4. Emmfles
00— Categories prise namra117 b‘d’ (m/erh'ng, o collection of
mm’f)hisms (n an onﬂ(nary, Category.
Given an oo-cq‘l'egorg G and a collection Oj' morfln'sms W fnC)
We (an Construct an  so— category Clw'l and a fwnctor
x: & — Clw'l st for every oo—(ategory O Composition
with o induss & fully fwitiful cmbewn%

Fun (€IW'], D) — R (€, D
w)nom Cssenh'a,. fma;e, tonsists of thote ]Lumtors wLiLLl C—'m’g
Ny movPhu’sm mn W 10 an e7u,iwlwcrz in D

EYamrl.(L 1: XdVL : Lai’egronl of Kan com es
\/\]: OOH'eLt("or\ o]{‘ l’)ovna'bopy Qﬁ(MValenc@

C=Xan[W'] colled the
2. N R cat’egovy oj‘ WeA}( Kan com(pbo(eb

W : C,o“ec\:rovl of‘ e7u,i\/alem,c5 0]( o0— U\f?on‘q
C,Atw==W7<An£W4] Called the



5. Fibroth'ons o]L 09— Cai’eaories
Tda; Woant a j'umi [v, of bo—~ Categories Pammetrizul. bb‘ an eg—category

‘6 <1,y
Pl
D {54

VAeD, we wwt Hu )L(Lcr 64 ’f—"Cé{M to ke an so—category.
V mor A4 i D we wat & functor £, Cp — Gy
S for each Y€ Cd' we ned choose. & mor 1}:} in C &f";“J’
£, and et fry =2

Def: f:f—"D so—tats A mor f: x—=% in G s called
i it ts a inal object in Tpy x Dp whare the bars denote the

D"'a' (nages by p.
I T & p-cartesian, we call it a
The fuwectr ¢ 05 callid & it forall Yye© and
T.x - py). thee is a p-tartesian lift of § at y.
Dually, + 75 called if it is artesian wrt pFo XT— 87

p i alled cocar tesian if f’of: X°'T— So'o B cartesian.,

HTT2,4.1.10: The mor ‘J’ is F—Car‘fcsfan if- and on// \'f for any ZC‘C,
We have a Fu[“?acl( aliagmm o]L marffﬂ& GFaM

M“Fr_: (z. %) I > Map, (2 2)

} |




Mdf’b (E, I) Fe- - M“f])(—é’ g_‘)

HTT2449: 9.€ 2O cartesian fibration of - cats. Assume Vd €D,
the s Gt f,; = ﬁ;{“ ha an (nitial ol,(}ed:. Then 3 & J‘umd-oy
4:p— C which is a section of p, st %(A) is an (nitial oLJ‘ec't
of Ty for YdeD

HTT24.7.12: . T—D functor betwoan oo-cate. The pajection
p, [Fun (4, D) x G| — Fm({o}, D)
Fun ({13, D)
ic o Cartesran j—( bration.  Moreover, « mot’,plh‘sn of s p-cartesian
(’f‘ana\ on'y iJ’ its image m G & an ealw'wlemcz,.
Examrlt: T 0o category Thn ev,. Fun (A", G) — T s a cartesian

j’l’Lrah'On, 0Lmi e :FM(Al,B) — 6, 16 a cocartesian ffLmﬁ'a’I-
More over, "j' G hos Pusbout&, then e, is aISo o Cotartesian ﬁ‘bmﬁon,
f{' T hM ?ul”acks, HMM eV, Is also a cartesian j")'Lm‘h'on.

HTT3.2.0.I,- '6 bo— (at, Ue l’la\/e an e?w',v aj' 00— CaTx
U

oP n —3 cart
FMH (t J Cﬁ'l—w) eSt (C&tu)/t




where  (Cat,, )/‘;” s the subcareory of (Cak) ,, spamed by cartesian
fibrations, and functors preserving  covtesian morrhism,
Emmrla: Applying. straightening to the. previnss wwflc, We. oltwin funters
6 —(ah, x0T, , &byl ([ ’LC,,)
6 —htw » 08, , (xzby)— (L, == Zfaq)

Ij' C )luo Puslwuts, We have
'C — CM.’oo ’ X -C"/ ’

T € hoo pullbacks, we have
€ — Lot LTy

-L%
(x5y) — (Cy 22 Cy)
£ (Cry 2= Th)
(z—3) = (Lry — Pk
Un

HTT333.2. D/‘Mﬁﬂﬂ F. T — (aty, ——~——— cartevan f'l'lvmn'an p: X — .T_o{,

Thn  Lim F = Fun“'* (I, X)
L

when RHS Aena‘m the full vabcat o]c R‘n/iop(]:ot X) Sfanruwl by_
fumctbrs that send U/Uy mor a]r‘ ¥ & a p- Cartesian mor in X

BmmF(z; Consider the Jia}mm of oo— Cats
g

Unst h-remn ‘
wt‘/:i?/w-—% CayteSran ‘f'u' bration
lp



By HTT2.4.110, for amy ceG,deD ecf, we have
Map,, (d,¢) = M (d, fte)
M“f;e (de) = Mafb(d,ﬂc))
Maf%(c’d) o~ M%e(e,a() & Mep,, (< ©) o
A ®ction s of p Consists of the fa((owing, data :
) €, A s €D ad eims(w <€
o s(a): d—c X e amor d— ft) =D
e s(B): d—oe in X ie & mor d— e va D
5 g cartesian : Jc(,_) ~ d 3,(3)
So Cartesion sections § of P > an o in T XE.

