
 

Lecture1 Adeliainterpretationofmodularformsand automorphicrepresentations

1 Adeliadescriptionofmodular curves
Let N34 consider P N Ed esh a N e N d i

Thenthemodular curve is Y N e p n th where f zed Im z o

LetAf finiteadelesofQ
theoremThereis an isomorphism
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where ft AIR TIN Ed E Gl I c d r eNE

ftp
Need a blackton strongApproximation ShaQ isdense in SkAy

In general if G is a simplyconnectedsimplegroupover anumberfield F
and v is a placeof Fst G Fu isnotcompact
then G F isdense in GAEIadelesawayfromv

Intuitively Vol G F IG At as

if wequotientbyG Fu we mustgetsomethingbad
G F dense
inGIAF

E.g G Stn Span DNIdivisionaigorer V hermitianspareforElf

GhzAg Gla Q TINYj ftp.zx
canfirstmodifyanelementinGlatt hits t

Remart I Thisargumentneedstheclassgroupof 2 tobetrivial
ProofoftheoremI Consider Ghia xGlaAt pin

ByCor everycosetcanberepresentedby z D E f x GlaAg
Theambiguitylies in t.TN GlaQ nTin 19ba eGh a N e i d
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Sothattheabovedoublecoset is tint
5412 hasindex2 in Gla 2 as det Gl 1 714 1

T.tn t nth D
Remark GL R actstransitivelyon ft

LE GL R so E almost mailcompactmodcenter

É Ibd

Tenth Igotta A1pm ygsoz.IR

Keybenefit Can replaceF N byanyopencompactsubgroup KyEGlaAt
Shaky a

g
h
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Naivegeneralization ForreductivegroupG over Q Kf EG Ag opencomport
almostman'tcompactmodShock a g Wak x k center

2 Adeliadescriptionofmodularforms
Now wewilltransfermodularformstotheadeliaside

Issue modularformf isnot T invariant
Forcomputationalconvenience g É ze f j g z czed

Thenforg heGla r j gh z j g hz j h z
cheat g Ed h tf gh ca do aptds

j gh z fatd8 z oped8 j ghz c If d caseA
isleft as an

f f o d f Eft cad kfits y qd ethf exercise
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f Gla r a f g J o g is fig o eto n

and f gz rlol fig zER Ho offsite

f is leftTo n equivariantbutright ko invariant
Define Ff Gla R I

t j.gg j

detaincanasta if at
exponenthereiscompatiblewi Heckeoperators
willgie a
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detcgt j o gi kj g i og detcgsjlg.itfig Fgcg
However Ff gz rlo detgz j gz r o ithf gz r o

detcgtkj g er o i h j er o i h f g
detightz j g i k zk isinOtano hflg
eikozkFyg

Note Ff isleft to n invariantbutrightkoequivariant
Nextupgradeto adelicsetupusing tonth Gl wk A A n x K

If if d f Eta cadifees V e to n

FFGHGlamppost F gzr.gl eik0zkFlg forzelRIrlofgngsing

multipliedat is component

Caveat Wehavenotdiscussed howtotranslatetheholomophicityyet laterinlectures

3 Automorphic forms

Definition A Heckecharacter is a character w Atia E

Forexample if 4 Nva Q is aDirichletcharacter
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then

w data g Anjo5174 e is a Heckecharacter

An automorphicform on GL Ap withcentralcharacter w is a function

Gla Ap Q sit
i automorphy lo og 01g forall ofGla
a centralcharacter forZe ZAp gz w z 41g

3 smoothness I opencompactsubgpKgGlaAy sit
levelstructurelogk 0g thyEkg

k too gks is smooth inK EGla R
a Kafinite version1 4 210h finitesum k integers
weight sit ok griot eikoduly

version2 0 k rlol Defoat is afinitediml I vectorspace
5 Zfinite LetC Casimiroperator discussedin lectures

holomorphy acting asdifferentialoperators onthe co component
andmore

version 4 is afinitesumof C eigenvectors
vein 0Col C'd is afinitedinl d vectorspare

