
 

Example the smash product symmetric monoidal structure on Sp
the o category Sp of spectra admits a symmetricmonoidal structure

which is uniquely determined by thefollowingproperties
a The bifunctor Sp XSp Sp preserves small colimits separatedly

in each variable

b The unit object of Sp is the sphere spectrum S

Lurie's construction Consider the Cartesian symmetric monoidal structure

on Pr c eaten spanned by presentable stable co categories and

colimit preserving functors Realize Sp as the unit object of Pr't

3 Algebra in the stable homotopy category

3 1 Rings and modules

sequences of co operads EF EF EE EE
SI SI
Asso Comm Fin

EE A operadof little k cubes

Def An En ring is an En algebra object of Sp Let Algth Alger Sp
Let Atg Atg CAIg Aly's

Def R E ring LModr LModelSp the n catof left R modules



YA7.1.15 R E ring The a cat LModr and RModr are stable

R E ring An c 7L TnR n th homotopy group of the underlyingspectra

Recall adjunction EF S 7 Sp S R we have anR ToMaps SEN R

exact in each variable SEn SEm E S Entm V n.me 2

MapsplsLn R Maps
p
SEMI R MapplsIn SIMI R R Mapspls mm R

bilinearmap In R x TimR TmmR

a graded associative ring structure on a R anR

If R is an Elk ring for k 2 then the multiplication on TAR is graded

commutative ie VacE TinR Y ETmR we have xy C1 mya

In particular TioR is a commutative ring An E 2 Tink is a module over toR

R E ring M left R module The action map R M M

bilinearmaps In R xTimM TintinM

TIAN InM has the structure of a graded leftmodule over it R

Def A spectrum X is connective if tax a O for neo

Spon c Sp full subcat spanned by connective spectra
An En ring is connective if its underlying spectrum is connective

Algar c Alg UHg C CAIg



Notation R E ring LMod c LModr spanned by R modules M with

ModREO
InM o t na o

M N E LModR Ext M N to Mapamdp M NEi3

A71.1.13 R connective E ring

Then LModra LModpfo accessible t structure on LModr

Fo determines an equivalence of the heart LModpf with the abeliancategor

A of left toR modules right t exact functor 0 D A LModr

HAT 1.1.15 If R is discrete ie tiCR o ti O then 0 induces an equiv

of D A with the co cat of right bounded objects of LModr

equiv of co cats D A a LModr

it can be promoted to an equiv of symmetric monoidal co cats

Recognition principles when is a stable co category of the form LModr or RModr

Schwede Shipley theorem E stable co cat Then E is equiv to RModr

for some E ring R if and only if E is presentableand I a compact

object Ceb which generates f in the following sense if Dee is an

object having the property that ExtEk D to for An c 2 then Deo

TAT 1 2.7 E symmetric
monoidal n cat Then E is equiv

to Mod for
some Eco ring R if andonly if the following conditions are satisfied



E is stable andpresentable preserve small colimits

The unit object 1 c E is compact

The object 1 generates E as above

3 2 Explicit models for algebras over discrete commutative rings

Jef R commring A differential graded algebra over R is a graded associativ

algebra A over R equipped with a differential d A Aa satisfying the

following conditions d 2 0

d is a graded derivation i.e we have the Leibniz rule

d lay day t Ct xdy

Morphism 01 A B is a homomorphism of graded Ralgebra
s.to ldxI docx7

Algds R category ofdg algebras over R

A map 10 A Bit of dg algebras is a quasi isomorphism if it induces

a quasi isom of chain complexes over R

HA7.1.46 R Comm ring We have an equiv of co cats

Algdar R quasi isomorphisms
he Algr Alge CLModr

Def A dog algebra A over a comm ring R is a commutative differential

graded algebra alga if t x c Am y cAn we have xy CDm y x



CAlgdR R C Algds R full subcat

HA7 1.4.11 R Comm ringofchar 0 i e R
o Q otherwise we have trouble

withmodel structures foredgas
Wehave an equiv of co cats

CAlgdg R quasi isom I Alger AIG LModrop
I CAlge

disc
A7 1.4.18 R comm ring Alga category of discrete associative R algebras

discAlgspimP category of simplicial objects of Alga Then we have an equivof o ca
AlgspimP homotopy equivofunderlying simplicial sets Algin

A7 1.4.20 R comm ring Algdi category of discrete commutative R algebras
disc

CAlgspimP cat of simplicial objects of CAlge We have a functor

CHgseimel I Calgia

It is an equiv if 120 Oh

3.3 Properties of rings and modules

3 3.1 free resolutions and spectral sequences

Def E presentable co cat S a collection ofobjects of e
A simplicial object X of E is S free if Vn F a coproduct F of

objects of S and a map F Xn in E which induces an equiv
X W F I Xn



nth latching object

consisting of all degenerate simplices

let C E E X a simplicial objectof Ek X is called an S hypercovering

of C if for every object YES corepresenting a functorX E 5 the

simplicial object XCX is a hypercovering in the co topos 51µg

Example R associative ring A category of left R modules 5 1133

M simplicial object
Dold Kan correspondence

murmurs P corresponding chain compler

Then M is S free each Pn is a free left R module

M is an S hypercovering of a left R module M
the associated chain complex Pz p Po M o is exact

4177.2 1.4 9 e presentable w cat S a set of objects of e Then for

every object CE e there exists an S free S hypercovering X OP Go

unique up to simplicial homotopy
WR

Jef R E ring N E LModr N is quasifree if N a REND
a CA

Tor M E RModp N tLModR we can study the homotopy groups of M N

by resolving N by quasi free R modules

P S free 5 hypercovering of N where S Ren n C23

uns spectral sequence with Ez page E I
t
e TorFRiTM I N



which converges to Tlp.iq MEN