U
HTT334.3. Dingram Fo T~ (ot > Covntesion frbmon piX— 1
Let W be the Lo“fctﬁon of a“ r—wwwtesian morlohfsm n X,

colin F > X[ w]
L

De‘f: A’ rfah't (Le‘['t) )(c'l?raﬁan s a [CO) Cartesian fibmi‘fon p: GC—D
wlhu. j‘il,erg arce SFa(M (:‘.e. € c Cai'o,),

HTT2.212. f so-cat, e haw. an eiu,iv o]C 60— ats

_,"("'_? ib
FDM ( to’: S) D (CAtU);g
St



where RHS @5 the subcat of ((ate), spanned by vight fibrations.

b. (an extensions
Def: f: C—D oo-cats, P KP—= 7 diagram , p= 7],
? is called an 0]( P r"f f‘f/ =5 fp x DTF/

Examrll.: for ff. C— %, F: KP— € & an - colimit [ff it is & to limit

Def. Given comm J.ta;. f 00— Caty
AR

full | / |7

C — D

Fis called a 9-8eft Kan extension of Fo at (€ G if the nduced disgrom
F
(f’/c —==
C5) — D
e/xl'u'l)its FCC? W a4 p- wlimit 0‘]' {;E
F is ca”ea( a o)c F, i]" it is & f—{aj‘t Kan
extemsion 0"' £ ot C fj‘or every CeC.
HTT4.3.2.15: Given 8- C rcnc
\ /P

Lot KCFUV‘D,(&D) l?c the ‘J’V-” subcat éfanmwl 1? f’umtms that are

ng-t KM\ extensions o‘(‘ their restrictions to ﬁo



let K' C Fumb,(co, D) be th fu(l ¢ubeat Sfanml ,97 fwut-ors ﬁ,;CoﬁD
st, YCeG, th induwd pﬁu(}ram 'C;C — D hao a p- tolimit
ﬂuﬂ 1-[41 r&MCT(M ’fM"Ct'Of K—D KJ /s an C?Miu of‘ Do—cotts .

HTT4.3.2.16. Assume Y E € Fany (25 D), 3 Fefung,(E,D)

which is & p- left Kan extension of &. Thin the restriction mop
Fum (D) — bfw (C D) admits o sectimn U whote
C!M’C\al |ma3£, Consists af f"““*lv thos funcfors E which/ are
s xcasios o Fle.
dual

Left fan oxrensione < Right Kan extensions.

7_ Prese,nta)al,t bo—(.af???orie\s

Def: C o—cat, P(T):=fun( T T) on G,
7N - cat, }?D(C)== Fun ('Cor: D) D- Va,w.ol, Fmshmveé

HTTS. .23 P(T) odmits all 5m41( Limits 0"6{ w[,imits, and t‘wy n be
Comrui?l Fointwfu.

Ca’regory ']‘ twisted amws: L, J &marl} ordeved cots, bGe T*T
denate the C»Fraa!uct JENY e7a4ffe11 with the wM7ou. lingar arierm?,
which roticts to the g-iven lingar owlermés on T and T, and
satis{ien 14 {‘or ieT ard J'GJ



A-’ Gt o‘(’ wwlloina‘l'on'a( 9l'mréicu

Hmd’or Q: A"%’A
T +—> T IT

n] — [2n+1]
For f Co-Cal, we ACJ'I.’LQ “TwAw (T,) to be the g;mlptfa‘a
(n] — T (QIn1) = T (L2m1)

( set

We have canonical inclwoions I — T * T_OP*—“‘ °f

NS ma|95 o’j‘ jq‘mfliu'az ety Cé’— TWA‘W(C) — C°P
HAS.21.3: The Cdnoniu:] mAf N: Twhn (T) — T X CT 5 a n’gb‘t
ﬁlam‘l'l”om,

Stran ght’wfna»

'fumt‘or € x COF—) S

A %nca!a em,aetui"g, J T — F“Vl(tofi 5) = P(¢)

HTTS. 1312 The Yoneda cm’oeduina, 13 fml(] jaiflaful_ Tt preserves all
sinall  Limits which exst w T

HTTS.I.S.S-. The Yomia emloeda’/i'g, ger\u'um Pcc) under small cola}m'té.



