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Outline ① exact sequence & examples .

② resolution of sheaves

③ cohomology & examples .

II
• Recall Gina y :L → G

① 9 is ing .

② Y× is ing . for H ✗c- ✗

Yu :L CU) → Glu ) inj . for tu.

/
① 9 is sunj .
① 4,

is sung . for t ✗ c-X.

③ y e c- Glu) I open cover 0=0Ui & sic-JWils.t.ie/ui=Yuilsi).
• We call 0→AFB be → o exact

if ✗ inj , p anj . & kerf = Tux .

ie '

o→A
×
Is B.

*
c-
✗ → o is an exact sequence .

• e.g.
① bet X :=D

.

A :=D
. B : = 0

,
& e : = 6¥ .

A : constant sheaf . B : = sheaf of holomorphic functions
E :

-
- sheaf of holomorphic functions that is nowhere vanishing

chen we have
☐→ z is 0✗ 0¥ → 0

.

Verify that this is exact .

③ If f is a sub sheaf of B , then

o → A → B →% → o is exact .



③ hg . X : -- C , B : = DX
.

A : = I. ideal sheaf of 0 .

then Cba )
,

-=/
d

'
✗⇒

chis is a skyscraper
0
,

✗ f- o - sheaf .

* ⑨ ✗=D , Y := {2-1--0} let I,
:= sheaf of hole .
functions

vanish along
y .

then
☐→ Iq → Ox → Oh

,
→ o

.

observe that Oxfyy = 0, t8hisexaÉfvna1- gives information for\&w
• More generally ,

we

say
i. → fits g

' % I
' -9 . .

.

is a complex of sheaves if 4^+104=0 .

We say o → f. → f.→ f
'
→ - - .

is a resolution of L if this complex is exact
.

• eig .
let it be a Riem mfd .

Ai : = sheaf of c- i- forms on it .

then A = sheaf of 0 functions on M
.

Then o→zi→t°→d A d→ A- d→ . . .

is a resolution of the constant sheaf€ .

&
•→ d- °d→ A →d A d→ . . . is a complex .

it is not exact at I.

exactness at di for in follows from Poiacaoxlemma



⑨ e.g . M mfd . Fort u open let

'¥11T Sp (V ) : = f o chains
:

linear combinations of c- maps f. dP→u)Tina nbhd of OP .
Note that 4 Sp CU ) ) u doesnt

give rise to sheaves
as there is no maturation map Sp CU )→ Sp( V)
whenever ✓ c- U . But there is indeed an inclusion

Spcv ) ↳ SpCU ) so it induces a restriction

them I spat , IR) → How 15pm , R)
.

let gP(U ) : = Hom ( Sp( V7 , IR) .

then f SP (v ) Yu actually gives rise to a sheaf on M
.

The usual ↳boundary map 8 : SP → SP
"

gives
a resolution ifttecoustaut sheaf ☒ .

0→ Ri→ 5 Is s ' → 5→ . . .

T for each pt ✗c-✗ associate it to a constant value
.

• Now . what is cohomology ?
Given a short exact sequence

• →SI B Be → o

then it is straightforward to show that the sequence
-

e.X.

o → text → B. (X) → ecxl → 0

is exact at Acx) & Bex? but not at ECX ) .

The cohomology group measures *he inexactness !
• Another example .

① Given a surjection between two groups

y : G → H .



For another group K , it is easy to see that

q induces an injection y* : Home H, K) → them (Gk)
.

① Now given an injection q : G - H
it is not necessarily true that

4* : Hom CH , K )→ them (G ,K) is surjection .

So in general there are obstructions for
a morphism G→ K to extend to a morphism HsK

.

③ So in general , whether something can be extended
or whether Something is the restriction of
something from a bigger spax.ee

owe both questions about
"

obstructions
"

.

these are often related to cohomology theory !
• Axioms of sheaf cohomology .

bet X be a paracompact Hausdorff space X. ( so X
has partition

- ofunity )↳f open cover admits a locally finite refinement .
Then for tf sheaf f of abelian groups one can associate
a sequence of groups Ht CX, L ) for qzo St .

① H
'
CX, L ) = Lex)

③ Tf L soft , then HGH, Lto for all f> o

③ for tf sheaf morphism h : A → B F for Agas
p a group morphism hq .

