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Harmonic maps

Let (M", g) be an n-dimensional Riemannian manifold without
boundary, and let (N™, h) be another m-dimensional compact
Riemannian manifold without boundary (isometrically embedded
into RL).

Harmonic maps ¢ : (M",g) — (N™, h) between Riemannian
manifolds are critical points of the Dirichlet energy functional

1
E0) = 5 [ 1o du
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Harmonic maps

Let (M", g) be an n-dimensional Riemannian manifold without
boundary, and let (N™, h) be another m-dimensional compact
Riemannian manifold without boundary (isometrically embedded
into RL).

Harmonic maps ¢ : (M",g) — (N™, h) between Riemannian
manifolds are critical points of the Dirichlet energy functional

1
E0) = 5 [ 1o du

The Euler-Lagrange equation associated to E(¢) is given by the
tension field
7(¢) = trace Vd¢ = 0.

Min-Chun Hong The University of Queensland Brisbane, Austi  On Chen’s conjecture for biharmonic hypersurfaces in RS



Biharmonic maps

As a generalization of harmonic maps, the concept of biharmonic
maps were introduced by Eells and Lemaire in 1983.
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Biharmonic maps

As a generalization of harmonic maps, the concept of biharmonic
maps were introduced by Eells and Lemaire in 1983.

Biharmonic maps ¢ : (M", g) — (N™, h) between Riemannian
manifolds are critical points of the bienergy functional

Ea0) = 5 [ 70 d.
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Biharmonic maps

As a generalization of harmonic maps, the concept of biharmonic
maps were introduced by Eells and Lemaire in 1983.

Biharmonic maps ¢ : (M", g) — (N™, h) between Riemannian
manifolds are critical points of the bienergy functional

Ea0) = 5 [ 70 d.

For biharmonic maps, the Euler-Lagrange equation associated to

Ex(¢) is:
72(¢) = —A7(9) — trace RN(d¢, 7(¢))d¢ = 0, (1)

where A is the rough Laplacian of M and R is the curvature
tensor of N.
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Biharmonic submanifolds

We say that M" is a biharmonic submanifold in N if an
immersion ¢ : (M", g) — (N™, h) is biharmonic.
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Biharmonic submanifolds

We say that M" is a biharmonic submanifold in N™ if an
immersion ¢ : (M", g) — (N™, h) is biharmonic.

Due to (1), an immersion ¢ : (M", g) — (N™, h) is biharmonic if
and only if its mean curvature vector field H satisfies the
fourth-order semi-linear elliptic equation

AH + trace RN(dg, H)de = 0. (2)
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Biharmonic submanifolds

We say that M" is a biharmonic submanifold in N™ if an
immersion ¢ : (M", g) — (N™, h) is biharmonic.

Due to (1), an immersion ¢ : (M", g) — (N™, h) is biharmonic if
and only if its mean curvature vector field H satisfies the
fourth-order semi-linear elliptic equation

AH + trace RN(dg, H)de = 0. (2)

In Euclidean spaces, biharmonic submanifolds are defined via the
geometric condition AH = 0, or equivalently A?¢ = 0, which was
originally proposed by B. Y. Chen in his pioneering work of finite
type theory in the middle of 1980s.
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Biharmonic conjecture

B. Y. Chen in 1986 and G. Y. Jiang in 1987 independently made a
pioneering contribution to prove that

Theorem 1
Every biharmonic surface M? in R3 is minimal.
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Biharmonic conjecture

B. Y. Chen in 1986 and G. Y. Jiang in 1987 independently made a
pioneering contribution to prove that

Theorem 1
Every biharmonic surface M? in R3 is minimal.

In 1991, B. Y. Chen proposed a well-known conjecture in the
following;:
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Biharmonic conjecture

B. Y. Chen in 1986 and G. Y. Jiang in 1987 independently made a
pioneering contribution to prove that

Theorem 1
Every biharmonic surface M? in R3 is minimal.

In 1991, B. Y. Chen proposed a well-known conjecture in the
following;:

Chen’s conjecture: Biharmonic submanifolds of the Euclidean
space R™ are minimal; i.e. H=0.
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Biharmonic conjecture

B. Y. Chen in 1986 and G. Y. Jiang in 1987 independently made a
pioneering contribution to prove that

Theorem 1
Every biharmonic surface M? in R3 is minimal.

In 1991, B. Y. Chen proposed a well-known conjecture in the
following;:

Chen’s conjecture: Biharmonic submanifolds of the Euclidean
space R™ are minimal; i.e. H=0.

Biharmonic submanifolds have received a lot of attentions and
many contributions on biharmonic submanifolds have been made
during last two decades.
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Biharmonic conjecture for hypersurfaces

Since the most important submanifolds in Euclidean spaces are
hypersurfaces, Chen's conjecture on hypersurfaces in Euclidean
spaces is a basic one and has been investigated by many
mathematicians.
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Biharmonic conjecture for hypersurfaces

Since the most important submanifolds in Euclidean spaces are
hypersurfaces, Chen's conjecture on hypersurfaces in Euclidean
spaces is a basic one and has been investigated by many
mathematicians.

In the case of hypersurfaces, the following recent results provide
strong supports to Chen's conjecture:
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Biharmonic conjecture for hypersurfaces

Since the most important submanifolds in Euclidean spaces are
hypersurfaces, Chen's conjecture on hypersurfaces in Euclidean
spaces is a basic one and has been investigated by many
mathematicians.

In the case of hypersurfaces, the following recent results provide
strong supports to Chen's conjecture:

» Surfaces in R3 (Chen 1986; Jiang 1987).
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Biharmonic conjecture for hypersurfaces

Since the most important submanifolds in Euclidean spaces are
hypersurfaces, Chen's conjecture on hypersurfaces in Euclidean
spaces is a basic one and has been investigated by many
mathematicians.

