Rem: E\/er? 5Pectnl DM-stack X determines a

by A — S

R +— Mafépvm (Sfét R, M)_

Tt makes sense to comsider QGoh(X) for any functer X CAlac”—’ AY
An dhject F €QGA(X) can be viewed a o rule which assigns & each
point ) € X(R) o R-module F(q), which aljfemls ﬁmum‘all} m R in
the Gllowing comse:
if . R—R is a map in (Algc", and ;1' denote the ima;z of v n X(R'),
tun we have o Canonical e7w;valenu ReFlp & (7).

\/I, Ref)resentabi&'ta, fl'lwrems

EA 2 comr(ww)

X so~topos. Applying th abstract cotungent aomrlm formism i HA, we
obtwin an absolute Cotngont compln functor L SL,VCAla(x) — Mo (She X))
X=(X, Ox) srectmlta r.‘ngeol oo~ topos

The of X is Ly = Lo, €Mdy, .

d: X= (X, 0c) — Y= (¥, 0y) marphiom of spectrally vinged oo~ topoi.
Th o ¢ is Lxpy = cofib ( 4Ly = Lx).



AG17.1.2 ¢: X—=Y movrlwfsm of Von- connec tive sro.ctlml DM ctacks, Then
L)(/Y s a 1MaAl'-Cohwwt 5}\9_0‘{‘ o X

Cot'ﬁv»aen{’ Oorv\flu(u make somse. also for 3Wal functors from  CAE™ w3
Lex X: CN?‘“——-?S be o fanctor Let Mod¥, denote the oo- (ategory of
em'(lq (A,q,M), wlre A€ (Aly™, veX(A), M e Moy

Given o natwal tromstrmabion o: X —Y between functore XY CAl™— S,

(DnSI'Jw t‘\ru ‘ﬁAmtor F- Modzs. — S
(Aq. 0) = fib [ XAOM) — X(A) % Y (Aem)
YA

WQ -5“3 fl‘ﬂt A tf 'H’UWt is LX/Y € QCOA(X) s.t
VAG CA(«aC". 7'5)(('6\\, TIM imluca.d functor F:]; Molz‘ ﬂ'S 3 oare[mmt‘u(

193 Nl,l = 'I*LX/Y  which s almost Commective (ie. n—tommective for n<<o),

2 ,Nec«:swy tonditions Tor the rer/esmb.loi(it'a. Hhworem

2.1 Cohusive Tunctor

Def: X: C.A({“—)j fanctor, X s it Vv PullLML ngram
A — A

! |

BB — B
in CALY for which the meps A = B and mB' — MB are swrjective,
a ‘¢ |

the induied v‘iﬁjmm X(A') — X(A)
| l



X(B') — x(8)
is o [)u\lbo«ck n .

SAG 1613 |: Loca“7 sPec’rml(A& n'naeJ fvros —~ Cohusive fumctor
Tn fM\'w«lW‘, sFectra[ DM stack s Cohuaive fwnctor.

Def: A Tumctor X: CA(ZC"—’ S i if i the abore
definition, we fwvther ansume that the swiections T,A = 1.8 ond mB — T.B
hove nilpetent idenls.

Remark: X:CAY™— S, RelAly”, R square -2cro exctemion of R 17 4 conmectin
R-module M §iven ba a devivation d: Lg — MC1T . Uk have o commutakive ‘L‘“ﬂ’

of spaces x(R) — X®

! !

ne X@) — XR® M07)
Suppo X s |'nf('ni'tcsim4l(2 cohwive and admits & cotwgent umTﬁxx
Lot v Aenste Composite mag fily —Le — MO0,
Thun vl can be L’f&ol te a point of X(B) if and o,.l:} it =0 i
Extr(7"x, M),
yya Ni(comr(c,te, functers
Def: A fanctor X: CA(ZC"—> S e it Yae cA(ﬁC",
XR) — Lim X (TenR) & o homtepy etluiva[em:._

