Examf[e: the on Sla;

thy so- cateam& Sf oj- 4Fectm admits a Symmetﬁc monsidal structure,

which is wvinluelj determined. ba the j‘o“owfng, properties :

@ The bij'w:ctor & SP KSF —> Sp presevves small colimits 5e[>am‘ul?
in each variable.

® The wut olo}e(fc of Sf is +the Sfl'ler-e spectrwn S.

Lum’e's construction . Consider the tartesian samm’cﬁb monoivlal structwre

on PrSt - Ca'tw‘ Sfﬂme—’l IV& metabu 51.'&]9(1. oo—ca.‘te&orfes M’lA
C"l'i"‘i't“[”’"&”’i"gr ]tM"CWS- Realize SF as He unit ok}ec’c o P,,St_

5_ Pr(gcl:m in the st'aL[L l’lomo‘\rom Ca’ceanr#
3-| angs aml modu[u

5@1\4:1\(_35 oj- oo-oferwh: E?L—, E;Q — Ef —s - —> ﬁz

) S
o Assa® Comm’ =TFin,,
&, :
Def. An i5 an E[“la‘l’"‘ object of Sp. Let Algw-f AIQE,‘(SF)

Let Alg:= Al?f“) , (A o= Ala“"’).

Dej': R [E, -—Y(na,_ LMOAK‘= LM"JR(SF) H“L 00"0"170‘]‘ lﬁft R-Moiu(&o.



HAZ.LLS: R Eving. The scat [Madg and RModg are stalk.
R E'-—riﬂa_ Vnel, n"nR = n-f"\ l’lOMOt‘b’D? 9)‘0“19 o]L ‘H\L Wlieylﬂin% sfa_hu,'
Reaall adJumtlon f S SF(S) Q> we have TR >m, MafSF(S[n] K)
B exat in eacl\ variably, = Sn1®S[m] ~ S[ntm) VnmeZ.

M‘fs‘,(sm,g) xm'fs,»(S[“]’R) — M»ﬂf(SI"J@SIML ROR) — MafSF(S[vrm], R)

s bili e mep TR x iuR — 1,0, R

Wy A ?mdeal assotative m'né, structwe on W*R = @ TR
n

If R & an E,‘—n'% for k22, ten the mulﬁfl«“uh'on on TR I gralel
commutative, ie. Yx € TR, Y € TR , we have x4 = () ga
Tn Pam'mlur, TR (s a commutative ring. Yne2, R is a module owr TR
R E-rng, M loft R-module  The action meg RoM — M
s bilinear mops TR XM, M —2 Ty M

“ws M := @W».M hM thy structwre d]( a Jmu (J-’ﬁi module over TR,

Def: A spectnum X s T X =0 for n<o,
S e Sp full subcat spanned by conmective specta.
An € -ving. is % its wnderlyim. spectoan 75 comnective.
Ay c Mg, (A C Chlg,



Noto.ﬁow; R E,—-n’n&. LMM'E/OC LMoJK 6}74717!81 b, K—mdull-d M Wn’tk

.M =0 }/n<o

LMed 2°
M &g, Exty (MN) = Mgy, (M, NEED).

HA7.113: R Connective E‘-n'nﬂ,.

Thn (LMod2°, LMalg®) == avcessible t-structtre. on [Modg .

M, Act’efmines an e?uiuv@[eww v]" the hoart LMoAf with the abelian cai’ém
JAQ 01’ lej‘b T(oK"MOAMl’-A. A l"‘\kaht’ t-exact ]Lum'l:vr 0. 'D_(A) ﬁLMOJR_

HAY.Lus: If R lisoete | (e, TRI=0 Yi=0, then O induws an epuiv
o,j, D—(}a() W’-H,\ ‘l"/ll- 00— Cat o]“ n'?hf:' Bvuml.«w[ oLJCtﬁS O]L LMJR
vwaeziwiv oj" po—tats D(A) LMM(R :

AN it Lan L?. PVbMUde to AN e?(MV Gj’ Symmcﬂ’f(a MOWOiolﬂl oo—(ats.