In the case of hypersurfaces, the following recent results provide
strong supports to Chen's conjecture:

» Surfaces in R3 (Chen 1986; Jiang 1987).

» Hypersurfaces with at most two distinct principal curvatures
in R™ (Dimitri¢ 1992).

Min-Chun Hong The University of Queensland Brisbane, Austi  On Chen’s conjecture for biharmonic hypersurfaces in RS



Biharmonic conjecture for hypersurfaces

Since the most important submanifolds in Euclidean spaces are
hypersurfaces, Chen's conjecture on hypersurfaces in Euclidean
spaces is a basic one and has been investigated by many
mathematicians.

In the case of hypersurfaces, the following recent results provide
strong supports to Chen's conjecture:

» Surfaces in R3 (Chen 1986; Jiang 1987).

» Hypersurfaces with at most two distinct principal curvatures
in R™ (Dimitri¢ 1992).

» Hypersurfaces in R* (Hasanis and Vlachos 1995; Defever
1998).
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» Weakly convex hypersurfaces in R™ (Luo 2014).
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» Weakly convex hypersurfaces in R™ (Luo 2014).

» Hypersurfaces with three distinct principal curvatures in R
(Fu 2015).
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» Weakly convex hypersurfaces in R™ (Luo 2014).

» Hypersurfaces with three distinct principal curvatures in R
(Fu 2015).

» G—invariant hypersurfaces of cohomogeneity one in R™
(Montaldo, Oniciuc and Ratto 2016).
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v

Weakly convex hypersurfaces in R™ (Luo 2014).

v

Hypersurfaces with three distinct principal curvatures in R
(Fu 2015).

» G—invariant hypersurfaces of cohomogeneity one in R™
(Montaldo, Oniciuc and Ratto 2016).

v

Generic hypersufaces with irreducible principal curvature
vector fields in R™ (Koiso and Urakawa 2018).

Although many results with extra-conditions were made, Chen'’s
conjecture is widely open.
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n

2 (5’7 1 +7;f|2>ﬁ7 =0

ij=1
is an affine function.
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n

2 (5’7 1 +fl|€f|2>f’j =0

ij=1
is an affine function.

» Yes, Bernstein for n = 2 in 1915.
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n fl-f-
i,;z—:1 (5U 1+ |éf|2>fij =0

is an affine function.
» Yes, Bernstein for n = 2 in 1915.

» Yes, De Giorgi for n = 3 in 1965 (Ann. Scuola Norm. Sup.
Pisa).
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n fl-f-
i,;z—:1 (5U 1+ |éf|2>fij =0

is an affine function.
» Yes, Bernstein for n = 2 in 1915.

» Yes, De Giorgi for n = 3 in 1965 (Ann. Scuola Norm. Sup.
Pisa).

> Yes, Almgren for n =4 in 1966 (Ann. Math.).
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n fl-f-
i,;z—:1 (6U 1+ |éf|2>fij =0

is an affine function.
» Yes, Bernstein for n = 2 in 1915.

» Yes, De Giorgi for n = 3 in 1965 (Ann. Scuola Norm. Sup.
Pisa).

> Yes, Almgren for n =4 in 1966 (Ann. Math.).

> Yes, Simons for n < 7 in 1968 (Ann. Math.).
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The Bernstein problem

The famous Bernstein problem for minimal graphs in R™! are:
For n > 2, any entire solution f : R” — R of the minimal graph

equation
n

2 (‘5’7 1 +fl|€f|2>f’j =0

ij=1
is an affine function.

» Yes, Bernstein for n = 2 in 1915.

» Yes, De Giorgi for n = 3 in 1965 (Ann. Scuola Norm. Sup.
Pisa).

> Yes, Almgren for n =4 in 1966 (Ann. Math.).
> Yes, Simons for n < 7 in 1968 (Ann. Math.).
» For n > 8, No. Bombieri-De Giorgi-Giusti in 1969 (Invent.

Math.) constructed a counterexample that the Bernstein
problem is not true
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Bernstein problem and Chen's Conjecture

There exists an interesting similarity between the Bernstein
problem and Chen's Conjecture in the case of the graph in R"1.
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Bernstein problem and Chen's Conjecture

There exists an interesting similarity between the Bernstein
problem and Chen's Conjecture in the case of the graph in R"1.
Chen'’s conjecture for biharmonic graphs states that:

For n > 2, any entire solution f : R” — R of the biharmonic graph
equations:

A(AF) =0,
(AF)AF +2(VF,VAF) =0, k=1,...n

is minimal; i.e.,

Af = —div(Vf) = 0.
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Chen’s conjecture for hypersurfaces: Any biharmonic
hypersurface M" of Euclidean’s space R™?! is minimal.
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Chen’s conjecture for hypersurfaces: Any biharmonic
hypersurface M" of Euclidean’s space R™?! is minimal.

In contrast to the Bernstein problem, Chen's conjecture holds true
only for the cases of n =2 (Chen 1986, Jiang 1987) and n =3
(Hasanis-Vlachos, 1995).
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Chen’s conjecture for hypersurfaces: Any biharmonic
hypersurface M" of Euclidean’s space R™?! is minimal.

In contrast to the Bernstein problem, Chen's conjecture holds true
only for the cases of n =2 (Chen 1986, Jiang 1987) and n =3
(Hasanis-Vlachos, 1995).

By comparing with the Bernstein problem, it is very interesting to
investigate Chen's conjecture for the case of n > 4.
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Chen’s conjecture for hypersurfaces: Any biharmonic
hypersurface M" of Euclidean’s space R™?! is minimal.

In contrast to the Bernstein problem, Chen's conjecture holds true
only for the cases of n =2 (Chen 1986, Jiang 1987) and n =3
(Hasanis-Vlachos, 1995).

