2.5 Pkaeomutﬁ&v

Det: A is an W—M‘Zgﬂ'a T aJmffﬁmects, e?mrrel with,
an atlmissf 'mlata structwre finive
De‘e: T PY%wMVy, X °°"'t°f05- A om X is a "fumci:or

VE T""’?( ¢ T,
) O prseves finite PmAuces,
z) O Pvescvve} Ful”ncl(; alona owlmissi“z mwrl)iSmS

) \7’ aw!miss.'uz co\/en'ng, {U,‘ —> )(\_l in ’T, thn ino(umo{ mf
{-‘L U(U.t) —> L?(X) is an e‘ffecﬁl/e efimrrbl‘sm n 7(

Denote St (X) € Fun(72 20, Str= (29 < Str.(X)

A o‘f Pfea,eomd'r(“e/; f; T-—' T' is & 'ﬁmc’fbr wl'h‘c.l: Frucwea
'Ffﬂfte PraJths, aAm morrhisms, adm ooue.n'ngs, MJ_ fuuba.clgs alona aclm

Morrhisms.

A transformation of Pﬁ’-‘ﬁeomw"'% )L: T— G @ctniln‘tc 9 o A
of Tt
1) 6 s & aennwtra with Hu Coarsest structwe 5.1, f‘ is a 'l'rmxforma)b'bn
of pregeomutrios.

2) v N—Lm'\‘e&org f_ ialemf:otent Oomrlutc anl aAm«"ch.'rg, finite Lﬁmit&,



Composition with indiney  an oty
od
R (6. €) —= Fu" (7 €)
Proi?osﬂ-ion: Geometrie OnVeLore ‘f‘: T— § exists, Fbr Ma' w_toros )CJ

Oom?aﬁ'tion with ]‘- indu g e7wwa(anm of bo— Categories

Strg (x) = St (X) Strg () == Strf;‘( X)
Def: Tpregeomh‘?. A is a T structured bros (’)C, (9%) €7w:v

o a g—ul\n.ma, V"‘A 'lJM. e_?wi,vhlwaz. A.bove.,
Denote  Sch () CLTQF(T)OP Sfanmul by T=schemes.

3 Main mmr(u of devived Geomtry
31 Derived algelam,ic 3eow.tk} ( 2ariski top °L°M)

Let b be a commutwtive rfng.
somL

Deﬁ'lﬂ pre&eomw? TZM’ (le,) 1= {Ph’na'rlg_ Of)-c.n SuLSetS of aftfing .SF&CQ /Ank}
Admissiut mﬂffhfsms e Orel/l (mmeysions

Mmiss.'lv(t wvm'ngs are w\/eh'nas bg Pn“nu‘pl.v. ofw SMLSetS.

Define geomutry QZJ:: (k) = oppesite of the full SMLca,t'eaoraL * SCR,

SimnmA b\a. 00»'1)&&17 oln(juts.

AAmfssiH.e mavrl'lisms ave SPu, B[‘L-] — SPu B for some bemB,
Prolmissi“z w\/w’ngb are {SFQC B[—l";} —_’Sfm 6} st },d 7crw’ai'e, the umt (’Ju.l

l.n 7‘ro 8 .



Proposition: Gt (k) is a geometic. emalpe o Toup (1)
Def: A 5 a '};w(k)-fchm&.

37) Derivul alaaLrwIc, S.wmf,try (étﬂl’- t°F°["83)

let b ommutative n'ng.

Define pregeometry Tee (k) = {“‘Fﬁ'\t schomss €tale over some affine Spuce At
Aﬂlmiseiu! morrhl'm.s e é‘l‘al'- Mﬂ’r‘mm. A«{missiL(n C»er'nas Oke ébt(:. l»ven'vgs,
Similer to the cas of Tz (K), the geomutic emue(ofe_ of Tt (W admits an

erx]blia't chﬁrtfons in fems of SCR.

DC’F: A ovey ’L (5 a (Et(k)—.(c‘\.!N.

33 Derived differential to(% lo%’

L}ﬁN Fn’-g?ﬂ'mﬂg Di‘f‘('-: { Sm::oftt Submam'&us 0"‘ soma. fRn] SMOO'H" mafs}

Admissib e movrhisms are open inclmoions, M[m Covem'rgs are  Lovevings L& open.

S Aeri\/e_o( A{Hmy\h‘a( tb(?o(og,g_ incluaion.



24 Deriveo( oomr(w aml?m geometiy
Define pregeomeiry T (C) := { wa[m mani‘folls}
At{mfssilob. marftlisms we (ﬂwutj bi l‘lo(mmrrlﬁc mwrs.