SAG17.3.2.3. Connective (lo(a“} Sf)ecﬁ'uu«} r-fnge;l w—tofos wma’[&owvfld‘e fmetor
In Fartimlw, 5Yecfhul DM staclts ~— ni[bo»?[pte Tonctor,



2.3 Integn\éla Tunctor
Det: A functor X CN{” - 3 & it for ar\v eocn( Noetherian

&o—vina A wl\icl\ fs Oovwflute wrt its mwximul |10.Al mc WA, the incluson
§F+/-\ — éf)étA anlum a }lomofem, e'lw’\/al%&.

X(A) & Mop( Spee A, X) = Map (SpF A, X)),

Dcf: Llet nz20 A i & sfectml DV stack st. V

Comm r(nﬂ R, the maﬂn’ny :fm Maf;rom( Qrét R, X) is n~frunwtal.
A 5 a Srectra'. DM O—S‘ULL.

Shé&11.3.42. SFec(val DM n-stack fn'reghug. functor,

24‘ Fl?lifene_ss Coml/ltims on morrkisms

RQCA“: A MOle'IiSm ¢Aﬂ6 Of connee tive an'lﬂ'ﬂas is

it the funtor (— Maf(A’aA( B, () commutts with filtered climit

It 7s it (2 M"T)CA‘M(B' () Fmaw.s '(‘il.ttreo(

Oolilmits whun rem'ic{'J to H’WLNW[ connective A—alze'ﬂ"w for each n>o

Def: A movlyl"fsm ‘[’: X =Y of 4[’?(%[ DM stacks s

it for ey Commmbakive Jlagm
SpecB =

| Y

srémé_*_; Y



the E - n’na B s (pcama (\fur. alMost) of finite Fresentah'or\ over A .

Def: X, Y: CAlﬁc"—’S functors, f. X=Y
Tt € for any filterd colimnt A= clim A,

of Conveutive Ew-rina s, the canowicql maf Colim X (Ac) = X (A) x whim Y (As)
lA)
is & homstepy Gu. '

It (S it In tha alr)ove Jeﬁniﬂbn, we resthct

to filkred climt of m-vunated connective B~ Viqs for e m=g,

SAG1742: X,Y: Cﬁlacmﬂ s . ‘['-. X=Y . Assum {~ has o CO'bnacu'l' conré,,(
I‘f £ 6 (oca“} (chf). Coca((? a(mt) of finite pre costation, Hun Lypy s
[)erﬁ(f ( almmf rerfed'). TIM Converse ;\o{As with an aMA‘ﬁonal aaSMf‘bin on T,

3. Rcrrcsen‘taloi(it? {'l«eorem: '(cram C(MS:’C&’. to sr«c’cm( a[?lmu'c 3,comutva,

Thm SAG [6.l02: [t X : CAL"—TS be 2 functor, Tha X is ﬂrrwthL
La a spectral DM stack i and Oh(? if rtis ni(Comf[ﬂte; 1'nﬁnstcsim(|a huive,

admits a Cofanauré coMf(w, and the functor )(I CA‘GV S 'rcrresen-ta&h lva o
c(tMSfCal DM sfacl(,



[all.a o"' PfOo'f:
STeplt We prove that X ¢ & Shu‘F wrt l‘l’\ﬂ étale t°fb6063'

Suf,z., Apfraximﬁan to étale morp hisms -
§hﬂau_ we have 4 $ractml DM stack Y, =(%, V,) and nmap £.Y,— X
for which the vlative cotwent complic Ly,/y 7 2-comectie . Than
f, foctes as a tonposition

v, £y L x
whie 7 12 b, Y=(4,0) fso spectrl DM stock, and g is induad
b}, s |- Connective map 0 — O,

51','6? . E’stalp(n'sl« i‘LU; MSM\T? on of QteP 2 via a (L]Lt Kan extension.