By comparing with the Bernstein problem, it is very interesting to
investigate Chen's conjecture for the case of n > 4.

Fu-H (2018) showed that biharmonic hypersurfaces with constant
scalar curvature in Euclidean space R™! for n < 7 are minimal.
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Chen’s conjecture for hypersurfaces: Any biharmonic
hypersurface M" of Euclidean’s space R™?! is minimal.

In contrast to the Bernstein problem, Chen's conjecture holds true
only for the cases of n =2 (Chen 1986, Jiang 1987) and n =3
(Hasanis-Vlachos, 1995).

By comparing with the Bernstein problem, it is very interesting to
investigate Chen's conjecture for the case of n > 4.

Fu-H (2018) showed that biharmonic hypersurfaces with constant
scalar curvature in Euclidean space R™! for n < 7 are minimal.

However,the general Chen's conjecture on hypersurfaces M" in
R"*1 remains open for n > 4. (even for the biharmonic graphs)
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In his survey paper in 2016 , Y.-L. Ou emphasised that a special
case of Chen's conjecture on hypersurfaces M* — RS is critical,
interesting and still open.
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In his survey paper in 2016 , Y.-L. Ou emphasised that a special
case of Chen's conjecture on hypersurfaces M* — RS is critical,
interesting and still open.

Recently, Fu-H-Zhan (arXiv-2020) confirmed Chen'’s conjecture for
hypersurfaces in the case of n = 4.
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In his survey paper in 2016 , Y.-L. Ou emphasised that a special
case of Chen's conjecture on hypersurfaces M* — RS is critical,
interesting and still open.

Recently, Fu-H-Zhan (arXiv-2020) confirmed Chen's conjecture for
hypersurfaces in the case of n = 4.

More precisely, in this talk, we will prove the following:

Theorem 2
(Fu-H-Zhan) Every biharmonic hypersurface in the Euclidean space
RS is minimal.
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In his survey paper in 2016 , Y.-L. Ou emphasised that a special
case of Chen's conjecture on hypersurfaces M* — RS is critical,
interesting and still open.

Recently, Fu-H-Zhan (arXiv-2020) confirmed Chen's conjecture for
hypersurfaces in the case of n = 4.

More precisely, in this talk, we will prove the following:

Theorem 2
(Fu-H-Zhan) Every biharmonic hypersurface in the Euclidean space
RS is minimal.

Remark: The main approach for the proof of Theorem 2 is a
continuation of the program developed in joint paper with Fu
(2018). However, in the paper, an extra condition of constant
scalar curvature is assumed.
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Biharmonic hypersurface's equations

By identifying the tangent and the normal parts of the biharmonic
condition (2) for hypersurfaces in R™1, one can obtain the
following characterization result:
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Biharmonic hypersurface's equations

By identifying the tangent and the normal parts of the biharmonic
condition (2) for hypersurfaces in R™1, one can obtain the
following characterization result:

Lemma 3
The immersion ¢ : M" — Rt of a hypersurface M"™ in the
Euclidean space Rt js biharmonic; i.e. A2¢ =0, if and only if H
and A satisfy
AH + Htrace A =0, 3
2AgradH + nHgradH = 0, 3

where A is the Weingarten operator of M" defined by
(h(X,Y),&) = (AX,Y) forall X, Y € T(M").
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Biharmonic hypersurface's equations

By identifying the tangent and the normal parts of the biharmonic
condition (2) for hypersurfaces in R™1, one can obtain the
following characterization result:

Lemma 3

The immersion ¢ : M" — Rt of a hypersurface M"™ in the
Euclidean space Rt js biharmonic; i.e. A2¢ =0, if and only if H
and A satisfy

AH + Htrace A =0,
{ (3)

2AgradH + nHgradH = 0,

where A is the Weingarten operator of M" defined by
(h(X,Y),&) = (AX,Y) forall X, Y € T(M").

The second equation of (3) shows that gradH is an eigenvector of

the Weingarten operator A with the principal curvature A\; = —%.
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Note that >-7 ; \; = nH and A\; = — 2. Then we have
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Note that >-7 ; \; = nH and A\; = — 2. Then we have
As grad H =37 ; ei(H)e; and e; is parallel to the direction of
grad H, and with some suitable orthonormal frame {ey,..., ey},
the Weingarten operator A of M is:

A = diag(A1, A2, ..., An),

where \; are the principal curvatures with \; = —nH/2.
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Note that >-7 ; \; = nH and A\; = — 2. Then we have

As grad H =37 ; ei(H)e; and e; is parallel to the direction of
grad H, and with some suitable orthonormal frame {ey,..., ey},

the Weingarten operator A of M is:
A = diag(A1, A2, ..., An),

where \; are the principal curvatures with \; = —nH/2.
Then we have

el(H);éO, e,-(H)

0,
el()\l) 75 0, e,-()\l) =0

<i
, 2<i<n. (4)
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Note that >-7 ; \; = nH and A\; = — 2. Then we have

As grad H =37 ; ei(H)e; and e; is parallel to the direction of
grad H, and with some suitable orthonormal frame {ey,..., ey},

the Weingarten operator A of M is:
A = diag(A1, A2, ..., An),

where \; are the principal curvatures with \; = —nH/2.
Then we have

el(H)#()) ei(H):Oa
0

er(M1) #0, ei(\1) =
Set
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Note that >-7 ; \; = nH and A\; = — 2. Then we have

As grad H =37 ; ei(H)e; and e; is parallel to the direction of
grad H, and with some suitable orthonormal frame {ey,..., ey},

the Weingarten operator A of M is:
A = diag(A1, A2, ..., An),

where \; are the principal curvatures with \; = —nH/2.
Then we have

ei(H) #0, e(H)=0, 2<i<n
e1(A1) #0, (A1) =0
Set

n
Vee =Y wher, (1<i,j<n)
k=1

Since V¢, (ej,e)) =0 and Ve, (ej, e)) =0 (i # j), we have
whi =0, wituwij=0, i#].
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Recall the Gauss equation
R(X,Y)Z = (AY,Z)AX — (AX, Z)AY,
where R is the curvature tensor of M" and the Codazzi equation