/Mm wve.rian are c,oveﬁnas ba M{missiLL rnorrhfsms

= Devived CDW\TJ(M( am/rtc rowwlf%

3.5 Derived non-archime dsan 4eomeiry

k non-archimedean freld, ed. Qp, CUt), -

Define prgeomtry T, (k) := { smooth (rigid) k-mateftfa P00y ]
Adwmissible Morrhism, are &tale Morfhisms.

Admisi ble Coverings are 5tale Coverings.

NS Deriwi non—aYCLll' MU(MA gconWH

36 Spectral algebraic geometry

k Eoo—rfng,

Defing geometry gznj (k) :={ Compact objects of CAlakyF
Adm morrhisms are  Spec B[+] — Spec B for some beTB

Adm coverings are ¢ Spec B3] — Spec B) <t. b, gerarate the wnit idsal
in ’IT,B}

T L is Comnective, Jenote §ZSfV(U < Zyﬁp ( U Sfanml l:a Connective k-agelm

stl'} (k) 15 a g,comfh‘c cnvzlo(e of a lm@g,wmtv; detinad i terms of localized
polonomial Eo,—rings.



Def: A is o GoP (k) ~schuwe.
A s a GSP (k) - schems.

Repling the Zorski epelgy by the €tal Tplogy, we obtain the gomss
gi (b < g gP(L am{ hone He notion of ( non-connective) srebt-m[

Dchgm-MumForJ ctacks.
546'1.6.6-. TZ’UL - Ca'\:egora °'€ (ﬂon-wnnecﬁde) 5’)2(.(711‘( ILM embeaus ﬁ\/(}
{?thfu{(a tnto the co—category of (non-connective) Spactral DM stacks. So

we will fowo On l-‘\n si‘w% of 5fecﬁ’a( DM stqc,lcs
MSF
Given A € CA{}L we dencte §F€t A = Spec o6t (k)/l\

9. (Qum-w‘urent skuves on SFec’cml DM stacLs.

Def. X ootopos, D€ Shvwa( X)  shat of Eo-rings.

8” VIl 118, SL'VCAIQ (X) s Ur(g (SLVSI,(X)).

ch MOJU alenol‘e i’l'u oo-—(a1'7o7 M""o( §hv5y(7()) of (9~MoJu(n. ob}eth of
S]'IVSP(X). It oLJ'ects are calld



Def. Let Mod = Mo)(gr), Consish'n& of poirs (4,M), whwe A isa E-rry.
and M s an A-module.

[et oo%rs,:‘j" dencte the e1- (ategory of tn'f[w (X, ©.F) whee X 55 an
bo~topos, O is stﬂcf(a Henselian shaaf of Errings o X, ic. @ qz:” -
stractwe on X, and F 5 a shaaf of O-modules,

B(W'T& A an"”’"?, M A—Moalu(n_ Tz’t(h the ‘\[Mmctor’
CAlaéAt Mo(l
g+ (B, Bam)
giws o Mod-valued shesf (O, F) on the o0~ Topos Slovf\t , and
(ghvi\t, U/ -F) € wffsrs’&(:;.

VU Iﬂa\le a ‘ﬁmc’br . o
‘ spétMoA : MOJ fF —s oo%f)s:'d

which 15 riaht Ml(}oinl’ o the %oﬁal sections (unctor.

De{': X =(rxl b) Nop-~tonn $r€(fMl DM S"CACL , F A Shldf' o‘f' O—modulw anx

Fis it < Oovev(ng [;I U, —s 1

4%, Vo(, aau E”fyfna, Ad\, an Ad— moJ.M(l M,( , anl an e7wfw~(ﬂh°k-
(X/Uo( ) D}UO‘: ’FJU.!) & gfé{'MoJ(A“’ Mﬁ) In 0071}53::‘

Denote Q (b (X) C MoJU'



—f; (‘ﬂ, (9‘3) — (X, Ux) maf of SPec'tmlly rin&ei oo—'(bfoi:
Comlrl'm'na the PMA‘I'forwvi fwnctor ‘I}: glwsp(‘é) — gL'VSf(X) wii'l\

restriction of scalaws alona the map Ux——J’:ﬁeD‘g , we obtain & Fuln'fonuarl
‘fu\mtor ":'* : MJU” - MoJOx ) I‘t OJMI.tS a [,eff aA}nl'h‘t' ]Lﬁ MOJUX-—-Q MaJUy

Qem 1. ’f* PreSems C{uam'~ oo‘weua_, 'ﬁ\; not a(ww&s

ZZ m ‘fund‘or ‘I‘ﬁ Mw( f* Qare ((a(lfeal? oatfft/d ”, No nwl t c}loou.,
r&So&A/Cfons "&»’ (‘l'w:v’ constructions.

3, functor of points



