2.2 Geowetries

Dej'.- 6’ w—CaTegmy, o on Q consists aj‘ th fallown?

Aa‘l’a:
M A Sulocategory« §“Jc & SPanrmJ lma all the oL}ccB, and

Sa,h‘sfyfr? t'lu ](nuowina. con;liﬁ'ons;
() Pul(bac)z a)‘ almissr'ut morlahism alwnys existy, aml (s aam'n a»l-missi“o.

@ ) f/?Y\gz g, h admissible = F admissille
R

(i) Rcfmtf .,‘]' Mlmicsil-(o, morrln's»n s qo‘mfssiu«..
(2) A Grothendieck ‘l‘érdeow on ‘; ’ which is ?enmt‘@( by aJm‘ssiaL mo»rlnsms

(n H'Lv-‘fo“omma, semnAl . &My Oo\/evina, Srenve g/;) (& g/x contauns & cowfr}

sive which is Wei ba & collection of admissille mrrL;sm fUc— X7,
De‘j': A Consists oT the fv{(oM'ﬂg data.

© A. to- Caﬁa,ava. 9 wll.‘ch OAMftS ffniiz (imrts MA is f'/unfo'l.'eaf co»lez
d An mimissibi(i? structwe on % )

G, 9' geomutvies A functor ]"; G — 9’ s a
if it preserves j-m;tg limits, admissible mw(hfgms and admissible coverings



Def: G %eomntva, X o— tDFos. /’\ 5 o [9-]% exact
fu\mi‘or (9; 9 — ')( st ’I‘O‘r O«Iwy Wlm(ssiul Cn\lm'ng {Ua‘_"" U} I'n Q,

the inducd map 1L 00— 0K am\_{f&cl—iu& epirnorfhis»&in X
) the Ceth norve s & colimit ob'a?ram

We call the par (X, 0) a
Dencte St”e (X) C Fm(g, X) SPahvu.A bg g-stmcw//es m X

Given 0, 0. G— Y G-stuctwes, & natwal transformation o: (0 — @’
i5 a 0'{" G-—stmctms if ‘on e{/U3 a(lmissr"zll. Morrl't}'sm
U— X (n 9 ) U(U) E— UI(UJ s o P,llbaclc sa{um in X,

J }

0(x) — LX)
Denate %V?C (x) c St (%) s’mnvud Iz() foa| trancformations of Gospuctuny
A MOrrlﬁsm (’X, Dx) —> ('\g, ()\4) of §~stmctwrea' tbfoi consists of
a geomo)tric morplism ‘]‘*; Y >X of eo- tbroi and 2 marrhme
0 Uy O i SO0,
We have an oo- La’(eﬁoq of G- structwed -l-ofai, devoted l? L%P(G)or,
A %comc{‘rz G i if the admissible Marrhfsms are Fvec,(u,(aa, the ezm.
lww), ond tLuz Gvo‘clnmiieclt ’eroQo” on Q is ’m’vial, . A Sleve
g/:( C Q/,( on OMn oLJ'ect XeG 5 a Cwe,ving sieve it and On(a it

Six = Grx.



EXNMP([: LU( gZar = {a'fﬁm S(.M o‘f finite fvfc ovev Z}
= { ﬁ“nftalj 9wmmi ommutntive n’nas }or
3 emlnw it with & structwe of aeomutva, a) J‘ol(ows:
N A mor,,hism Spec A — Spec B is admissible i and ow(? it it induas

an fsvmorrlm's:n BI1t] =>A &r sme beB.
@)A b°”e<:tfau o"(‘ ao[missilyla morfhrsms { §fec/\ ['}:] ——9§Fec A_} IS &
oovnvi,g if and onb if {ag} c A 7Wmm the wnit idwl in A.

x ‘t‘oro(oar"«cul SFOLLQ., ;(::: S)IV(X) OO—Ca.'tég—ory. O'Q SMUL) of s/)am or\X.
Then gzw' stuctwres on X are acact'? shmvu of commutetive n’r\gs o

o the ‘ta?olng,ful 5|9acc. x which e (DC(J

2.3 SPectmm functor

Recall : A comm ring, the affing schume Spec A is characterized by the
ﬁllowina aniversal properts: For every Cou”} ringel space (X, G . we
have & canonical bid'ech'on

H ( (X, Ux), 5Pec A) 5 Hom (A, (X, O0)

onm
Loca“] anaed Qra& CommR(na

A
Note that Lo cal(a Rfﬂaei Sfatl - LTor (G2a )"
anaeo\ wa @‘( L%f( QZar,o)or



Tlneomm VZ.[-I: Le,t' j‘; 9 - 9’ Le a hfnmformm'on O‘F 3,eomutrieo. T"lm the.
fnolu&bl functor L'TOP(Q'] — L%r(g) Nimit‘s a [,e:('l: aJd'ofnt-

We dendte the left W‘}"f"ﬁ b} 5?“21 , aml cau it t'l/u
pasocieted to £

et G be o geomutvy and G, the associated discrete qeometry
Let § o enote the sition
t Spec” denote tha Compsit . SP“SOL
Lnd (67) = Str. (S) — Jop( ) — "Tep(6)

We call Spch the oqsocioted to G .

