

For any given point p € X, we compute using Kdhler normal coordinates in Lemma
28. Now in complex coordinates, J has constant coefficients, this implies VJ vanishes
at p. Since p is arbitrary, we have VJ = 0.

By definition, this implies that V(JX) = JV X.
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Comparing Chern and Levi-Civita

Recall that for a connection V on a vector bundle E, we can define the covariant
derivative of a section s with respect to a tangent vector v € T,X by setting
V,s:=Vs(v).If g, is a local frame of E, then we have Ve, = a/ﬁeﬁ, and

V€, = wh(Vv)es. Another good feature of the Kihler condition is that if we
complexify the usual Levi-Civita connection, we will automatically get the Chern
connection on 710X,

Proposition

Let (X, J, g) be a Kdhler manifold. Then the complexification of the Levi-Civita
connection restricts to the Chern connection on T'9X.
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Proof

e Since the Levi-Civita connection V preserves the metric, it suffices to check that V
is also compatible with the complex structure. If we use local holomorphic
coordinates z = (zi,. .., Z,), write 0; := Biz,- and 9; := aiz,-' We only need to prove

that Vo; is a T°X-valued (1,0)-form, i.e. V;0; := V.0, = 0.
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Proof

e Since the Levi-Civita connection V preserves the metric, it suffices to check that V
is also compatible with the complex structure. If we use local holomorphic
coordinates z = (zi,. .., Z,), write 0; := Biz,- and 9; := aiz,-' We only need to prove
that Vo; is a T°X-valued (1,0)-form, i.e. V;0; := V.0, = 0.

e Now since VJ = 0, we have J(V;0;) = V;(Jd;) = V-1V;0;. This implies that V;0;
is of type (1,0).
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Proof

e Since the Levi-Civita connection V preserves the metric, it suffices to check that V
is also compatible with the complex structure. If we use local holomorphic
coordinates z = (zi,. .., Z,), write 0; := Biz,- and 9; := aiz,-' We only need to prove
that Vo; is a T°X-valued (1,0)-form, i.e. V;0; := V.0, = 0.

e Now since VJ = 0, we have J(Vjc?,-) = Vj(Ja,-) = V-1V;d;. This implies that V;0;
is of type (1,0).
e On the other hand, since V is torsion free, we have V;0; = V,8;, so we have

J(Vi0) = J(Vid;) = Vi(Jd) = - V=-1V;8; = - V=1V;9;.

This implies that V;0; is of type (0,1). So we must have V;0; = 0.
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Local formula for the Christoffel symbols

e We already get V;d; = 0 = V;0,. Now since J(V;0)) = V;(J9;) = V-1V,0;, we
can assume that V;d; = 9. Similarly, we can assume V;3; = Fiﬁja,;.
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Local formula for the Christoffel symbols

e We already get V;d; = 0 = V;0,. Now since J(V;0)) = V;(J9;) = V-1V,0;, we
can assume that V;d; = 9. Similarly, we can assume V;3; = Fiﬁja,;.

e But we also have V;4; = V9 = r_gak, we get FIEI_ = I'_f/‘ All the nontrivial

informations are contained in I'f.j‘. .
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Local formula for the Christoffel symbols

e We already get V;d; = 0 = V;0,. Now since J(V;0)) = V;(J9;) = V-1V,0;, we
can assume that V;d; = 9. Similarly, we can assume V;3; = Fiﬁja,;.

e But we also have V;d; =V, V9 = F iOx> we get Fk = I'" All the nontrivial
informations are contained in I'fj
e Now we compute, using compatibility with metric to get
g = 9(Vid;, 07) + 9(8, Vidy) = TG,
Tk ag]’ Tk 6gl/

which implies that F =9 % =9 %"
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Special symmetries of curvature tensor
For curvature, we also extend the curvature tensor C-linearly to the complexified
tangent bundle. Then this curvature tensor automatically satisfies the Bianchi
identities. The Kahler condition also implies that the curvature tensor has more
symmetries, and hence has much simpler formula. For the curvature
R(X,Y)=VxVy - VyVx - Vxy], we have R(X, Y)JZ = JR(X, Y)Z. Also, by
symmetry of curvature tensor, we have

(R(UX,JY)Z, W) = (R(Z, W)JX,JY) =(R(Z, W)X, Y)=(R(X,Y)Z, W).
Since W is arbitrary, we also have R(JX,JY)Z = R(X, Y)Z. Moreover, we have:
Proposition

For the curvature tensor of the Kdhler metric g, we have (R(9;,9;)-,-) =0
= (R(05,d5)-, ), and the only essentially non-trivial term is Rjq := (R(d;, 9;)0k, 97)
— 629’7 + gépag_'ﬁ%

T 0z0z 0z 0z
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Proof
We compute by definition:

R = (ViV; — V;V))0k, 87y = —(V5( " 0p), 07)

09k3
— 00 = oGP 1)

gkq
62,82
_ Pga n 39951 99kg
02,07; 0z; 0z;

ol

095t gkq
62 0z;

= —g%® g+ g%gP =t

The first conclusion follows by Kdhler metric’s special symmetry.
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Special properties of Ricci

Proposition

The Ricci curvature Rc of a Kdhler metric is also J-invariant, and the 2-form
Ric(wg) := Rc(J-,-) is called the Ricci form, and we have Ric(wg) = V-1 R;az; A dz;,
with

_ 2

0
R; = Rc(d;,0;) = g”‘F:’,-W = 3705 log det(gpg)-
ey
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Proof

We choose a local orthonormal frame {e,-},?;’1 to compute:

2n 2n
Re(JX, JY) = Y (R(JIX, &)ei JY) = ) (JR(JX, &)e;, J2Y)

i=1 i=1
2n 2n

= - Y (R(UX,e)de, Y) = - Y (R(SX, Je))Je;, )
i=1 i=1

2n
— Z(R(X, Je))dei, Yy = Re(X, Y),

i=1

since {Jej}2", is also an orthonormal frame. As the computation for wg, we easily get
the formula

Ric(wg) = V-1R;dz; A dZ;.
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Proof (continued)

Finally, we calculate Rj;: Choose a local orthonormal frame of the form {e,, Je,}_, at
one point, and write Z, := €, — V-1Je,. Then we have

R; = Rc(0 Z(R (0i, €4)€a, 05) + Z(R(a,-, Je,)Je,, ;)
- Z(R(a,-, €0)8a: ) + V=1 ) (R(9), Je,)es, )

= Z<R CIALN)
_ -1 _
= 3 SR, Z)en ) - g 2 (R(0:.Z.)Je..3)

1 _
= 5 D (R(01.2.)Z0.0).
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Proof (continued)

On the other hand, we have Z, = &,0, and 9, = b} Z,, with aﬁ‘lbﬁ = &, so at the given

point, we have B
200p = 9(Z, ZB) = 3’5%9@

which implies that g#* = % ,.d;, and so

1_, -
R/] = E ozagRIV,u] = g/kRﬂk] = g lek/
:_g7k ?G + g apagkaﬂ:i(_ 7k%)
32,‘02/ 0z 52]' 0z; aéj
2
S S — log det(gpg).
920z, og det(gpa)
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