Thm SAG [6.002: [t X : CA(SC“A-S be 2 funcor, Than X is ﬂrmswhuk
La Qa sfec'tWL DM c'l'ac]v. it amal onLJ it 1t is ni(c:omf[ate, z'nﬁ‘nstuima“a Col’U)l.VQJ
a}u,‘fg a Cofanauré Gomf(ﬂoc, anJ t‘Lu ‘fumtvv XICNOV is ’ferreSen'l'aLh bﬂ o
c((MSFCal DM stacl(,

4, Schle ssing er’s criterion

De.]c: X, Y: [-A{gc“‘_"’ S ')[IAVlc'l:OVS, )“: X"*Y mfw:a(. 'tmmformuﬁon.
The (s the functor

x M (R)
R — C;:&m X(m(R)/I)Y( AL

all nr(roteut ideals of M (R)
Emmrh I]( 'j_ i's (NCA“A) Almo)t' O‘{‘ ﬁni‘te Pnasentwh'on, (‘l'lm

X/Y),, (K Y(R) x  X(rR¥)
( dk() Y(Kfe) .

Def: A merrln‘sm f.x =Y of fovmal sFectml DM stacks & a
it

(1) The induced map s ‘jm{ 5 an eiw’w(em

@) Tt & reprsentable 'wa closed. immevsions which ave (aﬁ:.



SAGI18.2.3. 1. X, Y CA(?O"—‘S fune tors, f;X—>Y_ Assume
© X is ersewl'aus. bza formal 5Fcc{nl OM stack Xt

W Y s ni(wmr(vtz, fn'f(ni‘('esfmal% c,ol'luiw_ mi aalm‘ts & Cofﬂ-*\g,enf Comflux_
(2) LX/Y € Q(,oln (X) s ]- Connective MA a(moﬂ' Fer‘fec‘f

@ Y is a shaat for the etale ’coroln%

TL\M\ 1']'\9- re(mﬂ\/e Aﬂ- R;\am Srauz 0</Y)JK s ﬂrr«.wfal’{l ba aQ ]‘brm[
‘l‘hicl'-w/irg, of 36

Existene of formal charts (SAG 18.2.5.1). Acsume
) X= 5¢t 8, B€CAl3
M Semr as before
@ Y s 'formal(? Oomrlwe 0"? f, ie. YR € CAlgc"
ColAm X (R/1) —=— c,oLm Y (R/1)
oll n.l,oowr tdals of W(R)
() We are given marfhusm w: F— Ly in QGh(X) whre T is perteet
of ’mr—amrbtub <0, coﬁl; (o\) is 1= connective and almost perfect.
Than T facters w x 1. U —-’Y hare



. U'—\'—SF‘F(A) ) A awllc Ew‘yfna_
. ‘[‘I is a ‘ﬁr’mc.l 'l—l'\t‘cll-lm'ma-

¢ A = (]U*Lu/v — Lyyy)

¢ Artin- Luwie rerVQSUl'(‘aLilﬂy theorem

Tblm SAG18.3.01- XCA-(am—sS "ﬁ«hcbw, ‘f; X— S}mK’ Wl/u,g R s a
Noethuwrian Ea-rinar am[ TR 15 4 émfhw{icclc ring . let n=o0

Then X s rerfesemly(n. ba a srec’cral DM n-stark Lou“?, of finite
presentation over R If and an“a it th ’eollo\m‘n} hold :
OR' discrete Comm r;'n& A, th Srau. X (A) s n-tuncated

@ X is « shaof  for the ttale ’coFbloaa
k)] X (s ni[oomf[ﬂk&, :“n‘ﬁnit-esimau‘&, wkuivg o\ml fnteam(rb..
(4) X a«lmits o. connective Ootamge,n-[— Comf)l%c LX

®) T is Low“»a almost of finite Pm.sentaﬁon,

Main 'l'ech'(al tool : Poresw.'s Smoodnina ‘l‘l‘lwt’€m (n  commutotive a\gglma_

Rewll: A map ¢. A — B of neethenan comm rings s called

€ 1t 1s flat, and V prime el pCA Y fimite extemsion K of
the residue Field «(p). the comm vfng ILQB Is nﬂular.
A Comm rfn& A TS a it it (s noethwian, and V prime A

\

pCh, th mp Ap— A geomticlly regular.



Po‘nsm's Crmo‘\'hfn} tl'\n,orem: C{’; A—98 maf of noefhen‘an n’na;, TFAE .

(1) 49 s %eowxvica((\a \’Q&M(W

©) B an be realized s 4 filter wolimit of smooth A-algebrs.

Fawr maaor STePS in ’l"M. Prm‘f of A-rh'n— Lurn“e_ r‘e‘ortsen-l-o&((ita '('lf\bor!wx:
S'@r 1: Existene of "fowvml, chorts (Scln(l.ssimaev's c\n’tz.n“on)

51‘&? 2; FOrmql cl'\ov’cs ~—~ Arproximfe(«} é‘fA‘L charts
STeP 3 APproximM‘e‘? é‘talL cl/\arts — é'éa(l cherts

5T<f4: Conc(u&i b% fnaluch'on on nNn.