(VxA)Y = (VyA)X.
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Recall the Gauss equation
R(X,Y)Z = (AY,Z)AX — (AX, Z)AY,
where R is the curvature tensor of M" and the Codazzi equation
(VxA)Y = (VyA)X.
Then
ei(\) = (A = ), (5)

(N = Awiy = (A — )‘J')“J{:k' (6)

for distinct i, j, k.
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Recall the Gauss equation
R(X,Y)Z = (AY,Z)AX — (AX, Z)AY,
where R is the curvature tensor of M" and the Codazzi equation
(VxA)Y = (VyA)X.
Then
ei() = (A = ), (5)
(A = Ay = (k= )y (6)

for distinct i, j, k.

[e,6]]( M) =0, wh=wh 2<ij<n, i+#].
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Moreover, we can prove that

Lemma 4

Let M"™ be an orientable biharmonic hypersurface with
non-constant mean curvature H in R™. Then the multiplicity of
the principal curvature Ay (= —nH/2) is one, i.e. \j # Ay for
2<j<n
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Moreover, we can prove that

Lemma 4

Let M"™ be an orientable biharmonic hypersurface with
non-constant mean curvature H in R™. Then the multiplicity of
the principal curvature Ay (= —nH/2) is one, i.e. \j # Ay for
2<j<n

Proof.
If A\j = A1 for j # 1, by putting i =1 in (5):

ei(N) = (\i — ),

we get )
0= (A1 = Aj)wj; = er(Ai) = ex (M),

which contradicts (4); i.e. e1(A1) # 0. O
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Some new and key lemmas

From now on, suppose that M* is an orientable biharmonic
hypersurface in a Euclidean space R>; i.e. n= 4.
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Some new and key lemmas

From now on, suppose that M* is an orientable biharmonic
hypersurface in a Euclidean space R>; i.e. n= 4.

Recall that

e1(M1) #0, e(AN)=0, 2<i<4
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Some new and key lemmas

From now on, suppose that M* is an orientable biharmonic
hypersurface in a Euclidean space R>; i.e. n= 4.

Recall that
e1(M1) #0, e(AN)=0, 2<i<4

We consider an integral curve of e; passing through p = ~(to) as

v(t), tel.
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Some new and key lemmas

From now on, suppose that M* is an orientable biharmonic
hypersurface in a Euclidean space R>; i.e. n= 4.

Recall that
e1(M1) #0, e(AN)=0, 2<i<4

We consider an integral curve of e; passing through p = ~(to) as
v(t), t € I. It is easy to show that there exists a local chart

(U; t = x1,x%, x3,x*) around p, such that A\1(t, x%, x3,x*) = \1(t)
on the whole neighborhood of p.
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Set
fie = (why)X + (whs) + (wiy)¥, for k=1,...,5.
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Set
fi = (w%Q)k + (w%3)k + (wh)k, for k=1,...,5.
In the following, an interesting system of algebraic equations could

be derived.

Lemma 5
With the notions f, the following two relations hold

fit — 6f2f + 3 + 8fify — 6f; = 0, (7)
f — 5 + 5 f3+ 5fafs — 6f5 = 0. (8)
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Proof of Lemma 5

It is easy to check that

4 4
2
F—h=()_wi) =D (W)
i=2 i=2
=2(whowiz + Wiwis + Wizwas), (9)
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Proof of Lemma 5

It is easy to check that

4 4
) S e
=2 i=2
=2(whowiz + Wiwis + Wizwas), (9)
and
4 , &
=) wi) =D (i)
i=2 i=2
:2{(00%20)%3)2 + (whwia)® + (%3“’%4)2}- (10)
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Combining (9) with (10) gives

(f* = R)* =2 — fi)
= Hwpwis + wHwis + wiswis)?
— 4{(wpows)? + (Wwia)® + (Wiswia)’ }
= 8{(00%2)200%3“&4 + who(wiz)’wiy + W%2W%3(Wi4)2}

= 8fwypwiswis. (11)
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Combining (9) with (10) gives

(f* = R)* =2 — fi)

= Hwypwis + wrHwis + Wiswis)
— 4{(whwis)® + (wrwza)® + (wiswis)’}

= 8{(wh)’wiswis + wh(wis)’wia + whwis(wia)®}

= 8fwypwiswis. (11)

2

Similarly, we have

f—f = (wh +wis + wia)® = {(@2)° + (@3)° + (wia)*}

4
=3 Z(Wili)z(fl — wi) + 6wiwizwi,

i=2
= 3fifr — 33 + 6w wiswiy. (12)
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Combining (9) with (10) gives

(f* = R)* =2 — fi)
= Hwpwis + wHwis + wiswis)?
— 4{(w3ow33)? + (wipwia)® + (w3swia)? }
= 8{(00%2)200%3“&4 + who(wiz)’wiy + W%2W%3(W%4)2}
= 8fiwzwiswis- (11)

Similarly, we have

f—f = (wh +wis + wia)® = {(@2)° + (@3)° + (wia)*}

4
=3 Z(Wili)z(fl — wi) + 6wiwizwi,

i=2
= 3fifr — 33 + 6w wiswiy. (12)

Eliminating wl,wiswi, from (11) and (12), we get (7).
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A direct computation shows that

4

= (0wt (L)

i=2 =2

(wh)® + wh{ (@h)* + (wh)*}

I
.Mb

I
N

b {(@h)* + (wh)* ) + wha{ (Wh)* + (@h)*}
= 5+ wh {[(@h)? + (wh)?])” — 2(whs)*(wha)?}
+ ks {[(@h)? + (wh)?]” — 2(wh)(whe)? }

+ who { [(0ho)? + ()] - 2(wh)*(w)? |

S (h (w2
—fé+;w”(f2 (wh)?)

