LV. (otangent comf)(ozxu

. The cotangent complux Jorma lism

Goal. derive Kahler differentials

Recall: A commutative ving, M A-moduls

A fom A o M is a map od: A—M satisfying
d (x+y) = dx +J} d(xy) = xﬁ\j + ¥ dx

Let Qer (A,M) be the abelian growp of lerivations fom A 1 M.

Fix A, th functor M +— Der (A, M) s carerrew.teo( by an

A-module (La , called the A-module of

EXF(A'CH‘LJ, 'O‘A = ’ffﬂ!- Wloolulﬂ- 30&”’0&.@1 l’3 the 5vmb°tS {o(x}xéA

/Ye(ah'ons 4 (2ty) =A:L+J‘;, A(xy) = Jufy + a{o‘:c,

LY €A,
RC’S‘Ofm ula’n’on;

Let B= A@M, cllwilopezl with the rfna, structwe 34\/@1 loy,

(a,m) (o, m) = (ad, am'+a'm)

Ca”ul a
_n'w”' DQY (A:M) = Se( tions oj {"l’lﬂ. Pma'ec,ﬁan maf AOM—A.

Le{: R:‘ng‘—‘-‘ {Comwxhxﬁve n"ngs}

R«‘nﬁ_" = f (A, M)l A s & commuiative g, M s an A-module



Mor: (§,1): (A.M) — (B N)
1: A—8 ring marrhim . M—N map of A- mohules
G: Ring" — Ring  (A,M) — AOM trivial Square-zero exctension.
G admits a (eft ai(}o.'nf F: A (A Q).
Steps for generalizing. the above  construction to derived geomtry
) Generalize trivial square -26/0 oxtention
2) Generalize an3+ & € fr any prsertable so-category C
£ Te alled dhe
Y Defing the L: ©— T, vin adjunction
4) Define derivation via the o C.

(1 Thivial uate -2e/0 extenyion
Goal: Given A E,o-—rfna, M€ Moy, comstrut the tvivial 5q ore- zem
oxtomsion. AOM.  We want a Junctorial constction , ie. a trivial
S quare -3¢0 extenpion funtor

G: Mo, — CAay .
Construction: Let X be an aL(}ect of SF (CAIWA),

Thn the th_,§fau, QM(X) 5 a pofnfd{ OLJ{C'L' o’(‘ CAI@./A, je. an E«‘"?
B wl'u‘cln f{ts fnte o Commutative J.Lo?mm,



B
A/-i} A

Noke that the fiber of f inhwite the strucrare of at A-modul
s fudor ' Gp (CAlg/n) —= Mod,
HA?23.404. F' i an equimbons of oo categories
Define the G t b th Compsition

Moy =5 5 () <. (g
Dente  AOM := &(M).

HA7.24.15 . Fargett{ng the algebm structwe, AOM & canonicaug iolenﬂf-'d
Wﬁ’k -(-lu Corroaluc!: 01' A anol M.

HA7.34.17: The WIml,fif)'imh‘an on Ty (A oM) g,it/ul on }loma eneouns
E(me’cs l')a, T'lfuL if(;rmu[ou (a)m) (a',m') :(Ga', czm'-:- (—l)’dt/lm,a'm)’
I’\ qu‘ﬁmlw", rj‘ A ano( M are Ali.scv’e‘l’e, thww AOM Is iolenhffeJ with

Hm c[aos(ml ’m'le saluarg-wa oxtenson

1.2 Gable eVWe,(ores and 'baltgeni- bund les
Tdea: anlﬁe. the aloow onstraction  (n ]ani(/.'dl, 1L, f?LemA‘se stabilization



De‘f: € PR’AMWLL 00— Ca'teg,ora. A 07( C S a :fum‘tor

u: ¢ — T st
() 'Cr 5 a Fresenfaul. stable w—cai'eaora.

@ u admits a I,Uff aﬁ}oint'
U"U V?fcsen'l'a.lflL 51‘0\“( so-—CaTea»'} 6 , Comf’O.Sf‘b“on M(‘L Uu r’m(uM ame{w.'v
RFun (€, T) — RFun(£,C) o o cate

Bmmfll: .Qg SF(C) —> C f/xh{lorh Sf(C) ay o stable emudofe
F C.
Dcf' : A fum‘t'br r-. X —"’5 o‘f 20— ca.'l'ca,on’m is a

if i s both  cavtesian aMA tocarteyion | and WU? JL’lLQI X5=X§ {5}
is & Pmsen’coﬂg oo-cad'égo'y,

DCT JA\ o‘]c o FfeQMfauﬂ. *filara,tfan P; C — D s
A ’I‘Mm'tor u:C —C st
(i) FO(A [s & pmScntala(t 'f(]?mﬁon,
() u carries (Pom)'CMtesian marrhmes oj 'C’ 1o F»cart‘m'an Morflvius
Y Juced '
(i) VD €ED, the in QY PN '
(nduce maf fp CD 15 Q s‘mﬂz OVIVQZO{Q o}L CD
De‘f': f Fmenfuut 89— Cau‘feg,ory_ A te 6 (s & ffzmator
TC — Fw\(A', t)



which exhibits Te o the stable emve[o,e ”)L Hhe frcmthL fibration
Fun (A, C) — R (§1,T0) = €
IJ-UL: Olaaect a’f' -Té are Fa,irs (A)M)’ wlu,e AGC;MGSF(C/A).
for C=CAlg, Me SF(CNQ/A) % Mody, .
TI'\L ']L“”Uh’f -T-C —> F(/m(A') C) S&MAG (A,M) v the ’Vm}cch'on
Ao — A .
E)(Pl,(c{’c Construction OT .’can?ani Iywww TC .
EXC( :m, 'C) — F‘M(A’»C)
(X. 8f"5T) — (XY —X)
OZ‘I': C Pre5€n[‘a]rlz 80~ cafeaora,, The
’_: t ~7TC s @ (.a:?‘f a&d'mfnt— to the Comfbsfh}’r\
_IE — R\V\(A', t) —s th[fo_ly, C) ~ C