Sfep2: SAGIE3.1.1: X,Y: (Alg"> S functors, g£:X=Y , Y=SpeR

Asswme: (1) X s r..f(m-tesrma113 Cohwive, m’(wn.flm, integrable
@) %— is Louu a("lost of finite Pfesenta.tion

€Y l‘- almc‘b a c«ofanaey.% 00»7(1« LX/Y~

Let ]c.: Sfac K — X , K ﬁnifel? «aemfmtel 'ﬁ“eli extension of Some resialwz ‘ﬁ'eu
o'fR.mf—’ﬁerSM gpec.K—# SrecB-’X wbuzre_ B a-ffowfR,
ad T, (K§ Lspepyx) =0,

Tdeg of [)v’oof: let X := [SP“' K/)( )Ap\
Choow Fiber Se? y s L’;LSF“K/? — G i Medy

w'lch 'f— 3 Ferﬁd: ot Tbr‘-amrljtwh 50/ AM( g is {— connuctive.
Thm of 3 of formal Cl'lar'tj > ﬁcfoﬁzm‘on SPCC K —s Uasffld\ - Q



X is l'n'l"eah:l‘)l.l anol ni(comrldz N Sfec K — Sfec. A — X

Thin we us Pﬂreswrs 57"001""'"} thiorem +o APFroximfe pal I?(? &n af'a Ex-rn'ng,
B.

51‘¢|>3= SAG 18:32.1: Same assumrt(ons W jn 511,,2 T anrsums LX/Y tonnective,

Given f: Spe A =X A CAIg‘", p prime thal of MA, & rs freld
Thn 3 etale A—a(aebm A, prime idaal gt A g eer post.

SP“ Al— X Afactos as J‘Per_A’~a Spec B — X whowve B I3 atp ower R
and LSpocB/X vani shp.

Jda o poof: Aply Step 2 2 Spec K —> Spec A — X
N s
e 65 <fp our R, and (k8 Lipts) =0
wr> mdify B LS’)acB/)( 2~ tonpective
s wmdify B LB 20
lisn’n? Popasm's S‘MOOi‘hI'"J, theorew, We f(nol ftale A- ahebne A with
KgA'#:O 4, SrecA'—e X foctors \-l«rou?l\ 8.

Sfef 4. &L We rr’ouwl 173 l’nluctfon on N.
Condition (1) 1's e1uu',v to

(1) V discvete commubative ing A, the m‘r X(A) — Mnf,wz(K,A) hoa
n~tuncated homofbm fibers,



New for n=-2 : (1. V discrete comm r;‘na, A, X(A) = MafCAlf" (R,A)
Use the clwsiu[ - Jrec‘('m( er’e.Ser\hlvi(H} thorem.

n>-\: Lt't XQ =_I_\ &[( SPQC B,{“’x st. 3,,, A‘ILP /IQ LS,)ech/x =0,
X, Cech nere of X, —= X

Tnduction h:’pofl'uais = Bach X o Y'CFIZSQW\‘&HL La n slsacfml DM ¢tack

LX"/X 0 = all LKM/X,,,, a0 = all Xon — %, btale

—) Cplimf‘l’ ’X.l s A& sye.cﬂal D\ S‘tML.

To $l'low IX., &X 5 it suffies o show thet XD—,X 5 an effective e’):‘

of éfb\(ﬂ. sluavm, wl‘licll 'f:o“ows ﬁbm 51‘:,9 3.

6 Generalizatio, of the VélpreSen{-o\'ai(L'? theorem 1o Artin stacks.
SPectml rclorcsenfaloili,ta tHhworem ®r Artin stacks.

X-‘ CA-(am—*S 'ﬁ*h('('ﬁ\f, 'f: X— gfec R, Wl/lm R &5 a
Noethuwrian Eo-rina, aym[ n;R S 4 érnflflmdieclc Vinﬂ- Loj: n=20,

Thn X is rerfesemé(m ba a SYeC’cral Artin N-stack lpu“g, ot finite
presentation over R If and anLJ it thu '(:D”o\m‘ng' hold :
O discrete Comm n'n& A, th 5]9w. X (A) s n-tuncated

@ X is = shoof  for the etale ’faf""’az}
&) X (s ni[(nmf(yk&, l°n‘an{{:esin\a“a, COLUAI'VQ. MA fnteamkh.

(4) X a(lvm'ts o (almost- oonnecﬁw;) ootamgen'[- Comfl%c Lx
) '(‘ is (nuu% almost of finite F)Q.seutxh'on,



6. AW [ations of the representa lm’[iea, Ehorem,
6.1 Mmﬂ)in& stack

X/ Y, 2. C/‘Hf‘—‘ S functors X\ /Y
Z2

Wo. ;\lwe. [ 'Fl/\m'l'or _Mg,{ /Z (X, \{) € Fun (CA({‘", 3)/2 67044”:1 with an
WA(MOVL maf €. X)é Me?/Z ('X, \{) ﬁ\f WN'l\ H‘LQ -'fo({owfng WMVQJ‘&ul
Proferty: Yw e Run( o™, S)y compositon. with e inducs n homet equir

M“f (w, Moy, (X,Y)) —s Mep (wr, %, Y)

SAG 19.1.6.1; Asswme 1‘ is chrb.sevﬂ‘aua, Fhf{y’ €lot, la("),
3 is rerrtsemfauo-, 1M~4,‘_ (,omfuul', ?uom“— Sef)alwtdl

the M/Z(X,Y)—?Z is zefresem‘mlall,

6.2: (QCol'l Per‘F Vect’ P/‘c