1.1 1.1 1 101 11
— 2ww33Was (W22W33 + wiowyy + W33W44)a
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which together with (9) yields
fify = 2fs + fify —2hf — (f — h)wpwiswis- (13)
Eliminating wi,wlwi, from (12) and (13) again, one gets
6hfy = 12fs + 61 — 126f — (7 — H)(f’ — 3hH +2f). (14)

Moreover, eliminating the terms of f; from (7) and (14) gives
(8). O
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For simplicity, we write

A=X(t), A=T,T'=e(T), T'=ee(T),
T" = ere1e1(T), T" =eeree(T).
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For simplicity, we write

A=X(t), A=T,T'=e(T), T'=ee(T),
T" = ere1e1(T), T" =eeree(T).

Lemma 6
fi, f, f3, fa and f5 can be written as

=T,

fo =T +3),

f=3T"—XNT+6)N,

fo =g T" = SX2T' — JANT + 202 + 40\ — 204,

fo = o3 7" — AN*T" — BINT — H(13AN + N2 — 1204 T
F2ANT H SNN — 2A3N.

(15)
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Using the Gauss and Codazzi equations, biharmonic equations (3)
can be summarized into a system of 2n — 1 differential equations
as follows (Fu and H, Pacific J. Math. 2018):
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Using the Gauss and Codazzi equations, biharmonic equations (3)
can be summarized into a system of 2n — 1 differential equations
as follows (Fu and H, Pacific J. Math. 2018):

Lemma 7

Assume that H is non-constant. Then the smooth real-valued
principal curvature functions \; and the coefficients of connection
wh (i =2,...,n) satisfy the following differential equations:

ii

elel()\l) = el()\l)(Zw,-l,-) + A\1S, (16)

i—2
e1(\) = \iwp — Mwh, (17)
er(wi) = (Wi)® + A1, (18)

where \1 = —nH /2, S is the squared length of the second
fundamental form h of M and e; = grad H/|grad H|.
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Proof of Lemma 6

Since e1(\) # 0, A is not constant. From (16), one has

_ "
aal) A A Ag_ g (19)

h= () NN
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Proof of Lemma 6

Since e1(\) # 0, A is not constant. From (16), one has

€1 el()\) —AS N A
= =T

oy = YS =T. (19)

Taking the sum of i from 2 to 4 in (18) and (17) respectively,
using A2 + Az + Ay = —3)1 we have

o =3\ + e1(f) = T' 4 3)?, (20)
4
g1 ;:Z)\,-w},- :)\T—3e1()\) =T —3\. (21)
i=2
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Proof of Lemma 6

Since e1(\) # 0, A is not constant. From (16), one has

€1 el()\) —AS N A
= =T

oy = YS =T. (19)

Taking the sum of i from 2 to 4 in (18) and (17) respectively,
using A2 + Az + Ay = —3)1 we have

o =3\ + e1(f) = T' 4 3)?, (20)
4
g1 ;:Z)\,-w},- :)\T—3e1()\) =T —3\. (21)
i=2

Multiplying w} on both sides of equation (18), we have

—e ((w,-,-)Q) = (o.z,:-l,-)3 + )\)\;w,-l,-.
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Taking the sum of / in the above equation gives

1 1
fi=ei(f) — a1 = ET” —N2T +6)). (22)
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Taking the sum of / in the above equation gives

1 1
fi=ei(f) — a1 = ET” — N2T +6)N. (22)

Differentiating (21) along e1, using (17) and (18) we have

4

@) =2) NWh)?+ A N2 (wWhi o (23)
=2 =2

i=2
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Taking the sum of / in the above equation gives

1 1
fi=ei(f) — a1 = 5T” — N2T +6)N. (22)

Differentiating (21) along e1, using (17) and (18) we have
4 4 4

@) =2) NWh)?+ A N2 (wWhi o (23)

=2 i=2 i=2

Hence, it follows from (19); i.e. AS =X’ — X'T, that

g =Y N(wh)’ =5 {ale) ~ A(S V) + A5)

1
=5 {ele) =N+ XNT + A+ AR}
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Using (20) and (21), the above expression reduces to

@ =AT +NT -2\ +2)3 (24)
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Using (20) and (21), the above expression reduces to
@ =AT +NT -2\ +2)3 (24)
Multiplying (w})? on both sides of equation (18), we have

3 = (@) + (el
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Using (20) and (21), the above expression reduces to
@ =AT +NT -2\ +2)3 (24)
Multiplying (w})? on both sides of equation (18), we have

3 = (@) + (el

Taking the sum of / from 2 to 4 in the above equation, we obtain

1
fa ==e1(fz) — A2

3
1w 4 201 O\ 2 " 4
=T =GN T = SAWT + 227 a0 2% (25)
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Using (20) and (21), the above expression reduces to
@ =AT +NT -2\ +2)3 (24)
Multiplying (w})? on both sides of equation (18), we have

3 = (@) + (el

Taking the sum of / from 2 to 4 in the above equation, we obtain

1
fa =§el(f3) -2

1 4
:6 T _ 5)\2 T — g)\)\’T + 2)\2 + 40N — 224 (25)

Multiplying equation (17) by \; gives

1
Ml = 5el(A,?) + M\jwk,
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which yields

4

1
83 = Z)\,z ,1, = 561(5 - )\2) + g1
i=2
LN —NT Ly
B 5( oo ) e
N )\1/)\_)\/2
— _77-/ 2 - T
T+ (-
A\ — NN
— / e —
N+ S (26)

