HA7.2.11%: R E -ring, MERModg, N €lMode. Ther exists a
SP“‘”L quence {Erp'%, Ar}y% with €,-page s 7&»:”'2(7&“, TN)g
whidy converges to Tory (MEN)

Applications of the GFe,ctYal sequince:

) Tf R, M,N are al( discrete, then T (MBN) =~ Tom (M),
2) I‘f- R-M, N ore all tonnective, thon Mgf\] 5 conmmective and

T (Mmev) -~ mMgﬂmN.

Flat and Pro}e,ctwa, mOAw(M OVer A4 Connective E‘—n'ng,

Oef‘-. R E—w’ng. A (e:f(: R-moolul.c M s |'f it 15 etlm'\mlw'\' to &
C,OPYoaluct of (,OPI"ZA 01’ R A ﬁ’u, '-%j"t MOAML"» M 55
ij' it s & 'ﬁnite, Corroduct aj- c,foFfeA ojL R.

De,f: let T be on M’Cﬂfeﬂorz WLH'CL\ Jmin 3&0#\1}(‘.“2, Yca[lzwﬁons o]L
f'fmT‘A'dal ob;ec‘ts. An oLJuf XeT is ('j‘ the. functor
N\aft(x, '): t — S CQYCFYQM"?—A L} X  commute witlm 3comm
Yeal,{za,tioné.



Def". R Connective E, -h'n?,, A [Cft R—MOA\A[J. (s lj' 1t is a
Pro(}ecﬁve ol;&u’c 01‘ HW, 00— (ﬂi’egorﬂa LMOJ‘;" o’f' Connective l;.ﬁ: RWDJ“{M

Def: 'C M—ca'l"erra, X,Yét, Y (s mumi a aj— X ,‘j- there
existe & 2‘5IMflJJX Azﬂ C cprmromijng o o A}W X
X
Y=Y

HA7.227-6: R comnective E,~ring . P connective left Romodale. Thun
P s pro&u,ﬁ e & P i o retuct f’l‘ a rfmo_ Q~m(,‘[‘,\(_¢_ M

P is prejective ond TGP s finitely genarnted over 7R

V= P s & oomfa(,t PVoje.Lh' ve OL}eL‘t o]" LMoARw

& P o oaretract of a j‘infl'J?, Wteal free. Romoduls M.

Def: R E,~ring, M €LMobg B f M s flr over TR,
Wn €2, m&&mM 25 1T M.

Easy Lonsaguantes:

) R E-ring, T:M—N map of Hat R-modules

Thim + is an enlw:\/' ¢ it induw an fSOMla?]?l'WSWl ™M 2= 7N,

DR comerrive Evivg. A flt bft Romodsl M 5 projective

& LM fs prjeive over T, K.



3) R E,—-Yl'ﬂﬁr) MGRMOAA, N e LMOJR, N j‘(&'—, Vn €Z, w hawe

Tor (mM, Th) — m, (M8 N).

Lazard’s thearem. R connective E~ving, N comeitive left R-module

TFAE: O N s a fi(terel wlimft o‘[‘ ']"Mifz% ﬁmted »fva. modulos
2) N 5 & ‘f{“fel/ecl (p(A'mit a'(‘ Proj.ccﬁw, (l.ft R“MOJMI-M

D N s ﬂod’

f) The functr M — N\% N 7 left t-exoct, (e (T canvien
(RM"JK)QO into 6}9{0.

) Lj— M s disuete, Hn N\%N is discrete.

F Initenes PYOFert(% o‘j‘ rinas and rnoalqbg ( )
Def; P\ E,-rfnj,, A (eﬁ; K"MOAMLL M e I'f R belmlgs to Lmaclgr{-
H/l9. SMauej‘t’ St‘alol.c SuLCﬂ.’t O]L LMOAR wln'cl\ contad ng R aww'. S clo.\d under

retracts .

Smluly we deira RMe” , and perfect vight R-malsle

Tdea: M i Per]"ecf i(f it Can be built from j-[nitc(?, nény (;of{‘ed °]L R

b? ‘f'ormin} S’/h'fts, WMFOM, N’ld vetraets.

Reuall: Crotategory admitting fitered olimits . An object K € € 1 calld
l"l‘ the wnﬂ?fu,wh-ut ‘]Lwﬂtt"f Mar 'C(X’ °) Commutes with f\li'erzj

GoLmr‘l‘S_



ProFos,‘f('on: R E"—ana. An oLJect 0“ LMaJR i's Com[xc,t l"]L' and on% i]l-
M (s Fu"j’ecl:.

60&’: R Connective E, —-r:’w#, M € LMoJE’r, thun

@) TuM=0 for meco
O T t.M=0 fr ol m<k, thun M is fiith preunted aer TR

Profosit‘fom: DMA‘/HI? betwesn l;_,ff and yi;ht modun oy -
R E,—w’na_ Th relative tensor Proolmt ’fumct'or

@; : RMOJK X LMOJK S— Sf
indu s fully faithfu | mbeauinas
B RMOAK —s fun ( LMM{R, Sf,) 5. [.Moolg — Fan (QMMIR, §P)

Gsscwh‘al fmo\ge = ’fmncivrs Frescm'na small w(imits.