Rem: relative aA}umcﬁon TC L F}M(A’, C}

C
Rem: For A€C, tha olject La e S (Cm) 2 Te), c»msfbnals o the
[maae_ of '”(A GC/A under Hu Swfwfan 5Fectmm ']‘umtvr 2’_:’ f/A—’S;’/f/A),



(2 The relative Cotmngont comr(m
C {)rt;entablz bo— co:kea_gn} , A e C - Alo§olwte Co‘cumgewt Oom.r(m
La € SP(C/A).
(ol A(ﬁm Afe(akfl/e Cof:amgewl' éomf[m LB/A aasociated o a mm’fhr’sm
'f; A—96 (n C

Idu; Rc(;a“ th'l' 'for KEMM‘ Jlﬁm{-tals, we}\we an oot 5e?uena

Q,\%B - Q@ — -QB/A — 0 'for o ‘\OMOMDthl'Jm nfn'njs.
Sowe vant to ale]c:m. LB[A Via Soma Co][il?er Se?umcz.

De{‘: 6 ffCSMtﬂLL 00-Ca‘('egory, ) f: TC_ —C 't'nnaehi- bum“o.
A (n —'Z: IS a Pusl)out‘: 57u\m’e ca TC

st. each colum lies in & f.’lger aj' P-

let € CRn(I Te) x  Bu(—=, 0
Fu (120, C)
S?anmA La rc{atfde cp](zLer £eclwzncw.
The is the Lomfosff"'ﬂ



Fan(2,€) = (8. Te) — £ — T,

(‘f": A—B) H - LBA e(TC)B ﬁ'S)D(C‘/B)
Rem; B” Aefr'niﬁan, hWe I‘IAVQ A r‘elaﬁ(/e Co’fILcr seiu_u,,m_ n —TC
La — Le
} |
o — lLgp

TT43..
HTT43.1.9 60]%” sequanc f Ly, — g — Lep in (E)B&SP(CB)

WL\WQ 'f-l': S{)(C/A) —> SF(C/B) Aenot’cs -t-l/m ’]C‘Mﬂdbf l’nd(mA Ly Tl'u Colaytesian
'][rlmh“m p.

E‘Mmf[t; . EW ,f._A \;‘BJ A an ;’nih’nl oLJed- rrf C, We Aaue
lg =5 Lew € $(C).

° For ,}L: A28 an e?Mivalena, we have LB/A =0 égf’(f/B).

Pfo})osiﬁan; '6 Presen’mb(o. oo—cwl'e&ora , TC 'l:ar\?en{' bundle

B
A/ \‘,(_ Commututive A,L'aﬂmm in t

= I?w;l] ont Aiag ram LB/A - LC/A (n TC ( Also & relaﬁ\/e.
L l Cofiber sequma.)
0= LB/B — L



= CO]LI.’?(F 5e7wch ‘h LB/A - LC/A e LC/B in SF(C/C)‘

Prbfosi'ffom Given o Pushout Amamm A—8B in T,

|

A —8
We [‘We, &n E’?uivale"a ’I’: LB/A -"’—:LB-/A: e, LBA —> LB'/A' 5 &

p- CoCartesion wwrrl'lfsm in TC-

2. Deformation theory.

2.] éalm_zcm erctemal ons

Recall: R commutative ring A of R is a comm
r‘fng T with o Surjection ¢. KR —=R st (Le/c})"-eo, T, this

Cont M = lieVCf’ fnl'lerc'ts an R—Moo(ulL structure.
Dc‘f: C PfeScn‘tAML 00— CafCJo,y, L: C — TE a c,otmg,enf con)plm ‘f\/mcfon

. L
w CoCartesian ff'bm:tion MT(C) = i C L TCk
) x
A = {o— 1)

We wll MT(T) the L.
I+ hM & })Yoéecn’om mar p: Mm(€) — A] xC

Def; A in C s a Morfytll'm 7: A’—’M (n MT(t) wl\ﬂﬁe



AGC, W e (Tt)/\ 83. TLUL totartesian FroFfv‘t'a, T (an a’so be
t’alemﬁfiefl with maf A: LA — M ;. Hu »/-.'ber (TC)A
Le-\; Dar(c) Le, the 60— Cotfzg&ry_ OT der«'va.h'oms tn C

De,{-.'. ’e_ Pres.ent'au.o__ w—(amgov?. Far Cl/@% Aeriuah"m flA""M (n CJ

’form a quLack aliaﬁﬂln Af—”" /? fa thy - cat MT(ﬁ) .
(

0— M

A morf‘!fsm ’f: A/—PA In f s a l‘f TM enoss

& derivation VlA——’M in C ad an QTMV ) '-\'—Aq in t/A.
V\Jo, AISO ca{[ Z\V a scluarc-zerv oxtengion oj‘ A lg mCE-1].