Min-Chun Hong The University of Queensland Brisbane, Austi  On Chen’s conjecture for biharmonic hypersurfaces in RS



which yields

4
1
83 = Z)\,z ,1, = 561(5 - )\2) + g1
i=2

1/ N =NT !
ERT - e
N , ) )\1/)\_)\/2
=T+ (¥ - )T
ZANRN/AN
_4)\)\/+M. (26)

2)2
Differentiating (24) with respect to e; and using (17) and (18), we

have

4 4

4
er(g2) = 3> Ni(wh)® = A3 (wh) 2y Ak,
=2

i=2 i=2
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which leads to

4
1
Z )\, 5 1(g2) + Az — 2)\g3)
1 12
=5AT T+ NT + 3(2X’ —3X3 - /\T)T
20 NN
— N NN . 27
3 3\ (27)
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which leads to

Multiplying (w

Min-Chun Hong The University of Queensland Brisbane, Austi

4
1
Z Ai(wi)” = 3 (en(e2) + A — 2)g3)
1 2
=5AT T+ NT + 3(2X’ —3X3 - %)T
20 NN
o )\/// )\2/\/ ]
3 3\

L1)3 on both sides of equation (18), we have

%el((wili)ﬂ = (wi)® + AMi(wi)®.

(27)

On Chen’s conjecture for biharmonic hypersurfaces in R®
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which leads to

4
1
ZA, = 5 (er(g2) + M — 2)g3)
1 12
=5AT T+ NT + 3(2X’ —3X3 - %)T
20 NN
N NN+ . 27
3 3\ (27)

Multiplying (w})3 on both sides of equation (18), we have

%el((wili)ﬂ = (wi)® + AMi(wi)®.

After taking the sum of / in the above equation, we have

fs *61(f4) g4

. 1 T _ )\2 T" _ 7)\)\’7'/ _ i(13)\/\” N2 12)\4)T

24 6 12
3N, (28)

On Chen’s conjecture for biharmonic hypersurfaces in R®
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Recall from Lemma 5 that

fl — 6f2f + 367 + 8fifs — 6f, =0,
e — 5ff + 52 + 5hfs — 6f = 0

and Lemma 6 that

(=T,
=T +3),
fi=3T"—XNT +6AX,
fao= g T = §NT = 3ANT +2X2 + 40\ — 20,
fo =55 7" — 2N2T" — BANT — 5(13AN + N2 — 1204 T
F2AN + SNN — 2A3N.
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Recall from Lemma 5 that

fl — 6f2f + 367 + 8fifs — 6f, =0,
fP — 5f°f + 56 f; + 5hf; — 6f = 0

and Lemma 6 that

(=T,

fo =T +3)\

fi=3T"—XNT +6AX,

fao= g T = §NT = 3ANT +2X2 + 40\ — 20,

fo =55 7" — 2N2T" — BANT — 5(13AN + N2 — 1204 T
F2AN + SNN — 2A3N.

Lemma 8

Let M* is an orientable biharmonic hypersurface with simple
distinct principal curvatures in R®. Then the function T depends
only on the variable t.
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A sketch proof of Lemma 8

Substituting (15) into (7) and (8) yields

— T+ ATT" 43T+ (—6T% + 260 T/ + (T* — 26A2T?

+ 58AN T) 4 39A% — 24A\\ — 12\ = 0, (29)
and

— T 4 10T T" 4 (10T2 + 5002 T" — (2072 + 20A2T
—170AN) T/ + (475 — 80A2 T3 + 120AN T2 — 84X* T + 260\ T
+2X2T) + 568A3 N — 48AN" — 40N\ = 0. (30)
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A sketch proof of Lemma 8

Substituting (15) into (7) and (8) yields

— T+ ATT" 43T+ (—6T% + 260 T/ + (T* — 26A2T?

+ 58AN T) 4 39A% — 24A\\ — 12\ = 0, (29)
and

— T 4 10T T" 4 (10T2 + 5002 T" — (2072 + 20A2T
—170AN) T/ + (475 — 80A2 T3 + 120AN T2 — 84X* T + 260\ T
+2X2T) + 568A3 N — 48AN" — 40N\ = 0. (30)

Notice that Equations (29) and (30) are entirely different
differential equations with respect to T.
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A sketch proof of Lemma 8

Substituting (15) into (7) and (8) yields
— T +4TT" + 3T + (6T +26)*)T' + (T* — 26A>T?
+ 58AN T) + 390* — 24 )\ — 1202 = 0, (29)
and
— T" 10T’ T" + (1072 +50A3) T — (20 T3 + 20\>T
—170AN) T+ (4T°% — 80A2T3 4+ 120AN T2 — 84M* T + 26\ T
+2X2T) 4+ 568X3)\ — 48X\ — 40X\ = 0. (30)

Notice that Equations (29) and (30) are entirely different
differential equations with respect to T.

we intend to eliminate the terms of 7", T/, T”, T’ term by
term and derive a non-trivial polynomial equation of T with the
coefficients depending only on the variable t.

