De]c; "C Pmsentalal.( - at . Fov’ euer? aleri\/nﬁm, 7; A—M in 'C,) form
& pullback Jiaamm Al — A in the co- categony, WT(T).

I

0O /™™ M
A Tnnrrlﬁsm ’j: (A —A inCT 05 a 71' 3 a devivation
vl; A—=Min € and an ealwiv«[enw_ A a Al in the vo-cat fj/A-

We,éaa that :?\' 5 & $7mare-zero extension a"’ A ba MC-'IJ,

Rem: ) Hhe above, Pu”baclc )iaﬂmm in MT(C) s eiu&ualm't
b the fo”owing PU\ULML aliagmm m C
A

) L4

A 7, ASM
w\«m. ABM Jenofu {'1'\! \'muge 01 M (mlar Hu quttor ﬂ.ao; QF(C/A)—"C
Ao 13 the section Nsoa'a\teA to 1‘141 D devivation.

The main Source of Square-zero extensions in the sething af E..- rings

(s N-sma Il extensions.

Dej’: For n20, & morfllism j‘:A—’B " (,Al& 5 an ,‘]L
A € CN%M, j‘f'o“’) € CA[?[", 2n anA Hu Mvtl’ci[)limh'm rm.lp

’ﬁb (’[‘) ;‘;‘) )‘TLU) _— f‘l’“‘l‘) s nul“«om«»tofrc.
Dente  Fun,_, (4!, (Ay) < Fm (&', CAG)



Ah OL;CC\T (A, 7vLA’_>M£l}) € DQY(CA{}) 13 ff A' s Connechie.
and M € SPE"-?—”J'
Denove. Der < Der (CAlL).
Theorem: The ]Lmnofov ¢ . DerC(.Alj) —s ﬁAn{A‘,(_A(a)
(A, 1: L= M) — (AT— A)

fmAMM ffor eacl« n>/0, an e?u,i,va(wa. a{" Po— cats

Der

n-sm

—2’__? HA"VI-SM (Al) CA(Q') .

Com”ara; ) EUQ«Y? n~mal| extension i C,Prlg, 5 a 51mare—2eﬂ extemgion,
2) for ang AECAl”, overy map in the
- — T A — T, A — LA — T A

s o 51uam—2ero exctenoion

Aw&caﬁon: Given A,B € (N cn} We n umlerstnml. M‘f(ﬁla.(A'B) a
(‘;‘" M‘PWJ(A, Ten B),
For n=0, we blm/% MafCN}( A, Q..B) < Hom(WoA. 7F°B).

For n>0,  We kavz [N Ful”paclc Salu,m’e
_ngB — l—sn.,B
Temb ——— Ty B O (. 8) Cnul
This ruluuo w 1 the S‘I'MJU, o‘[‘ M“PCAI&(A: Tem B) aﬂd the '(va\r frolalun.



of derivations from A to (5,8)Lm1), whicth & controllid by the cotangent comphx

2.2 Dej:t)rmaﬁon fl'leov? Oj' Eom r[nf

Dc]": Let A be an Eoe —r\'f\g,, 7—( a squarc—Zero extension of A ba. an A-module
M, BGCNJA- Thon o aj‘Bb Av(safair (év,o!)wlwz
ge-(:/\(gﬂ an,[ A R an e7u&valena. é’%ﬁ LB ia CA{}A-

SFcc B

%9})«,‘5

— 9pec A

Ppec A
Rem: Ij’ A;M are. Connettive, 1'l'uu4 er 'S f‘(h'l' ovey /X if aml on% c’JL Brs

‘wa owr A.
Proqt: >/ & btw show  that 7‘-w every discete  A-module IV,

~

BoN i disete. st T:= kor (713%_’7'%)) we hae a shot exact g
A

O—QIN-—’N—’N/IN-—PD Modules over A .
% ('t’s eV)ov\alﬂ to Qllow 'I‘l'm't AB, Q IN OMA g? N/[/V are JISCVB".'Q.
A A

et Der:= Der(CNa), the oo—(at o]c derivations ia CA'(a

Dej'im. a Smbw\‘l‘ea—ary, Der+c Der o f‘bllows:
(i) Obd'cc‘ts: olerl'\/a’((ons 7; A— M[1] whare both A A'IA M are comnective.

@ mofrhism; £ (A= M) — (y':B—N) st BOM s /.



ProFbsih'M: A conmective Ew—w'na., M Connective A-mo)ub, 7;A—>M[l]

a Aeﬂwﬁ}m_ W We l’lm/Q an CTu,iva[enu ,]L b (af‘eaon'ea
+

De,r7/ — CN}A‘T
(18 ->n01) — 87~ biy)

rv

Ldoa - éiving, a Acfvrmtn'an § o]( B oer A 5 alu,i,w\lemt' to Frovflivg a
'factorizah’on o’]‘ 45: B QA)LA — B?M[l]
et n'

0o o OOMfosuhon B?LA —— LB __,B?M[;]

mwl the CpYVesFonJin} extemwoion s ?h/m b} B/_—: B'II_

In Fart'iw.lw‘, B aa{mits A Jefarmaﬁon ovey R’ ()" anJ on% z'f' H‘u tnmibs.'fe.
map LB/A[-G — BBL, s, B ® MLIT vanishes.