Recagnition prindipls when is a stable co—category of the form Lidg or R, ?
e hwede ~Sh."yle? thworen: C st so—cat. Thy T is czwzu to RModp
for some E,—vina R, i oand on% it € s presentalle and 3 o Compuct
oLJed— CeB which genwrates C in the '](o”om'n} snse: if DeT is an
object haw’vna the property thet Getl (C.0) xo0 for ¥neZ, thn Do

HA7 ]Z7 C S?mmctn‘o Manoialal 00— Cat. T-hu._ ﬁ ‘s gzm',u to Mdgfor
Some E-o‘ VI'I? R "‘I' aM{ on@ i]l' rhe ’)LOHWI'?, conditfons ave Ssh‘sf‘@(,-



M € ¢ stalle and Fr’esentaw-, @Presuve small tolimits

@ The unit OL}af 1€ & Co»\fad:.
(3) Tl’l& OL}u{- 1 g,e)um'to_, f, oD above.
5.2 6<Fltdt moolels fof al?e )om; ovey Ajswete Commutative rfnasz
fo : R Comm V""?. A oer R is a a,raalaot A Socakive,
&lgfjm- Ax tvwer R e»]w.ﬂ)ci with a Afﬂcrwﬁal d: Ay — Acoy QaﬁsJL)'fn} He
jv([owi"a conditions: o d*=0
«Lisa [ﬁraalaal) Jerivatin ie. we have the leibniz vul
JETY =@x)y + (—i)lxl 113.

Mov};k{gm 4); A* —ﬁg,x_ s & homomm'rhism oj’ gm&i R-a%elvm

, 0(d)= d 4(x).
Nl’(ﬂ): Category of dg algebra, sver R st §(d)= d41x)
) gory of dg olgery .

A maf d’: Ax — B a')l olj— al}z}m s & 7uaoi— I'SOnoyrhism .’f— it induies
Q 7uaoi-€som 6]‘ ch(u'r\ (,om'o(m(@ over R.
HAT714.6. R comm rfra_ Mo hae an cim‘u o] eo-aaty :

Aladj (K) [%.umr__rgomwfhﬁms"l X A%R (:= Al?ﬂ:-, (LMan)}

Def: A da-diebra Ay over a comm ving R s a
'”f ViéAm. \6€Am , We have 172(-{)”'"31‘



CAlg”m(R) c /H 7(R) full gubeot.

HAZ.14 1. R comm rfn} af-chw D ie. Ro@

We have an elzm',v rff' oo— (ats:
CAlg,z(K)E%“M' s~ ) o~ CA%;R ( CA'(la‘ (LMO‘JA(Sf)) "’(Alﬁ,R/)

HA7. 1416, R comm m(} Ngﬁs" Cafzyog mj— discrete assouative Ra%zbrqs,

Nas'mr ategory. of Slmfl«aa oLJccts of A(z”b“ Thon we hae an efuiv of- Co-cab
e " [ homaipy v of undulying siplicel sets”'] < Ayl
HAT.L420, R comm i, (A" aiteqoy o disuete commatative Reolphms
CAlgs""P at of simplidal objeds of CAladff We have o functor
CAy P " —
Tt s an Tav f R>Q.

5% Propertio of rirgs and modules
3.3.]. Free resolutions and sfectml sequuncs.
Def @ F,@,me bo-cat, S a collection Of objws o+ C,
A;imflm.l ohject X, of T 15 if Yn, 3 a4 w/:ro}uct F of
o!a&ccts rj- S and a mp £ —> %K, io C which induss an efuiv
LX) L F —= X,



lot C€ T, X, & simplical object of €1, X, is called an

a- C i for every olject Ye5 Corepresenting, a fusstor Y- T —S | the
91’«1;(4‘«4‘«( object X (X.) 15 & hypercovering in the oo- topes ’§/7C(O_
Exampl: R assouiative ing, A catepory of bt R-mabels, S={g].

M. 91.01’&'(4'4\[ oLJec:t .,.Dou ~Kav COWcstt—g!!f!ena, S PR OoWéfmA{l'n;, ¢ hain W/’&«
Thn M. is S-fre &> cach P, is & free bft Romolule
M. s an §_h7fwwvm'n} oi‘ A [a‘ff Q—ﬂloiu(ﬂ. M

& th spsouated chain wmf&% —s P, — p— P, M—0 s exact.
HA7.2.(4-9. t Fn;enhb& se—cat, S a set or]L oly'uf, ,JC €. Th JCQ,
ﬂ/uy OL‘}(({; C_E'C) TM& exists dn S—'fren. S. Aype/(nw.fl'nd' X. '-AOP—’C/C,,
quw_ uf [t éfﬁ-rlféia[ }Io"'°f°m-
De’f‘: R E,-l’fng. ., Ne LMoJR, N (5 l)( N (—\’@R[V’x]

xEA

For M GRMJR, NGLMJR, We can 511»/13 the homofolay ?muf_g 01- MQ)V
b3 l’?.SolVfﬂA N 17 1uaaf-{'mt, R- modulss.
P. S-fre S-Inypercomrivg of N whee S:= {RIa], neZ].

e SPec(’ml eqen e with E, “page E ZP'* ~ TB,:*R( ™, T V)



whidh Lonverges to Tﬁ%(Mg N) .



