
 

Lecture6 Galoisrepresentationsassociated tomodularforms

1 KodairaSpencer isomorphism
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Irm KodairaSpencerisomorphism KS inducesan isomorphism

KS w Ry n q logo axing
Tithlogpoleatcusps

Moreoverthis isomorphism evenextendstoZit
Rmt Intermsof K S isomorphism maybethe correctdefinitionofmodularformsis
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Seethenextsectionformore



2 Eichler Shimuraisomorphism
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Hr H1n1 is locallyfreeofrank

carrying an integrableconnection

Fork 2 getsymmetricpower Synhadr withintegrableconnection
Ontheotherhand consider R I which is locallyconst sheaf on Y N
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Theorem Eichler Shimura There is a natural isomorphism Heckeequivariant
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Let's ignorethe issuesatthecusp shouldhaveused a logversionofabove
The Hodgefiltration w w on Hdr induces a naturalfiltration
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3 Eichler Shimurarelations

Wecontinueto ignorecusps Eisensteincomponent
E
p Lk R I locallyfree etalesheaf onMeofrk k 1
Mk Mainsubject H'et MkE Lk

Recall
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IDs
So Eichler Shimurarelations imply
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easy fit forsomePr Gal Gla E
Theorem Pa Gala GlaQe satisfiesthefollowingconditions

If p is aprimesit Tip is an unramified PS
then Pa is unram p Tr f Frobp ap

detCpaFrobpl welp ph p
I opencomportsubgroupsK FKpEGlaAy
sit it appears in Sk K inthesensethat to

In particular if tip is umamPS take Kp GlaAp



Geometricinput Geometryofmodular curve Fp
MKP classifies E y E elliptic one S S Top scheme
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KPIwpclassifies EMP C E y EMkp S

CEElp subgroupschemeoforderp
MKPIwp EMP C
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Studythespecialfiber Fp
Picture

MKPIwp.ly

MKPFp MKII MKPFpIMÉFp
Mike whereEis supersingular

Foreach xeMY.tlp Ex is ordinary i e ExCp F 7pz
o yup Elp Mpa o

In general o Eordepjom Efp Endepjet o

Then MKEIwp.IE X UX

Xi Ey C c Eordepyconn

Ipre such C is unique pry is an isom

MIKE Cept
Similarly XÉ Eg C C Eordeplann

isom Pra I can recover E fromEk
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Claim E E plan EEP E g probs
E E kerfrob EElp

d Frob Weg Weg iszeromap

But if C Epsom Cisétale E Elc étaleX
Soclaimholds

So MEEp yjÉMI p
Similarly Mii Xi MEFp

Fbp
Write Xi closureofXi thepropertyaboveextends to X axe

Étale cohomologyfacts

ymkkg.at Thisisfnitefat
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H MKP.Fp.LK H X uxz.ij.LK H'etMke.FpLk

SoTp FrobptFrobp
Moreover Frobptofrobpa pk
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fÉmMkkFpbeinga curve

4 Hasseinvariantsformodularforms
Let S be an Fp scheme

There's a Frobeniusendomorphism S Ers S

If A is an abelian S scheme wehave a relativeFrobenius

IsiMFInx
Frobeniusonthefiber

Fact KerFritts EAfp so we have a factorization

A I calledVerschiebung

Is all S morphisms
Then Hdr A s HdrAMs Hdr Als girls tobediscussed

GeneralFact Im V is precisely Walpy I Was og.frOs nextweek

Example modular curve E F X n X n are
complantification

PIN yt.CN
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I Mp tin Fp H X n WE

SpecRep Spec
a specialfiber
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Applyingtheaboveconstructionto E Y n

get V Hdr Ely n WEYg wop

wut ThenpullingbackalivebundlealongFrobenius
Hasseinvariant

thetransitionmapsgotpthpowered soWPmap

h V e Homo in w w P T Oy n WVWP E T Oy n WP
This iscalledtheHasseinvariant it is a weightp I modpmodularform

Fact The g expansionforh is just 1 Fact hhas no repeatedzeros
Fact h isthereductionmodpofEisensteinseriesEpn

somewhatcoincidental

LemmyThezerolowsofh Z h ispreciselythelocusof Y n whereE issupersingular
Proof At apoint xEY N Fp theelliptic anne E isordinary

Ex p Ipatoup as group
scheme
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Frey id Freely o

V o V is an isom

Note WE I I WE p T V is an isom

hdoesn'tvanishatthispoint
Conversely V Wey Week is an isom KerV is anétalegroupscheme

Exmustbeordinary D


