V. Structwred spaces
Goa[: 3enemh‘2e f'n.v. notion 01’ éoca“y, ringe). SFALL to H’w. Jerive.al.

set‘tin%
1. 0= Topoi
Tdea: genenlization of topolagical spaces
(.1 Giraud's axioms
Def: An  co— category X is an it thoe exists a small

w._(atgaonj C ami an acczssiun. Lej‘k exact LOCAliZM'l'OrL :fundpr

p(e) — X.

HTTh l.ob: X 60— ategory. X is an oo-topes (f and 0"{3 i]"
it satisfies the jollowing w/m(ogw. of Girauds wxoms:
(1) The oo-ca‘teaor} X s pmsentauﬂ

() Colimits in X are universal:

For ang vnorl))ﬁsm ][;T‘—-’S in X, the Msou'ateJ F“HLML :ﬁmd‘pf
{-’(',- 'X/5 — X/T Preserves coli»n"cs
(& 3 a rig,lrt add',ofn‘t ’]r';‘_ bj the aa\}ofn’c f‘WleZJ"' t'l'lwmm-)

(iii) CoProzlucts (n X are Aisjoin‘t'



EVe,v} (artesian Aiagmn T — \1

X — XuvY

(s a(So cartesian.

Q) EVCVZ 6muf)oial objed‘ af X is e]‘fccﬁc/e,;

ROugl‘l 30!14" e»’u,i\/a.lenco. relo.tfovu 4_1__._1_, 7wot|'ent5

F)’QM:S.Q, j'OYYIlulAtfon:
De’j‘: A = i[n], VIZO} 'l'l'u CM‘Q?ofa 01‘ Combic\xl‘orial. sfmlew_\

A, = AV {[-1):=¢] A" Ay spnd by foal,
C oo-wategory

n°

A of C is afunctr U, AT —C.

Dense. U, = U[nI).

A of C &5 funcer UT. aF— €.

A 57"0714‘:4'41 oL(}ecf of € is a it for wery n>0, and

overy  patition [(h] =5 Us" st SAS = {3 is & singloton, N
é[,iaarm V() — U is a Pu”lyacL $7We in C.

| !

)(s') — U(Esh)

HTTe. .20 € 00 —Category Ut AP —=C an Mgmwl S;mfb-a-,,( object
o} €1 TFAE:
Q) U+ s & rigl;t Kan extension oj' U+lCA$°)OP.



) the wmler%ir? simflia‘al olxd'cct U s a éroulyoiol oLJaf aJL C) and the
o‘iaarm U+ (A$1)°P s & Fu“baclt sclvw’e U, — Uo I 'C

)

Uo — U—|

In Hqis e U'f‘ (S Ca[lU‘ ‘I‘W. o‘J’ u: Uo —_— U_'.

Dc’j’: A Simlyln'q'c.l O'o(}etf U 01' an M—(a’l‘c&or} C IS an
i‘f- it can be e/xtem!eo\ to a colimit )iagmm LY. A:F_,C swch  that

OF is « Cech norve.
.2 é'mWJlecL bfou?feo MA 5;10.AVe>

De]L-. € 00 - (afegory. A m C 75 a 'J'u“, StAlocM'eﬁara, € ¢ C,
it forang D& TV, £.C—D in € wehan C €T
For M?. Olod'etf @ et, a % C Is & Sleve on f‘LL! bo—(.ak&or&l e/c..

A o C  consists o, for every. olv(}ect C -t €,
a  Collection o‘j‘ sieves on C , calld ) Sa‘l‘ls]%in& the f.llom'ng,
proper tiea:

G) V Olo;:ec{: Céﬂ, Tl'u. Sleve t/(_ C t/C on ( s a Cove.n'nd, Sieve
(1) V morfln’sm 7(: C'—?D " -C , j»* aj- a CO\k.n'na_ sleve. IS a4 (ovenn 5f€l/€_

@ V objet Ce T, Covering  siove C/(z) m C T an aylgjtmg Sieve
on C [j‘ :['DY QACLI ]LD -—JC laelmaina to C(o)/c ) 'Hu fulU)acL



_S.A C(/')C s o OOVCn'nJ, siecve o ) then -C(.BC s a col/e,rin} sieve on (.

Re,m: GVOMCCL- TOFOlﬂg& on C & Gmthandiuk tbf"&’(?# on hf

Prof: C owo-ategy, C e C, J: € — P(C) tu Yoreda w’oeaui'\az.
We p\d!/e a lviéutl'on fsu‘)olf}ebts oj‘ J(C)} — e isfe\/es on C,}

Monomovrh"sm i: U "’J.CC) — f/c (U)

€ (V) e Cp 5Fanm4 l?; f: D—=C st I a commutative t-v:a?@_

J(D) J—(ﬂ—> 4(C)
N :
Y %

Dd‘: € 00— fegony S a collection "T Inorrhism of €. An o]aa'm-t Z ot C
Is 17( for “’”’& marrhfsm s: X =Y Lelon;in; t S Com’bsi‘tlbh
with fnduces 4 }wmo’hm <1Mftv«lenu. Maft ( Y. Z2) — MAfC (X 2)

Def: € so-category e1wirfeél with & Grothindieck topolags

J'_- €t — P(C) \ﬁmcia embelﬁn(?.