6 asymptotics forevery c o and a compact setsofGCA aconsts C N

growthcondition sit 4 89 g s c la
N
tiger at withlat C

near cusps
say4 is slowlyincreasing

Wesaythat4 is a cuspformifandonlyif
Javalol 4 g dx o for almostallg

DenoteAapGla Q w spaceofcuspidalautomorphicformsonGLIAa with
centralcharacter w isdin't hugespace

Exercise When f offcomesfrommodularforms showthatthecuspformcondition
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is equivalenttothecuspformcondition on modularforms

Fact AarpGla Q w e L
p aah A w dense if w isunitary

where dOse Jalalca gogdg
Remark If G is ageneralreductivegroup a candefineautomorphicforms as

GGG A a
admiting acentralchar i.e Z centerofG I w Z a

A as cont

zg w efig
Kfx ks smooth Ks mailcompactmodcenter

Ko finite Ka d isfinitedin't note ko compactmodcenter
all inedrep's arefindin't

Z finite Z U Gs d finitedin't

is slowlyincreasing

sayd iscalledcuspidal if t NEG unipotentsubgp Q
Sn
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4 Automorphicrepresentations

Aaup Gla A w Ig ftp.ijt
e W VA es's ex

U let'signorethisforthemoment
GlaAf byrighttranslation notquiteGlaR

Fact
Aarp Gla A w a

directsumofirreduciblerepinsof
Gallawith

mlgktl.at GLnAF
Each t decomposesinto its Tp witheachtipirredrepnofGL Qpu
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GL R IwillexplainOx innextlecture

Conversely given Tip Ties rep'sofGlaQp Gla R
wesay it Q'Tv is automorphicif it appearsinAarpGla A w

RemarkBeingautomorphic is averystrongcondition

it'salmostequivalent toasking all PpGalop GlaQe s

comefromrestricting aglobal pGala GlaQe uptoconjugation

evengiven a singletip wemaynotfindotherTv's sit Tpo't isautomorphic
b c toPpFrobp is usuallyanalgebraicintegerif ppcomesfromp

Renard Thesmoothness at non archimedeanplaces conditionimplies

Aarp Gla A w U
ftp.I4

AarpGla lA w tf

smoothfunctionsofgalaxy a satisfying
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Kf Kp Tanton

KpEGLQp Tseeinnextlecturethat
opencpt
KpGiapforalmostallp forallbutfinitelymanyp
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Remark AnyTethatcontributetoAarpGla A w t spKy
mustsatisfy Tpk to Hp

Next explainHeckeactionon AarpGla A w t via localrep'ntheory

5 RepresentationtheoryofGlaAp
Definition Let Fube a finiteexthofQp

Let G be an algebraicgroup overFu WriteGu G Fu
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A representation Tie of Gu is smoothif
V x ET I opencompact KE Gr s t Ku x x

Th Y TE
It iscalledadmissibleif t opencompact KueGu dimTies

Definition Say Th isunitaryifthereexists a non degenerateHermitianform on Tv
sit gx.gg x y tx.geTv

Alllocalcomponents Twfrom L 61084 w are unitary

Fix an opencompactsubgroup KEGo
t g eGu candefine KgK Tik Tik as

write KugKu Y
g
i ku as cosetdecomposition

then
KrgKu x Gi x

Alternativepointofview ConsidertheHeckealgebra
HGuKu Cl KKK f Gu e bi ku in compactlysupportedfunas

Fix aHaarmeasure pi on Gr st.pe Ku 1

71 GuKu is an algebraunderconvolution

f falg heat h f hg dh
71 Gu Ku ants on Tik via integration

f x e lg gfly x dg

When f 1kgKy f action isthesame as KrgKu def'dearlier