. HEY,Al→ thx, B) at .

functionality he hx : AM→ BCX)
.

hq -- id if h -- id for geo
I given Ash B § e one has Gq okq =@Hq .



④ For t shoot exact sequence
o→ A→ B→ e → o

F group homomorphism got : Ht#ie ) → HE
"
CX,t)

sit . the indued sequence
or thx , A) → thx ,B) → HIX,e) → H'CX,f)→H'CX,B)

→ -
r . → Her ex,f)→ thx,Bts Hatchets444k¥

.

⑤ A commutative diagram
on An B→ e → o

o → 's ' im ' et e's o
induces a commutative diagram

•→ Hex ,A)→ HMX, B) → HIX, E) →HIX,A)→ . . .

•→ Hex!AI-W, Bj → Hix, E's →H'ex!d)→ . . .

*them
.
Such cohomology theory exists & is unique .

• Soft sheaf .
a. Def . A sheaf F

is called soft if for# closed subset
KEX . the restriction LIX) → Fck) = loing Icu)
is surjective .

• e.g .
The sheaf of aointiauous/C ' / functions is soft .
But the sheaf of holomorphic functions is not soft i.

⑤ bet Th be a sheaf of rings &µ a sheaf of Th-modules

Namely , each Mw ) is an RCU)-module .

If R is soft then µ is also soft .
• core

.

The sheaf RP of differential p- forms is soft .



• 1ha .
Let ☐ → L → FF f 'É - n

t
amputation

be a aebohetimoffs.t.fi is soft for all izo
Then consider the complex

of sheaf . •→ gozig ' 4235 - . .

g.
One has ke%q, I 4%4 , f) .

( 2-
•
= 0 )

.

f diff
. mfd .

• Examples of sheaf cohomology groups .
We end this lecture by computing HGCX , IR) .

0→ ☒ → A
°

d→ A
' d→ A→ . . . ( soft resolution)

8+1 )them fit( ✗, Ry z ker(AEod→_A
soul A-'→d§) .

On the other hand one also has
0 → IR→ so I, s ' °→ - . . ( this is also soft ! )

then one finds that

HEX , pyzkerlsk-d.sk#zn(s&-'IsE)
this is exactly the de Rham theorem

.

v*• Cech Cohomology . Let ✗ bea topological space & 8 a sheaf .

let us fix an open covering ✗ = ifYi , w/ Ian orderedset .
Given Lio. . . ip C- Uio . . - ip ,Put Vio . . . ip : = Vio n - - i n Vip & define%,,, . . .rip,

:=signG)dio . :p
CP ( huij if ) : = IT

i.<.. .< Ip
£ ( Vio - - - i

p ) .
c-Unio] ...rip?

One can define a coboundary operator di CP→ CP
"

by :
fort 2=-11 die . . ip E C

"
, define da by putting

@2) i. . . . ip*
: = §É=o-Ñ ✗ io . . - Eni .- rip+1 / vi. . . . ip+,



e-✗ . check that do D= o .

* 2c- CP flu isif) w/ d✗ is called a p - cochain
fall the p- cochains ]= : LP (Wi } , -87
H B E C

'Gui if ) w/ p --da for
-

some Xtc
" -' is p- toboundary.

4 all p- coboundary ] =: Bt Hui , I 1) .

Then define it P( {vi. f) : = kernffj.IE?-.,--iEge .

Note that this construction dpd on the choice of foil
.

If tvj} is a refinement of lui} , then there is a natural map
Oil if ) → till Vj } ,7) .

Then one defines the Tech cohomology who specifying an open cover
as *(✗ , g) : = him, it 0:17) .

• For it open cover fuif , there is a natural homomorphism
it *( f vis ,8) → HP (✗ if )

,

which is not necessarily bijective .

But passing to the
limit

often result in isomorphisms ( at least when ✗ is paracompact)
.

The upshot is One always has it " IX. f) EH :( ✗if) when E-" I↳ One has tiicxif) E Hill, F) for i > lwheaxparacpt.
so when ✗ is a diff. mfd , one has itilxif) IHiyif). Him .

• when ✗ is a diff . mfd , one can always find a "

good cover
" {Ui)

St . H Vio
. . . ip is contractible . In this case ,

it" (Wi)
,

R ) I HP ( ✗ , IR)
.