Remark; 1) m am[?’cic@h"om ’ﬁmdpr from alg,e,larm‘c %mﬁry to anabtn‘c
‘aaovmﬂa s an WMVT[L of the Ve(akfde, Srecbvum fanc tor.
2) Consider the functor L%F(Q) Xx§G — S

(%, 0, V) Moy (1, O())
Tt induw o Fwoctor Lj}y(é) —s Fun( 6. 8), whih factors meugk
Fun™(6.5) & Tnd (67F).
e (ot r%; LTé,]o(Q) —s Ind Cgor), ana( all it the

Bv Construction, SPQCQ-. Tnd (67F) — L%F( ) is bft al}m‘nt to g,

Rem; We qlsa km/@ an e/;clp(mfe Aesc.v{rhbn of SPQCQX for any X € Pp(4)
:= Tnd (57"



2.4 Gtractured schume

Def: G goomutry. A mohism (X, Ox) — (4, Oy) in “Top(6] &

0 The underlying geomurc morphiom %, % — "4 of o0~ tepoi is étale

) The inducd map f¥0p — Oy s an eclwi,valma. in Sbr, ().
Bample: T U s an object ot X, bt Q| denste the §-stucrure
on Xy given Lg G Ox, X =, X

Thn (X, Ox) — (X7, OxlV) is an tale movrhme in Tep(4).
Oef: § geomutry. A G - structured topus (%, Ox) is an

i€ it s equiv B §rec,9A Gy some A€ Pro (5).

T¢ fs o i thore is a collection of obects {US of X
0 {0) wen X, ie LLU — b & an etferive epinophion
) Va, (X, Uxl Us) 55 an affine G - schume.

Denate  Sch(§) < L%f(é)“’ sfanm.a( by G schams,

Prolmsitfon; ’) Scl\(é) UJM”& Cpl:{mifs alon& éta(.e morrllfs\ms_
7-) I the GWH’MJIQCL t°f°{°3} oh Pro(é) is Precanonical, 'l'l'\ln SC}I(Q)
Aamitg Hinite [imits.

&amf‘a; /) Geomu:vg GZM = {a‘fﬁ'm; scMes of finite 'L'm?c ovey Z]]
Aolmissiuz mOVf)hl'Sms aye t'ncluoions o’(‘ Fw’ndrln. oren sulose’cs.

i‘(



Admissible Gvarings  are toverings by Prinarh ofen  subsets.
Thm We l\a\le a ‘ﬁ/\(lta \’;w,tl'\'ﬁal le)eauing SLM —> Sct\(gzq.,)

2) Geonuva gé{ = {a'fﬁ'm; schames of finite type over Z}

A«lmissiuz morrln‘sms are éta\(f- morlohfS'M, anal admissible COVe.n“nas are
-’e,tall coVQ_VirAaS.

'ﬂw\ We L\QVQ a ’F’u“y, ‘EM'['I'I‘&A.[ ew\Leo(o(ing De(j)vu.- Mum'('owl s’cac_Lg

c—s Sch( go’z't)
2.5 Preaeormil’f@
Def: A is an W—Catcaﬂra T aAmff&'wiucts, e?mrrel with
an aimass.‘bslxta —— Finive
Det: T pregeomety, X 09—Topos. A m X is a functor

0: T“’?( ¢ T,
YNV, P&’e Serves Finite Proa(ucts,
2) O PYechvej Pu\ubaclﬂs alona aolmissi“z mwrhl‘SmS

)Y admissible co\/e.n'ng, {U, — XY in T, the induad MAp
{:(- U(U.z) —> U(X) is an effective efimr[pbl‘sm in x

Denote St (X) € Funl(T 20, Str(2) < Str.(X)



A o'f Pfea.eom’tri‘e/; f: T-—’ T' is & ‘flmci’br wl'h‘cla Prucwe,
ﬁ'nite PraJMts, m{m morrhisms, aJm (‘,oUe.n'nas, MA rul(ba.clcg alon3 m[m
Morr‘lisms.

A ‘t?ﬂnsfomah'on o’f Pfét&eorr\d?’l'q ](': T 9 @clniln'ﬁ § oy &

ot Tt
1) 6 s 6 3e»omut'a with Hu Coarsest structwe s.4. ]L is a 'l'rumfbrma.b'bn

of pregeomutries.
2) v oo—ud‘egorg C ialempotent C/o'mrlptc anal aolmn"ch.'rg, finite (imitS,
ComfoSiﬁon with ]L Zm(MuA an etlwtv
ad
R (6, €) —= R (7 €)



