
 

V Structured spaces
Goal generalize the notion of locally ringed space to the derived

setting

1 A Topoi

Idea generalization of topological spaces

1.1 Giraud's axioms

Def An co category X is an co topos it there exists a small

category E and an accessible left exact localization functor

Pce X

More intrinsic characterization

HTT6 1 0.6 X o category X is an co topos if and only if
it satisfies the following analogue of Giraud's axioms

C The A category X is presentable

Colimits in X are universal

For any morphism f T S in X the associated pullback functor

X XK preserves colimits

e F a right adjoint f by the adjoint functor theorem

Iii Coproducts in X are disjoint



Every cocartesian diagram d Y is also Cartesian

I t
X X by

Civ Every groupoid objectof X is effective

Rough idea equivalence relations c quotients

Precise formulation

Jef D In n o the category of combinatorial simplices

D U E D to 0th Cdt spanned by CH's
p en

E co category

A simplicial object of E is a functor U OOP E

Tenote Un Ufln

An augmented simplicial object of E is functor Ut oof e

A simplicial object of e is a groupoid object it for every n o and

every partition In S VS s t Sns s is a singleton the

diagram UKND UCS is a pullback square in e

t t
U 5 U Esl

ITTb 1.2.11 E o category Ut IP E an augmented simplicial objec

of e TFA Ei

G Ut is a right Kan extension of Utt toJP



2 the underlying simplicial object U is a groupoid object of e andthe

diagram Ut I gop is a pullback square U Uo in e

t t
U U

In this case Ut is called the tech nerve of u Uo U

Jef A simplicial object U of an co category e is an effective groupoid

if it can be extended to a colimit diagram Ut of e such that

Ut is a tech nerve

2 Grothendieck topologies and sheaves

Jef E o category A sieve on e is a full subcategory E c e

sit forany D E E f C D in E we haveC e e

For any object
C t e a sieve on C is a sieve on the A categoryeye

A Grothendieck topology on e consists of for every object C of E
a collection of sieves on C called covering sieves satisfying the following

oroperties

g tf object CE e the sieve Ek C Ek on C is a covering sieve

2 f morphism f D in E f't of a covering sieve is a coveringsiev

3 f object C e e covering sieve EYE on C C k an arbitrary sie

on C If for each f D C belonging to e K the pullback



f e'Yc is a covering sieve on D then E c
is a covering sieve on C

Lem Grothendieck topology on E Grothendieck topology on he

Hop E o category C e e j C Pce the Yoneda embedding

We have a bijection subobjects of j C I sieves on C

monomorphism i U j c eye U

Ek U c Ek spanned by f D C sit F a commutative triangle

Htt
j D j c

w
u
ti

Def e co category S a collection of morphisms of e An object 2 of

is S local if for every morphism s X Y belonging to S composition

with s induces a homotopy equivalence Nape Y 2 Nape X Z

Def e category equipped with a Grothendieck topology

j e Pce Yoneda embedding

S the collection of all monomorphisms U j C corresponding to the

covering sieves e Cee A presheaf F E Pl e is a sheaf if
it is S local

Tenote Shu e CP e full subcategory spanned by sheaves

HTT6.2.27 Shu e is an w topos



3 The co category of co topoi

Def X Y is topoi A geometric morphism between X and Y is a pair

of adjoint functors X Y where f is left exact

We usually only write one of f or f

2efine subcategories LTop RTop C eats as follows

The objects of LTop and RTop are co topoi

A functor f X Y between co topoi belongs to LTop if andonly

if it preserves small colimits and finite limits

A functor f X Y between co topoi belongs to RTop if andonly

if f has a left adjoint which is left exact

Rem LTop E RTopo

TTT 6 3.2 4 LTop and RTop admit
limits and colimits

1.4 Etale morphisms of a topoi

Troposition X co topos U EX then

1 Xiu is an co topos

2 I Xiu X has a right adjoint a which commutes with colimit

Consequently Tf has a right adjoint Tix Xo X and te't I give

rise a geometric morphism of co topoi



Jef Such geometric morphisms are called Etoile morphisms

ITT63.5.13 Let RTope.ecRTope spanned by all co topoi and e'tale

geometric morphisms Then RTopet admits small colimits i.e we can

glue a topoi along Etah open subsets

2 Structured sheaves

2 1 Sheaves with values in a ex category

Recall Goal generalize the notion of locally ringed space to the derived
setting

Def e arbitrary co category X co topos A e valued sheaf on X is

a functor XP E which preserves small limits

Denote Shue X C Fun XP e

Def T o category equipped with a Grothendieck topology E o catego

A functor 0 TOP E is a E Valued sheaf on T if for every
object X E T and every covering sieve Tf C T the composite

map 79 10 c CT T e

is a colimit diagram in EP

Denote Shue T C Fun TOP e

Example Shiv T a Shug T



Proposition T as above J T PCT Yoneda embedding

L P T Shu T left adjoint to the inclusion

E arbitrary co category admitting small limits

Then the composition with Loj induces an equiv of co categories

Shue Shutt Shue T

2.2 Geometries

Idea In order to make sense of locally ringed we need an extra

structure on the co category E

Def S category an admissibility structure on 5 consists of the followin

data

A subcategory Sadc 5 spanned by all the objects and admissible

morphisms satisfying the following conditions

i Pullback of admissible morphism always exists and is again
admissible

lid t
gz g h admissible f admissible

Retract of admissible morphism is admissible

2 A Grothendieck topology on G whichis generated by admissiblemorphism

in thefollowing sense any covering sieve G c Glx contains a covering
sieve which is generated by a collection of admissible morphisms U XY



Jef A geometry consists of the following data
An N category G which admits finite limits and is idempotent complete

2 An admissibility structure on G