On Chen’s conjecture for biharmonic hypersurfaces in R®
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In fact, differentiating (29) with respect to e;, we have
— T 4 ATT" +10T'T" + (=672 +260°)T" — 127T"
+ (4T3 = 52)2T 4+ 110AN) T/ + (=52AN T2 + 58 \\"T
+58X2T) + 15603\ — 48N\ — 242\ = 0. (31)
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In fact, differentiating (29) with respect to e;, we have
— T 4 ATT" +10T'T" + (=672 +260°)T" — 127T"
+ (4T3 = 52)2T 4+ 110AN) T/ + (=52AN T2 + 58 \\"T
+58X2T) + 15603\ — 48N\ — 242\ = 0. (31)

Eliminating the terms on T in (30)-(31), we get
4TT" — (16T% + 24X T" —12TT"? + (2473 — 320°T — 60\\) T’

+ (—4T°% +80N2T3 — 172AN T2 4 84X* T + 320\ T + 56\ T)
—412)3)N — 8NN\ 4240\ = 0. (32)
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Moreover, we can eliminate the terms on T” of (29) and (32).
We obtain

—6XN2T" + (18N\2T — 15\\) T’
+ (=6A2T3 4 15 N T2 + 60M* T — 16AN'T +2X\2T)
—103A3N — 20X\ + 6\ = 0. (33)

Min-Chun Hong The University of Queensland Brisbane, Austi  On Chen’s conjecture for biharmonic hypersurfaces in RS



Moreover, we can eliminate the terms on T” of (29) and (32).
We obtain

—6XN2T" + (18N\2T — 15\\) T’
+ (=6A2T3 4 15 N T2 + 60M* T — 16AN'T +2X\2T)
—103A3N — 20X\ + 6\ = 0. (33)

Differentiating the above equation along e;, one sees

—6XN2T" 4+ (18N2T — 27AN) T" 4+ 18A2T"

+ (—18X2T2 + 66 N T + 60A* — 1312 — 310" T’

+ (—12AN' T3 + 15X2 T2 + 150N T2 4 24003N' T
—12XN'T — 160N T) — 309A2\2 — 103\3)\”

=22 4NN + 66X\ = 0. (34)
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Note that both equations (29)
— T 4 4TT" 43T 4 (—=6T2 +26)X2)T' + (T* — 2672 T2
+ 58AN T) + 390 — 24 )\ — 1202 = 0,
and (32)
4TT" — (16T + 24X T" —12TT"? + (2473 — 320°T — 60\\) T’
+ (—4T% +80N2T3 — 172AN T2 + 84X* T + 320\ T + 56\ T)
— 4123 — 8NN 240\ = 0.
have a non-zero term of T*, but (34)
—6A2T" 4 (18N\2T — 27AN)T" 4+ 18X2T"
+ (—18X2T2 £ 66 AN T + 60X* — 1312 — 31AN") T’
+ (—12DN T3+ 15M2 T2 + 15 AN T2 4 24003N' T
— 12VN'T — 160N T) — 300A2\"2 — 103)3)”
— 2\ 44NN + 62N = 0.

does not involve any term of T%.
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Therefore, we conclude that (34) are entirely different from
equations (29) and (32), which are third-order differential
equations with respect to T.

Next, we may eliminate the terms of T/, T”, T’ and derive a
non-trivial equation of T.

Therefore, we conclude that the function T depends only on the
variable t. O
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Observe easily from (17) and (18) that

Ni#N & wp £ w)
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Observe easily from (17) and (18) that
Ni#N & wp £ w)
According to Lemmas 6 and 8, (15) implies that f; for k =1,...,5

depend only on the variable t, that is, e;j(fx) = 0 for 2 </ < 4.
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Observe easily from (17) and (18) that

Ni#N & wp £ w)
According to Lemmas 6 and 8, (15) implies that f; for k =1,...,5
depend only on the variable t, that is, e;j(fx) = 0 for 2 </ < 4.

Moreover, we can prove that

Lemma 9

Let M* be an orientable biharmonic hypersurface with
non-constant mean curvature in R®. Then e;(\;) = 0 for

2 <i,j <4, thatis, all principal curvature \; depend only on the
variable t.
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Proof of Lemma 9

Differentiating both sides of equations f = Y7, (wh)¥ for
k =1,2,3 with respect to e; (2 <i < 4),
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Proof of Lemma 9

Differentiating both sides of equations f, = ZLZ(w}i)k for
k =1,2,3 with respect to e; (2 < i < 4), we obtain

ei(wyy) + ei(wis) + ei(wiy) =0,
whrei(wyy) + wizei(wls) + wigei(wiy) =0, (35)

(who)?ei(why) + (wi3)?ei(wss) + (wia)ei(wia) = 0.
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Proof of Lemma 9

Differentiating both sides of equations f, = ZLZ(w}i)k for
k =1,2,3 with respect to e; (2 < i < 4), we obtain

ei(wyy) + ei(wis) + ei(wiy) =0,
whrei(wyy) + wizei(wls) + wigei(wiy) =0, (35)

(who)?ei(wzs) + (w33)?ei(w3s) + (waa)ei(was) = 0.
Since wi,, wi;, wi, are mutually different and the determinant of

the coefficient matrix of (35) is the Vandermonde determinant
with order 3,

it follows that

1 1 1
W1%2 ) W1%3 ) uihz = (WAlA - W%3)(Wi4 - W%z)(‘*’%a - W%z) # 0.
(w33) (W33) (wiq)
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According to Cramer's rule in linear algebra, one gets
1) _ 1) _ 1y _
ei(wp) = ei(wsz) = ei(wgy) =0.
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According to Cramer's rule in linear algebra, one gets
1) _ 1
ej(wa,) = ei(w3z) = & (W44) 0.

Furthermore, for j = 2,3, 4 by considering

4
eiel(w_/:li) elel( ) [eh el] Z wll)eI( j)

1=2
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According to Cramer's rule in linear algebra, one gets
1) _ 1
ej(wa,) = ei(w3z) = & (W44) 0.

Furthermore, for j = 2,3, 4 by considering

4
eier(wf) — erei(w)) = [er, ex](wf) = Y (wh — wi)er(w}),

1=2

we get
1y _
eier(wy) = 0.