A A

2.3 Connect'ivita OT i"fw. Co'tuma,evdr c,omf(a/x

T’heorem; ‘f‘ : A —B mwf o{- connec tive Ew—rina,s. IJL Coj'(LH') 1S N~Connective

'j"or nz0 tha thwe 15 a canoniul  (21) — connective maf oj' B-meduls
¢ B @ ofib(f) — Lga.

Construction o the map €4 We have v:Llg — Lem map of B- modules

N 81 the msouated $7MV€—20’0 exteraion of B by LgmC-11.

Stae Hu restriction 0]" 1 te LA is vml“'lmﬂoﬁ’f"ﬁ, the m.r j" j‘uctOrJ as

a Comfasfﬁon A L B" _i'h—>5



Sowe obtain & map of A-modubs cofrh () — csfil(£), hene a muo of
B-moduls €. B ® ofib() —s ofib($") = Lg,

Corollary 1: f: A —B vwp of comnective Eucrings. If cofrbld] 7
N—Cohnective {wr nzo, then the relotive Oowg.om’c oamrlm LB/A fs
N—Connective, [he Convers hous PVo vidad that f- induces an f$omorr11fsm
A — T.B.

PrOO’f: ‘I‘(Lef Setlumuz 01' B*MUAMIM
j‘ila(ff) — B? wfib(t) — Lga
CoroUur\(} 2- A comective E- rieg . Then the abgolute cofnngent m,..fba

La 15 conmective-

Pfoc’fi Aﬂ,l% (or { t the wmt mnf S— A i thh v n=0,
Coro“ar; 27 j':A—>B mﬂf fr)“ Connective E,,—n”nax. Thn the relww_
C,o'(:Mg,w(r Lonvr(lo( LB/A is lonnective

COW”“? 3. JL: A—B maf 01- connectie. oo rivgs. [

f induwes am l'somorrlrism T,A = T8,

f s an eﬁw‘.\/«(wm = (
the relative Cotesent onplox Lgjy 0

Coro”ary 4. j—; A —B maf a‘[‘ lonnective Ew——m‘njs ¢t ao]":'laU') s
n"CO'ﬂVlﬁLﬁ‘/e— fbl’ n>o0. Tl'lm 'l’l"l l'VIAMllA maf L]f- LA—> LB hM



n— Connective ad[-ibel’. I Farl'iw.lar, 1’1‘\1 Canoniu\ "'“f 712,1,«\ — m,Lm,A

5 an (Somorrhism,
(;oro“ary, S: j‘: A —B maf Vf‘ lonnective Ew-n‘nés st w]%(f) fs
n—ConneLtive for n20. [l thue exists a canonicql (Zn—i)-wnnecﬁw/a

map of A- moduls wfib(f) — Lg/a -

Pfaros{ffon: ’f: A —8 maf cfj‘ Connective E,,—-rina_s. Then TGLB/A &QI,B/LA
(% mB‘mOJubo.
Proof: By fiber o e for Lesa, ond chort  exact uane Qr5/mA,

> Lomma: A discete B-ring, T Lp > 0p s0 disuete A-madulas,

We show thet T La ond 1y (,orelp;ewﬂ- the  same ]Cum,tor on the @tegory
o'f discrete A= modules - {ut M be a dissete A-module, we hwe

Wy, (B M) = Mgy (La, M) = Mg (4, AoM)
> M“f'Kfngf/A (A, ABM).
24 Finitenys of the cotnrgont comflm
Theorem: A Connective Ex—-rfna, B connective Eom a(jp,bm over A
DI B s (pu’% of finite presentation oer A, thun Lgjq 5 perfet
0 B-moduls.
The comverse holds Prbviéhﬂl thet T,B s ]‘:fn?te(/g prwntel ower TA.



2) [j' B is Al”lost t‘f ﬁnfte fmSChth""O" over A, tun LB/A is alMos'l' rzvj‘ed‘
0» B-moduls.
The converse l\vdﬁ P)’thithﬂl that B s ]Lfrﬁtebg Fresmtel ower TA.

3. Etale morfhn‘smﬁ
De’J". A map ?5¢ A —B o‘f E,r*’f"gs s ,-)(; MA — T,B & étale
ad B s ﬁa'l'no A - module.

Tlaorem : A Eo- rr'ng_ Eue»y, N map of disorte  commutative rings
HA — ©B (an be b’j'twl (esscnﬁa“y m?w.) to & étalz maf

¢; A —B 0‘]( E..- "’“’75-
Coronarv: The Yelah'x/e Cofw\den'l.‘ cornrlm d— An étall marf})iSm af Eo."rv'nis

Vomiskm.

DAG VIL.§4: A —B map of connective Eurrirgs st Ly vamishy,
TFAE: (0 T,B s ‘]"l“nite‘a vammi over TLA

@ B i finitly pristd owr A

B B 0 almot finitdy pessted over A

@ A—B o el



