
 

2.5 Pregeometries

Idea generate geometries with simpler data

Jet A pregeometry is an A category T admitting products equipped with
finite

an admissibility structure

Def T pregeometry X H topos A T structure on X is a functor

0 T X s t

D U preserves finite products

2 O preserves pullbacks along
admissible morphisms

3 V admissible covering Ua X in T the induced map

bus X is an effective epimorphism in X

Denote Str X C Fun T X Str X c Stry X

A transformation of pregeometries f T T is a functor which preserves

finite products adm morphisms adm coverings and pullbacks along adm

morphisms

A transformation of pregeometries f T G exhibits 5 as a geometric

metope of T it

G is a geometry with the coarsest structure s
t f is a transformation

of pregeometries
2 V category E idempotent complete and admitting finite limits



Composition with f induces an equiv preserves finiteproducts pullbacks

Funk S E Fanad y e
alongadmmorphisms

Droposition Geometric envelope f T S exists For any co topos X

composition with f induces equivalence of co categories

Strg X Strix Strgb4x StrobelX1

Def T pregeometry A T scheme is a T structured topos X 0 1 equiv
to a G scheme via the equivalence above

Denote SchCT CtTop T spanned by T schemes

3 Main examples of derived geometry

3.1 Derived algebraic geometry Zariski topology

Let k be a commutative ring
Some

Define pregeometry Tzar k principle open subsets of affine space tank

Admissible morphisms are open immersions

Admissible coverings are coverings by principle open subsets
simplicialcommring

Definegeometry
Gadag k opposite of the full subcategory of SCRhe

spanned by compact objects
Admissible morphisms are spec B to Spec13 for some be toB

Admissible coverings are SpecBEF SpecB s.t.ba generate the unit idea
in ToB



Toposition Szair k is a geometric envelope of Tzar k

Def A derived k scheme is a Tzar1k scheme

The theory of derived schemes are well behaved when the underlying co topoi ar

O localic In the moregeneral case we must replace the Zariski topologyby

he e'taletopology

2 Derived algebraic geometry Etah topology

Let k commutative ring
Jefine pregeometry T.ee k affine schemes Etale over some affine spaceAnh

Admissible morphisms are
estate morphisms Admissible coverings are e'tale coverings

Similar to the case of Tzar k the geometric envelope of Tet h admits an

explicit descriptions in terms of SCR

Jet A derived DeligneMumford stack over k is a Tetch scheme

3.3 Derived differential topology

2fine pregeometry Diff smooth submanifolds of some IRN smoothmaps

Admissible morphisms are open inclusions
adm

coverings are coverings byopen
inclusion

derived differential topology not yet welldeveloped



3.4 Derived complex analytic geometry

Define pregeometry Tan E L complex manifolds

Admissible morphisms are locally biholomorphic maps
Adm coverings are coverings by admissible morphisms

Derived complex analytic geometry

3.5 Derived non archimedean geometry

k non archimedean field e.g Ohp Ek th

Define pregeometry Tan k smooth rigid k analytic spaces

Admissible morphisms are e'tale morphisms

Admissible coverings are
e'tale coverings

Derived non archimedean geometry Developed by Porter and me in theIas
fewyears

3.6 Spectral algebraic geometry

k Eco ring
Define geometry Sznaff k i compact objects of CAIgn

P

Adm morphisms are specB to Spec13 for some b E ToB

Adm coverings are SpecBETA Spec B s.t.ba generate the unit ideal
in IoB

If his connective denote 52 43 C Gian k spanned by connective k algeb

52 k is a geometric envelope of a pregeometry defined in terms of localized
polynomial Eco rings



et A non connective spectral k scheme is a Gian K scheme

A spectral k scheme is a GParH scheme

Replacing the Zariski topology by the Etah topology we obtain the geometries

55 k C G Plk and hence the notion of non connective spectral

Teligne Mumford stacks

SAG16.6 The co category of non connective spectral schemes embedds fully

faithfully into the co category of non connective spectral DM
stacks So

we will focus on the study of spectral DM stacks

Given A c CAlgh we denote Spet A
Specs A

etat spectrum

4 Quasi coherent sheaves on spectral DM stacks

Quasi coherent sheaves can be phrased in the language of geometries and

structured topoi see DAG VII 2 Here wejustspell out the definitions

explicitly following SAG 2

Jet X co topos OE Shu
g
X sheaf of Eco rings

3g VII 18 Shue
g
X CAIg Shusp X

Let Modo denote the co category ModocshuspXD of O module objects of
Shu X Its objects are called sheaves of 0 modules



Jef Let Mod Mod Sp consisting of pairs A M where It is an Es ri

and M is an A module

Let Tops edn denote the o category of triples X O F where X is an

co topos O is a strictly Henselian sheaf of E rings on X ie a Geist

structure on X and F is a sheaf of O modules

Example A Eco ring M A module Then the functor

CAIg't Mod

B N B B M

gives a Mod valued sheaf U F on the co topos Shift and

Shia 0 F E stopsthen

We have a functor
Spetmod

Mod Topsfan

which is right adjoint to the global sections functor

Def X X O non conn spectral DM stack F a sheaf of O modules on

f is quasi coherent if F covering LLVa 1 ie effective epimorphism

5t Va F an Eco ring Aa an Aa module Ma and an equivalence

Xiu Olu Flu I SpetMod Aa Md in wTopTheD

Jenote Otoh X C Modo

Tullbacks and pushforwards of quasi coherent sheaves



f Y Og X Ox map of spectrally ringed a topoi

Combining thepushforward functor t Shug Y Shugo X with

restriction of scalars along the map Ox f Oy we obtain a pushforwar

functor f Mod
y

Mod
ox It admits a left adjoint ft Mod Modo

Rem1 f preserves quasi
coherence f not always

2 The functor f and f are already derived no need to choose

resolutions for their constructions

3 functor of points