More generally , for a sheaf q on ✗
, if there is an open cover

fvi } sit. titi bio . .:p , f) → fort of 21 if vii. ip .

then one has it G( { Ui } . 31 = 1-19( X,G) .
Such a cover is called Leroy cover , which is quite useful
to compute cohomology .



• Them . Let ✗ be a diff . mtd w/ the constant sheaf 42 .

Then tP( ✗ , IR ) I HPDRCX.IR) .

pf : We will look at the case p = 2 to illustrate the ideas .

The general cases follow in a similar manner .

①We will fix a good cover fu :} as above .

Forf representative 2 w/ Ed] c- tidal , R ) , since

✗ is d- closed on earth Ui , one can find a 1 -form
Oi c- R' Lui ,R ) St . 21u i = d Oi .
Since d (Oi - Oj ) = o on Uij ,

one finals

fij c-0 (Uij , IR ) St. Oi - Oj =Dfij . on Uij .
Note that dlfijtfjn-fnil-oi-oj-oj-OR-Or-Oi-0.onU.pe
So F constant aijhc-RS.t-fij-fjn-fr.si = Aijk . On Uijk .

It is easy b- check that Agne -Aire + aije -aijk = ° .

So { Aijh } defines a cochain in B-(suis, IR ) .

Different choices of ✗ , Oi , fij only differ faijnj by a coboundary
so one get a map from HÉ ix.R) to 1¥19 Ui )

, IR) .
② Conversely , for f cochain { aijn} one can recover a 2- form
✗ in the following magical way . let { if;) be a partition
of unity subordinate is to it . Define fy.EC (Vij , R)
by letting fij := ¥Aijrifn .

Then one has

fij-fjhtfni-EA.je-oy.nl +Arie) 41
=

Ty aijk Ye = aijk
on Uijk .

So dfij + dfjr + dfni =0 .

Now define Oi c- R'Lui ,R) by Oi : = I dfijujj
Then Oi - Oj = -4 @fil - dfje) He =eI dfj.ve

-= dtij on Vijdhns doi - doj =o on Uij . So & : = doi defines
a global d- chased %- form .

So we have til,R)→ tidplx.IR)the above two constructions are averse to each otherandgeneralizesto p 20 .

II.



¥: Appendix① deRham cohomology
• let Xm be a differentiable manifold . Consider the de Rham complex:

☐→ ATX) d->Aix) →d . . .

d-
> tix>→ °

.

whereti (X) := { Ct i- form on ✗ }
.

← R - vector space .

Then the i - th deRhame cohomology group of ✗ is defined by
Hidr (X,R) : = Renttix)d→Ai*c×,)

MIA'"c×,d-,tic×, ,
← this is an IR- vectorspace .

which measures the inexactness of the above complex.
• For -V d- closed i form at AiCX), its equivalent class [ 2] C- Hidplx.IR)

is called the cohomology class of ✗ . By definition , for b- ✗ ' c-*is)
of the form 2

'
= 2 + dp for some PEAi-1 (✗1, one has IN]= Ed ] ,

namely , they lie in thesame cohomology class . Conversely , H 2'c- ca]
must be of the form 2

'
= 2 +dp for somep c-1-"

'

(X)
.

•• Analogously , one can also consider c- valued forms :

Ai@ (X) : = { d-valued Cx i- form on ✗ y ← C- Hector space

so if 2 c- Aie (X) can be written as 2 = Red + Fi Im2
,

v01 Red & 2mL C-Ai (X) .

then can define +1:* (×,e) similarly as above, and Hier IX.e)
is nothing but the complexification of Hida IX ,R)

.

• de Rham thin : ttidrlx , K ) = Hill, kl , k
-

- RorC

there Hill , K ) is the (topological) cohomology group of ✗ .

:* Appendix ③ let ✗ be a paaaept Hausdorff space .
let e be the sheaf of continuous functions on✗
Then e is soft .

pf : We need to use that ✗ has partition of unity
subordinate to A beady finite covering .

Foot f- c- Elk ) , one can find open U z K
E-closed

& f- c- Ecu ) . Consider ✗ = X.HU U
.



let X\K=¥Ya & U = U up be a
PEB

locally finite refinement .
let { G-✗ , Op ) be

partition of unity subordinate to the covering .

Then § : = Ego . Or +Tpf Op c- ECX)
sit

. § /
u
, = flu, for some U

'

w/ KEUÉU
.


