
 

IV Cotangent complexes

1 The cotangent complex formalism

Goal derive Kiihler differentials

Recall A commutative ring M A module

A derivation from A to M is a map d A M satisfying

duty doc t dy dexy x dy ydoc

Let Der A M be the abelian group of derivations from A to M

Fix A the functor Mrs DerLA M is co represented by an

A module AA called the A module of absolute Kahler differentials

Explicitly Ra free module generated by the symbols doc
ea

relations dlxtyl dxtdy.dcxyl xdyydx.scY EA

Reformulation

Let B ATOM equipped with the ring structure given by
a m d m aa am ta m

called a trivial square zero extension

Then DerLA M sections of the projection map A toM A

Let Ring commutative rings

Ring A M A is a commutative ring M is an A module



Mor f f CA M B N

f A B ringmorphism f M N map of A modules

G Ring Ring A M to A M trivial square zero extension

G admits a left adjoint F Ars CA RA

Steps for generalizing the above construction to derivedgeometry

1 Generalize trivial square zero extension

2 Generalize Ring to C for any presentable a category C

K Te called the tangent bundle to E

3 Define the cotangent complex functor L E Te via adjunction

4 Define derivation via the tangent correspondence to E

1.1 Trivial square zero extension

Goal Given A E ring NE Moda construct the trivial square zero

extension A M We want a functorial construction ie a trivial

square zero extension functor

G Moda CAlgia

Construction Let X be an object of Sp Catgut
Then the 0th space X is a pointed object of CAlgIA ie an Eco r

B which fits into a commutative diagram



B

y to
Aid A

Note that thefiber of f inherits the structure of an A module

in functor F Sp calgia Moda

HA73.4.14 F is an equivalence of co categories

Define the trivial square zero extension functor G to be the compositio

Moda 4 Sp CAlgia Es CAlyIA
Jenote A M G M

1A7 3.4.15 Forgetting the algebra structure ATOM is canonically identifie

with the coproduct of A and M

1A7 3.4.17 Themultiplication on IT ATOM is given on homogeneous

elements by the formula a m a m aa am't G
tillMam

In particular if A andM are discrete then Atom is identified with

the classical trivial square zero extension

1.2 Stable envelopes and tangent bundles

Idea make the above construction in families ie fiberwise stabilizatio

Let's first give a characterization of the stabilization Sp e



Def e presentable category A stable envelope of e is a functor

u C E s t

H E is a presentable stable co category

Cil U admits a left adjoint
iii Vpresentable stable co category E composition with u induces anequi

RFun E E Rfun E e of co cats

functors which are right adjoints

Example RE Sp e E exhibits Spce as a stable envelope

of e
Def A functor p X S of o categories is a presentable fibration

if it is both Cartesian and cocartesian and every fiber Xs Xg s

is a presentable co category

Def A stable envelope of a presentable fibration p E D is

a functor u E E sit

i poll is a presentable fibration

H u carries pou cartesian morphisms of e to p Cartesian morphis

of e
Ciiit H D ED the induced map Ep Ep is a stable envelopeofCp

Jef E presentable co category A tangent bundle to E is a functor

Te Fun o e



which exhibits Te as the stable envelope of the presentable fibration

Fan o e Fun Il C e e

Idea Objects of Te are pairs A M where A E e MEspKia

For E CAIg M E Sp Calgia I Moda

The functor Te Fun O e sends A M to the projection

A M A

Explicit construction of tangent bundle Te

Exc Satin e Fun o e

X Satin E te X 5 XM

Def E presentable co category The absolute cotangent complex functor

L E Te is a left adjoint to the composition

Te Fun o e Fun o's e e e

G
Rem relative adjunction Te Fun O e

Rem For A EE the object LA E Sp Ela e Te a corresponds to the

imageof idaCGA under the suspension spectrum functor Ei Cia Spk



1.3 The relative cotangent complex

E presentable co category A E e absolute cotangent complex

La CSp Ela
Goal define a relative cotangent complex 431A associated to a morphism

f A B in e

Idea Recall that for Kahler differentials wehave an exact sequence

D a aB RB RBA O for a homomorphism ofring
Sowe want to define 431A via some cofiber sequence

Def e presentable n category p Te e tangent bundle

A relative cofiber sequence in Te is a pushout square
in Te

X y

b t
Sp Clp Is o z

sit each column lies in a fiber of p

Let E C Fun t Te x Fun e

Fun III e

spanned by relative cofiber sequences

The relative cotangent complex functor is the composition



Fun d e Fun d Te t E
p Te

make relative take lowerright corner
cofiber sequence

T A B Lpga C Te B plea

2em By definition we have a relative cofiber sequence in Te
La LB

t
LBIA

HTT431.9
arms Cofiber sequence fi La LB 431A in E Besple

where ft Sp CIA Sp GB denotes the functor induced by thecocartesian

fibration p

Example For f A B A an initial object of E we have

43 Is 431A c Sp GB

For f A B an equivalence we have LBIA 0 Esp GB

Droposition e presentable n category Te tangent bundle

A I commutative diagram in E

pushout diagram
431A LUA in Te also a relative

I f cofibersequence

02 LB1B Lc1B



a fiber sequence fi LBla Laa Laps in Sp Ecc

Droposition Given a pushout diagram A B in E

t It
A B

we have an equivalence f LB1A Io LB1A i e 431A LB1A B a

p coCartesian morphism in Te

2 Deformation theory

2 1 Square zero extensions

Recall R commutative ring A square zero extension of R is a comm

ring IT with a surjection of I R s t her 05 0 In this

case M Ker01 inherits an R module structure

Jef e presentable w category L E Te a cotangent complexfuncto

unstraightening cocartesian fibration
MTyle

e Te
v t
LY o I

We call MT e the tangent correspondence to e

It has a projection map p MT e d x e

Def A derivation in E is a morphism y A M in MT E where



AE e M E Te A By the weartesian property it can also be

identified with a map d La M in the fiber Te A
Let Der e be the co categoryof derivations in e

Def E presentable is category For every derivation y A Mine

form a pullback diagram AI
A in the co cat MTle
in

O M

A morphism f A in E is a square zero extension if there exists
a derivation y A M in E and an equiv An Ah in Cia

We also call IT a square zero extension of A by ME D


