
 

4 Examples
is categories arise naturally by inverting a collection of
morphisms in an ordinary category

Given an co category f and a collection of morphisms Wine

we can construct an co category ECW and a functor

x E ECW I sit for every co category D composition

with a induces a fully faithful embedding

Fan ECW D D Fun E D

whose essential image consists of those functors which carry

every morphism in W to an equivalence in D

Example I Kan category of Kan complexes

W collection of homotopy equivalences

5 Kan w I called the co category of spaces

2 WKan category of weak Kan complexes model for our
co categories

W collection of equivalences of a categories

Cates WKan W
I called the N categoryof small

categories



5 Fibrations of co categories
Idea Want a family of co categories parametrized by an co category

f x Is y
Pb
D d Is d

t d E D we want the fiber Ed f fLd
to be an co category

f mor d to d in D we want a functor f Ed Ed
So for each y E Ed we need to choose a Mor x Is y in E liftin

f and set f y X

Def p L D b cats A Mor f x Y in E is called p cartes

if it is a final object in Gy gDf
where thebars denotethe

images by p
If f is p Cartesian we call it a p cartesian lift of f at y
The functor p is called a Cartesian fibration if for all y c E and

F I ply there is a p Cartesian lift of f at y

Dually t is called p cocartesian if it is cartesian wrt pop XP So

p is called cocartesian if POP X SOP is Cartesian

TTT24.1.10 The Mor f is p Cartesian if and only if forany z e f
we have a pullback diagram of mapping spaces

to
Map te x Moyse Z H

t t



Mapo EI Napoli F

Families of initial objects in a Cartesian fibration

HTT2.4.49 P E D Cartesian fibration of b cats Assume Vd cD

the co cat Ed Lfld has an initial object Then 3 a functor

of D E which is a section of p s't qld is an initial object

of Ed for Vd e D

Examples of cartesian fibrations

HTT24.7.12 f E D functorbetween co cats The projection

Fun 03 D
piFunld.deunum

eisp.c artesian
is a Cartesian fibration Moreover a morphism of

ifandonly if its image in E is an equivalence

Example E co category Then ero Fun O E E is a cartesian

fibration and er i Fun O E L is a cocartesian fibration

Moreover if L has pushouts then eve is also a cocartesian fibration

if 8 has pullbacks then er is also a Cartesian fibration

Straightening and anstraightening

HTT3 2.0 I i f o cat we have an equiv of co cats
cart

Fun EP Cates e Cato
eSt



where Cates aft is the subcategory of Cato e spanned bycartesia

fibrations and functors preserving Cartesian morphisms

Examples Applying straightening to
the previous example we obtainfuntor

if Cates x to E t y n Ga Gy
f Cates K Loy xt y Ey foe

If E has pushouts we have

f Cates set by CK 42 E Ey

If l has pullbacks we have

f Cats x e cxIy Ely s Cbc

Unstraightening allows us explicit constructions of limits and colimits in Cato

HTT3.3.32 Diagram F I Cats Unms Cartesian fibration p X I

Then liz F Fungi IP X

where RHS denotes the full subcat of Funzop IOP X spanned by

functors that send every mor of IOP to a p Cartesian mor in X

Example Consider the diagram of co cats
E
Ig
D

Unstraightening
mums Cartesian fibration

E E D E
Lp

a f
2

0
3



3y HTT2 4.1.10 for any c e E de D EEE we have

Map Ld e t Mapo d Ha

Map d e Mapo d goes

Map c d Map e d a Map se to

A section s of p consists of the following data
c S Ar E f d sc z E D and e slits C E

sea d sc in A i.e amor d fcc in D

s f d e in A ie amor d goes in D

S is cartesian fcc z d a gce
so Cartesian sections s of p an obj in EFE
For colimits we have

HTT3.3.43 Diagram F I Cato 7 Cocartesian fibrationp X

Let w be the collectionof all p cocartesian morphisms in X

colizm F
E X w 13

Fibrationof spaces
Def A right left fibration is a 6 Cartesian fibration p C D

whole fibers are spaces ie Sc Cates

Straightening and Unstraightening

HTT2.2.12 E co cat We have an equiv of co cats
Un

Fun EP 5 fat yrfib
est le



where RHS is the subcat of Cato e spanned by right fibrations

6 Kan extensions

Def f L D co cats F K E diagram p Fl k

p is called an f colimit of P if Epy Is Ep
ftp.ftpy

Example For fr E F K e is an f whimit if it is a coli

Tef Given comm diag of a cats

Fo
E D

fullf Ff t
e D

F is called a p left Kan extension of Fo at E E E if the
induceddiagr

kid o

f IP
Ek D

exhibits F c as a p colimit of Fc

F is called a p left Kan extension of Fo if it is a p left Kan
extension of E at C for every CE E

HTT43.2.15 Given b cats E C E D
tu

to tP
Let K C Fung e D be the full subcat spanned by functors that are

left Kan extensions of their restrictions to E



Let K C Fung Lei D be the full subcat spanned by functors Fo CID
s.t V C EG the induced diagram e D has a p colimit

Then the restriction functor K K is an equiv of co cats

HTT43.2.16 Assume VFo E Fungo le D F F EFung E D

which is a p left Kan extension of Fo Then the restriction map
i FungLe D Funof E D admits a section ii whoa

essential image consists of precisely thou functors F whichfare

f left extensions of Heo left Kan extension
functor

Left Kan extensions cdual s Right Kan extensions

7 Presentable co categories

Def e co cat P E Fun Cop 5 co cat of presheaves on E

D w cat Po E Fun EP D D valuedpresheaves

HTT5.1.23 P E admits all small limits and colimits and they can b

computed pointwise

Construction of the Yoneda embedding

category of twisted arrows I J linearly ordered sets let IA J

denote the coproduct I UJ equipped with the unique linearordering

which restricts to the given linear orderings on Z and J and

satisfies i E j for i C I and je J



D cat of combinatorial simplices
Functor Q O d

I I IOP

n 1 Tent I

For E co cat we define TwArv f to be the simplicial set

n i E Q In C tenth

Informally objects of TwArrle are morphisms f D in L

and morphisms in TwArr e are given by comm diag

c Is D
t T
C tis D

We have canonical inclusions I I EP EP

maps of simplicial sets C c TwArr e EP

HA5.2.13 The canonical map 7 TwArr E E x EP is a right

fibration

Straightening
mums functor ex COP 5

7 Yoneda embedding j E Fan EP 5 p e

HTT5 13.1 2 The Yoneda embedding is fullyfaithful It preserves all

small limits which exist in E

HTT5.1.58 The Yoneda embedding generates PCe undersmall
whimits