S the colle ction v‘j‘ all Monomov]vhisms U"’(}(_C) comsfand,in& o Hu
Oovevina sieve) C(/Z Cf/c' A thmf. Fe pl€) is a it
it 18 S- ocal.

Dendte Sh(€) € P(C) Full sebeerepory spannad by shoaves

HTT6.2.27: She(€) & an Oo—to'?os,



1.3 The 00-Cateory of 0 —topoi

Def: X, ¢ so—topoi. A beween X and 4 5 a pair

of adjoint functors %% whre ¥ 1 lft exact.

Define subcategories L Top, RT7op < Coty  as follows :

) The ohiect of LTep and RTop are so—topo

@ A factr 5 X =Y betwon oo—topo ban/s t .L’JBF if and only
if it presencs small wlimits and finite (imits.

@ # Jumtor £: X4 betwen co—topoi belmps to RTep i ard anly
ffe ho & e adiint which 15 Gft exact.

Ren: LTep = RTep”

HTT 6.3.2-4 ,LTOf and R?Ef odmit limits and colimits.

14 Eule marrhrsms of 69— topoi

Pforomim: A eo-tops, e, then

0 Xy is an eo—topes

@ T, Xy — X ha a n’;ht ad',oiqt % which commutes with colimits
Cone,ojwla, ¥ hoy right aal(j»aint Moo Ky — T, od (1% 7%) gies

rice. a 3epmetn'c "IOYFl"iSM ) Do~f0fof_



Dej‘: Suclq g.eorntrfc mo"r""mS are Cﬂ/(ﬂJ

HTTG.S.S,IB; Le/t RTof&c k%r& SFanNJ 193, all M—fbfo; MJ é.‘tall
%@MVVC Morrhfsons. Then R%rét AIIMI"LS Smal( w&'mits, je. We can
9&”_ oo_‘toroi Alon7 étaL a[7€n subsets.

2 Strctwed sheaves

2| Sheaves with wl[lm in a o9— ui‘egory,

Rem/(: @oal: ?emw(ize. i“[’lo. notion Oj‘ C"U\@ H’ngeﬁl SPM?- to t‘u ievitm!
Setﬁ'ng.

D@j’: ﬁ m’bih'a? M—(afeamg. X bo-\‘oros. A on X ig

a functor XV — € vhid preserves small  Limits.

Denote Shvc(?f) C Fun (X, €)

De'f: T bo - ("'fe(?"’? e7u4lnoeot w(tk a Groﬁmliulc U°f°(03-3- f ao—cafem

A faetr O: TFT—C s o m T if for every
object X € T and  euery Cowving siee T c T the Comprsite
mef (73)" € (Th)* — 7 2L e

5 a Oolimi't o&'aarm (n fer.
Dencte Sth(T) < fun (T t)

EXMT»(:: Shv (7’) L Sbvs (77



Proposition: T~ 40 above. j: T— P(T) Yoreda embedding
L. P(ﬁ""glftv(ﬁ (,a;ﬂ an'ofn'!' to the imlw"on

t arbﬂ'm? oo—(_ai'ervy almitﬁﬂ} Sma’l L{m:‘t;.
Thm He Lov“faﬂtl'on with L°} induncs an eiw‘.v a-f 00— cateéwn'y_s
SL.VC( Shv(T) —— Shy (7).

2.2 Geowetries

Dej'.- G w-Ca‘!’e.gmy, an on 9 Consists aJL tl‘u. fal[owm?

Aa‘(’a:
M A 9ulomte507 §“"lc Q Sranrml ‘”J all the oL}ects, and

Sa,h'sfgl'r? the Jco”owina, con ditions ;
(J.) Pul“:ac)& 0](' aAMI'SGfL(Q mWFhism a(way; MCiStS, aml (s adp,(:n aél-MissiuQ

W ) v admissi admissi
X/-TS}'Z g, b admicsibe = f admissille

(1) Rcfmtf o']' Mlmicsi“o_ morrln‘sm s aJmu’ssiL(a.,
@) A Gwthendieck Tbr«ea(m om G, whichis ?enmte/ by odmissilly mwfinsms
(n M‘fb“ouﬂ'wa, sl &My Oo\/elﬁna, Siene g/(;() C g/)( contaans & (,owfr?

sive which s Znnmtei "H & collection of admissille morrL;m fU— XY



De‘j‘ : A Consists aj‘ the fn([owfng AM:Q_.
© A vo—Category G which adwmits finite Limbts and is idempotent oo»-f[we.
(d An AimiSSiLiU? structwe on g. .



