
'Em to 45 '

n'¥ ¥1

Lecture 1
. Holomorphic

functions of several complex
variables

.

If = o

fH . ,

.

. ;
Zn) =I

C ,
2-
°

✓

U



Outline ( 2 hours )

1. 2 & I

2
. Cauchy integral formula {

dim 1

higher dim f ☒over series expansion
3
. Holomorphic functions and their properties

Weierstrass 's convergence them

| Cauchy 's inef .Max principle4
. Hartog Theorem ( Prove by sowing J-or )

/ Identity theorem
-
• 1.2&J_

letREI be a domain ( open & connected subset in c)
let it' . . - , 2-

"

) be the standard complex coordinates of Q
"

.

Put zi = ✗i + Fiji
.

• Define 2 & J as follows .

. : = I 1¥ - fi Fyi )
& {

dzi = dxi + Fidyi
dti = dxi - e.dyi

for t ' e ien
.

¥. : = -121¥ + 5-1 Fyi ) .

Then 2 := É
,

¥ ④ dzi

{ 2- : = É
,

¥.. ☒ DE
ex.

Check that I'dZiadti = dxiadyi .



More concretely , for A f- c- C'CR , e) ,
we have

of = ? 3¥ dti = -1¥ ( 3¥. dxi-Fyidyi-i.ru#idyi-riFidxi)
.

{ If = -7 DE = ± ? 1¥. dxi-Y-idyi-r-F-yidxi-r.io#.dyi )
a. Observe that

2ft If = df = -413¥. dxi +¥. dyi )
.

Namely , Td+T
* • We call f- e- C' (r, e

"

) holomorphic if f satisfies
-2g- = 0 , i.e. if we write f- = Utstv then

? dxi-s-iI-idxi-Y-idyi-r-Y-idyi-r.ir?-,idxi-Yy-..dxi- r.io#idyi+Zi-dyY=o
⇒ 13¥. -- Fyi for Hiei d- n .

Fyi = - ¥:
this is calledcauihy-Riemannequatiou.tn
particular , if f- is holomorphic ,

then f is holomorphic in each

complex variable ( as
a one- variable holomorphic/analytic function )

.



• 2 Cauchy integral formula .
• when n =\

,
assume that R is a bounded open set in C at . 2h consists of

finitely many c
' Jordan aureus .

Then for V-uc-c.CI ) we have
uczi = Jai ( J ¥

an
a-zodt + f)r%=z

.

dzndt ) for -V 7. c- R .

pf : By definition

{→ o%Fdr-ndz-ggr.FI?I.dj---lim$Nizo, a- +01

= him
a.off -¥÷-=k:$ -¥÷÷

r\Bdtdn\Bdao)

= fiudr-i.is
obits

2--to

- 1%-0 )
= him Ultodt
↳of

2Biao)
¥-0

- far Y¥É☐
= 2nF, Utto) - SazU¥z.

This completes the proof . ☐



• The above formula has several consequences .

① when f- is holomorphic ( na ) one has

£40 ) = Fai Jang fzz.dz ,
which is the classical Cauchy integral formula .

n=l (
③ When g- c- C ! (R)

,

then

fit . > = SSIS-KI-z.dzadi poly disk

nzl - ③ For general u > 1 , iffi-conw-n-i.tn) c-C
" / lzikri , i -4 , -n, n / =_ : µ

f-(z' . .
-

,
-7
"

) r=(ri , . . - , rn) ftp.oj
" f dz. . . - dethen fees )=⇐Ñ) ¥ÉÑ forfeits : -→TED

.

I #' f- r. 17-4 --rn

This is the Cauchy integral formula for holomorphic functions of severed cplxuanb

• Deaf : We put ① (d) : = { holomorphic function on R f .



• The
.

The following are equivalent
① f- c- OCR )

② f satisfies the Cauchy integral formula for A polydisk Dr E R .

④ for It to c-A , F poly dish Dr around to sit .

f- (7) = I avcz -70T namely f- has a power series expansion
VEIN

" I
, au = ÷.mx?ff!..f.-,z-ynlZo1.=:DFltd .• Rink In ③

,
ar, is given by

a = (Eai)
"

f -if +iii. . . dzn
which is indpd
of the choice of polydisk

• z
'
- til --r. l-i-zit.ru as long as that

.

This follows from the taylor expansion
•G-

. If fc⇒=I are two aouii-a-ig-ei.EE#piiiEEE-:----::s--eEiEi:÷Éroumd o c- en

\ get = I but
& if f- = g over some small

abhd v c- C
"

containing o

then au = bv
.

( since ar & b. are determined by the infinitesimal information of flagaround e.)



•The Weierstrass 's convergence theorem .

let { fn } C- OCR) be a sequence of
had . functions on R

that converges uniformly to a function f- . Then f- c- OCR ) .

pf : f = limfn = him §÷⇒d} = f. if ¥, des .

n ☐

•Thy . For f. , f, c- OCR) , assume that for some UER

flu = Falu ,

then f. = fz .

Rf : Put N : = I t-C-RS.t.DF.to#-DVfr-2-jfor-Vvc- IN
" }

.

Then N is clearly closed .
& U E N

,

N is also open as Dvf , try =D
✓

facto) implies that f. = fz around to .

Thus we must have N = R -

☐
• thy Max principle ) . If f- c- Ocr ) & 3- Zo c- R sit .

If I is locally maximized at Zo , then f- is constant .

pf1_ .

Consider complex
lines through Zo & use max principle of 1-variablehot . fnct .

.t2_ Using mean value formula of f- & using the fact that1fÉloust⇒f=Gn



• Thm_(Hartogs thin ) Assume that n22 .

Let R be a domain & K E R a compact subset set . R\k connected .
Then H f- c- Germ can be extended to a function § c-Ocr)

Et . f = § on MK
.

Do This is obviously not true when u=L .

rf : choose a cut- off function 4 c- T.CA?s.t .

4=-1 on a nbhd of K .

Consider

g-☐
: = a- g) f .

Then f-• C-CYR)

☒at ✗ : = I fo = - f- 2-4 , which is a CI- can form on C
"

.

Obviously ,
2-2=0 . If write ✗= Idi DE

i =/

then 2Li 02,
⇒

= oÉ for b- i±j .
Put ucz) = ¥ f) t.EE?#;tn)deadE for 4 2- c- R .

Fix a ball Bree with
-

BR

R sufficiently large . = Izu. JJ Lr (Z-1 2-1
,
2-2 , . . - , 2-n)

BRe-
dead-5

So in particular u c- CI & we have

ZU (7)

⇒=Éaiffg
,

"#it" -"Anyone
¥_

decide = Luiz) by Cauchy integral formula .



Thus u solves Ju = a. ⇒ Ilf.- a) = 0 on R
.

⇒ § : = f. -u c- Ocr)
Notice that 14=0 on an open subset of RIK .

thus § = f- on an open
lfo=f

subset of MK & hence § = f on MK ( as RIK is connected]

This completes the proof . ☐ .