PVOF0$|'ffvn: R El"”'ﬂg, Mé LMDJK, W M s fer et [j‘ AnA On% if
e s e b T o ST

to the 'fumctor (pferrew«tei |”3 M. I;\ this Conra , Mm” is a(So Peq‘ed:,

DCT“LUH.' e,@ o — tats. A {mm(tar F: 'C;{fD ._95 5 o
Pf' It sah‘sffu the {'o((owfn} two eiu;.u wnd,jn‘am;

(1) The nduces map f: T —> Fun(D, 5) =P(DF) 5 fully feithiul.
md  thu v)sn,\'n'q\ fmaaz o‘f‘f L‘pfmu'alu with the esson tial z’mg,e; o‘{' the



\(om&c\ ml"M.“g D’f__-; ?( Dor)‘
TP —— F.D = RalC,S)=p(c®) -7 o
LT T ¢ — p(c?).
A Perf‘ec{' Paﬁ'mﬁ;, ~—> O ei(Mfl/ c ond DoF
prvfositi‘owl R E,“}’fna. m bz’fumro/
KMoJ;QVf X LMJZM—?R—; 57 —Q\as
4 a yqrfect' ra,(',ri/l?.
Wﬂw\ina; R tommutative Vloeflw’fm Hﬂg,, M Aiscrete ffn”fe% }umfed
R- molml.t, W M is not 3“\”..“3- perfe(:t,

sz; ’C Com])act‘fa Watei 0— Cat (i.c. Frz&ontaéb. mi u)»accessil[a),
An ol:éent' cet o c’f T C is a bOWfaL'l' oL}m—
‘f TgnC is & wmfact' OLch‘ a(' TenC ~fbr all n>o0

Def- R connective E,*n’n?. A left R-module M vs if
thore exists an integer ko such that M€ (Modg)sy and is alnost
Compact o s sbject f L Meli)s,

Denate. Lt 207 < 1 WAy

PYor-. Me (LMoAaKf‘d-))o) tha M 15 th 3eormtwt fea:ltza.h'on o]LO\.
Su'mpl,{u'al {J:ﬁ R-Moelull; P, whare each P, is ‘fmz_ and j'fm'feﬁ' VW



Rec_a”: An assountive h“n& R s ,'f eveny. j(r'm"relg genst l
‘.Off tdeal 0‘" R & finii'clrj Freqn‘lzi (ar o leﬁ' R- modunle).

DQJL: R E( ‘*fﬂ}. R 15 ("f the ]Lo“om’n? conditions ave Saﬁsj‘ieof:
m R (s wonnective

() R &:f( wherent

W Gr each n=o, 7t,,,{2 fs ‘fl’ﬂl’i’C% meei a) a (ﬂf't mdule o TR
Propas.'tfon; R et whwet E-rm, me LModg. Thaa M s almest

Porfect if‘ ond On%if i) T, M =0 VY m<<o
Q) w,M is fMifeQI pW“*’ﬂl over TR, YmeZ

Prorasih'om: K *&,ﬁ: col'urmk ﬂ_——_‘-y(r? - Thin  t- staactwe on l_l‘/lmlK

>t gtpmctare on LMadSES.

pI'UVo)ih'on_. R Connective E,—'W’";, M Connective (fo ﬂ*mal.u.(v. TFFAE

W M is o retact 01‘ a j‘inifcf? Wk{l {-t/eo_ ﬁ-mol.ul.o.
( In FMﬁle. M is waect)

@ Mt flat ad abmet perfect.

DCJ". R Connective E, «-w'na . A lﬂ»ﬁf R—maﬂldlt M
fs- {‘or wzr? A[scvef-‘e R-moiul.c N , ﬂé(NQRM) Vam‘st‘u for >0,
M s o'l' f‘f it Llaa Tor-amTIA‘fulL Sn ja/ Jome M.



Remark: A connective (L’{'t R-modinle M ha, 7;"‘4"’]’&"'“1”' <0 /f and
aa(a ;T M s ‘I‘(e\i‘.
Prof)osi’rion: R comnettive E‘—ring,, M € L Mody
Assume M a(mosf: Ferj'cct' ) TZ'UA M is Perfut' & M 'jv‘m‘re_
Tor-umplitds-

De:[’: R connective an"”‘."a- F;’ee,:LMoAR—> CN’K
A Connective E\o—alybm over R. We Sa? A s

° ,‘f A %2 Fr& (M) f‘or SomQ ff/ﬁfl{ﬂ» Wd
and ']cr-en_N\ € LMoJ(.

0 if A s a ‘ffm’f& Oo(imit o’f‘ j‘r’nt'fe»‘y W&i
and ﬁ’a. al%claraS-

N t'f A is a comfhd' ola'cd‘ of CA(a.R

° l"j‘ A’ fs an a[most Oomfa.d' oL)u)t' o’f CA?R



