
 

Def e presentable n cat Forevery derivation y A N in e form

a pullback diagram An A in the o category MT e

1 In
o M

A morphism f I A in e is a square zero extension if 3 a derivation

y A Mine and an equivalence I Ah in the n cat Eta

Wesay that F is a square zero
extension of A by MC D

Rem By HTT4.3.19 the above pullbackdiagram in Mtle is equivalent

to the following pullback diagram in e

An A

1 1dg

A DT Atom
where ATOM denotes the image of M under the functor rt Sp Ga e

do is the section associated to the 0 derivation

The main source of square zero extensions in the setting of Eco rings
is n small extensions

Jef For n 0 a morphism f A B in CALg is an n small extension if
A E CAIg fiblH E CAIgen zng and the multiplication map

fib t to fiblt fib t is nullhomotopic

Denote Funnsun O CAIg C Fun O CAly



An object A y La MID C Der CAIg is n small if A is connect

and M E SpEn2nd
Denote Dern.sn c Der CAIg

Theorem The functor 0L DerCCAlg Funk CAIg
A y La MID l An A

induces foreach n 30 an equivalence of a cats

Dernsm Fann sm d Alg

Corollary 1 Every n smallextension in Alg is a square zero extension

2 Forany AE CAIg every map in the Postnikov tower

Tsz A TszA EeA TeoA

is a square zero extension

Application Given A B ECAIg we can understand MapoGIA B as

linn MapcaiglA tenB

For n o we have Mapealgl A TenB e Hom ToA ToB

For n 0 we have a pullback square

ten B Ten B

Eet
B Ten B 4ThB En113

This reduces us to the study of Map gLA TemB and the linear problem



ofderivations from A to B Ent which is controlled by the cotangent complex

2 Deformation theory of Eco rings

Def Let A be an Ex ring A a square zero extensionof A by an A modu

M B E CAlga Then a deformation of B to F is a pair 15 a
where

BT c Alga and a is an equivalence I A e B in CAlga

µgspecB
Spect

SpecA

Rem If A M are connective then BT is flat over It ifand only if B is

flatover A

Droof let us show that for every discrete A module N

B N is discrete Let I ker tok toA we have a short exact seq

O IN N NI IN 0 Modules over to F

So it's enough to show that I IN and Be MEN are discrete

Let Der Der CAIg the co cat of derivations in CAIg

Tefine a subcategory Dert C Der as follows

i objects derivations g A MED where both A and M are connective

morphism f Cy A Mlb y B NE'D it B M N



Proposition A connective Eco ring M connective A module y A MED

a derivation Then we have an equivalence of co categories

Deri Cayman

9 B NCD 137 fibly

Idea Giving a deformation B of B over F is equivalent to providing a

factorization of MB B La B MID

as a composition B LA LB BoaMED

and the corresponding extension is given by 15 139

In particular B admits a deformation over IT if and only if the composite

map 431AE D B LA MI B
a
MCD vanishes

2.3 Connectivity of the cotangentcomplex

Theorem f A Bmap of connective Eco rings If cofib t is n connect

for n 0 then there is a canonical 2h7 connective map of B modules

Ef B cofib t 431A

Construction of themap Et We have y 43 431A map of B modules

137 the associated Square zero extension of B by LBIAL D

Since the restriction of y to La is nullhomotopic the map f factors as

a composition At Bn B



So we obtain a map of A modules cofib It cofiblf hence a mapof
B modules Ef B EQ cofibltt cofib.lt Lpga

Corollary 1 f A B map of connective Eco rings If cofiblt is

n connective for n 0 then the relative cotangent complex 431A is

n connective The converse holds provided that f induces an isomorphism
toA ToB

Hoof fiber sequence of B modules

Fib Et Boa cotibH 431A

Corollary2 A connective Eco ring Then the absolute cotangent complex

LA is connective

Hoof Apply Cor 1 to
the unit map S A in the case n o

Corollary 2 f A B map of connective Eco rings Then the relative

cotangent complex 431A is connective

Corollary 3 f A B map of connective Eco rings Then

f is an equivalence c f
t induces an isomorphism toA E ToB

the relative cotangentcomplex 431A 0

Corollary 4 f A B map of connective Ecorings s.to cofib t is

n connective for n o Then the induced map Lf La LB has



n connective cofiber In particular the canonical map ToLa toLaoA

is an isomorphism

Corollary 5 f A B map of connective Ecorings s.to cofib t is

n connective for n 0 Then there exists a canonical 2h D connective

map of A module cofib t 431A

Proposition f A B map of connective Eco rings Then to431A ER Bao

as toB modules

Proof By fiber sequence for LBIA and short exact sequence RtoBitoA

Lemma A discrete Eco ring to LA RA as discrete A modules

We show that to LA and Ra corepresent the same functor on the category

of discrete A
modules let M be a discrete A module we have

Mapmod
Tota M Mapmodal La M Map

g a
A A M

MappingA A A M

2.4 Finiteness of the cotangent complex
Theorem A connective Eco ring B connective Eco algebra over A

If B is locally of finite presentation over A then 431A is perfect

as B module

The converse holds provided that IOB is finitely presented over toA



2 If B is almost of finite presentation over A then 431A is almostperfe

as B module

The converse holds provided that IOB is finitely presented over toA

3 Etoile morphisms

Tef A map 10 A B of Eas rings is e'tale if toA toB is e'tale

and B is flat as A module

Theorem A Eco ring Every estate map of discrete commutative ring

toA to B can be lifted essentially unique to a estate map

40 A B of Eas rings

Corollary The relative cotangent complex of an estate morphism ofEco ring
vanishes

DAG VII 8.9 A B map of connective Eco rings sit 431A vanishes

1 FAE

1 TioB is finitely presented over toA

B is finitely presented over A

B is almost finitely presented over A

4 A B is estate