Differentiating e (w 1-) = (w; 1- 2 + A1) with respect to e and

taking into account the above equation and e;(w J:b) =0, we derive
ei(Aj) =0

forany1<j<4and2<i <4

Therefore, we complete a proof of Lemma 9. ]

Min-Chun Hong The University of Queensland Brisbane, Austi  On Chen’s conjecture for biharmonic hypersurfaces in RS



We recall some relations concerning the coefficients of connection
and principal curvature functions verified by Fu and Hong (Pacific
J. Math. 2018).
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We recall some relations concerning the coefficients of connection
and principal curvature functions verified by Fu and Hong (Pacific
J. Math. 2018).

Lemma 10
For three distinct principal curvatures \;, \j and A
(2 <i,j,k <4), we have the following relations:

w§3(>\3 —N\g) = Wgz()o —N\g) = Wz3()\3 - A2), (36)
wiswsy + Wawas + wiwsy =0, (37)
w§3(w§3 - Wizl) = w§2(w%2 - Wi4) = wia(wés - W%z)- (38)
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Lemma 11

Under the assumptions as above, we have

Wiwis — 2whwi = — o3, (39)
whwis — 2wiawir = —Aoha, (40)
Wiswis — 2wiwis = —Ashe. (41)

We used the Gauss equation

(R(e,-, ej)e,-, e,-> = —)\;/\j.
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utline proof eorem 2

If the mean curvature H is constant, a result due to Oniciuc
(2002) shows that any biharmonic hypersurface with constant
mean curvature in R™1 is minimal.
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Outline proof of Theorem 2

If the mean curvature H is constant, a result due to Oniciuc
(2002) shows that any biharmonic hypersurface with constant
mean curvature in R™1 is minimal.

Hence, we assume that the mean curvature H is not constant.
According to Lemma 10, i.e.

wi3(A3 — M) = wh (A2 — Aa) = wiz(A3 — A2)

we distinguish the following two cases:
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Outline proof of Theorem 2

If the mean curvature H is constant, a result due to Oniciuc
(2002) shows that any biharmonic hypersurface with constant
mean curvature in R™1 is minimal.

Hence, we assume that the mean curvature H is not constant.
According to Lemma 10, i.e.

wi3(A3 — M) = wh (A2 — Aa) = wiz(A3 — A2)

we distinguish the following two cases:
Case A. w33 # 0, w3, #0, and w3, # 0.
Case B. w3; =0, w}, =0, and wi; = 0.

Next we only outline a proof for Case A.
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Assume that w3; # 0, wi, # 0, and w2, # 0.
Then equations (36) and (38) reduce to
Wiz — Wiy _ Wi — Wy _ Wig — Wy

= = :O[,

A3 — Mg A3 — A2 A — A2
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Assume that w3; # 0, wi, # 0, and w2, # 0.
Then equations (36) and (38) reduce to
Wiz — Wiy _ Wi — Wy _ Wig — Wy

= = :O[,

A3 — Mg A3 — A2 A — A2

and hence there exists a smooth functions 3 depending on t such

that
w,-ll- =a\+ 3 (42)

for i =2,3,4.
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Assume that w3; # 0, wi, # 0, and w2, # 0.
Then equations (36) and (38) reduce to
Wiz — Wiy _ Wi — Wy _ Wig — Wy

= = :O[,

A3 — Mg A3 — A2 A — A2

and hence there exists a smooth functions 3 depending on t such

that
w,-ll- =a\+ 3 (42)

fori =2,3,4.
From Lemma 5, we know

erer(\1) = el()\1)<zn:w,-1,-) + A1, (43)

=2
er(\) = M\wh — Awk, (44)
er(wh) = (wh)? + M. (45)
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Differentiating with respect to e; on both sides of equation (42),
using (44) and (45) we get

e1(a) = )\1(0z2 +1) + ap, (46)
e1(8) = B(arr + B). (47)
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Differentiating with respect to e; on both sides of equation (42),
using (44) and (45) we get

er(a) = Ai(a® +1) +ap, (46)
e1(8) = (e + B). (47)
Taking a sum on i in (42), one has
4
D wii=—3a) +38. (48)
i=2
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Differentiating with respect to e; on both sides of equation (42),
using (44) and (45) we get

er(a) = Ai(a® +1) +ap, (46)
e1(8) = (e + B). (47)
Taking a sum on i in (42), one has
4
D wii=—3a) +38. (48)
i=2

Taking into account (37), equations (39), (40) and (41) lead to

1.1 1,1 1.1
WoorW33 + Wrolygy + W33Wgag = —)\2)\3 — )\2)\4 — )\3A4,
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Differentiating with respect to e; on both sides of equation (42),
using (44) and (45) we get

er(a) = Ai(a® +1) +ap, (46)
e1(8) = (e + B). (47)
Taking a sum on i in (42), one has
4
D wii=—3a) +38. (48)
i=2

Taking into account (37), equations (39), (40) and (41) lead to
WHwis + Wil + Wiwis = —AaA3 — dads — Az,
which combining with (42) further reduces to

(1 + ) M2z + Aadg 4+ Asha) +2a8(Na + A3 + \g) + 382 =0.
(49)
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Since S — A2 =37, A and —3\; = 3.7, \,, it follows from (49)
that

(1+a?)S =10(1 + &®)\2 — 12a3)\; + 643°. (50)
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Since S — A2 =37, A and —3\; = 3.7, \,, it follows from (49)
that

(1+a?)S =10(1 + &®)\2 — 12a3)\; + 643°. (50)

Moreover, differentiating —3\; = Zf}:z Aj with respect to e; and
using (17) and (42), we get

4
—361()\1) = Z()\, — )\1)w,~1,-.
i=2
= (203 + S) — 66);. (51)

Substituting (48) into (16) gives

e1e1()\1) = 3(*0&)\1 + ﬁ)el(Al) + A1 S. (52)
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that
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In summaries, we have

el(@) = M(a® +1) + ap,

e1(B) = Blar + B),

(1+a?)S =10(1 + a®)\? — 12a8); + 6432,
—3e1(\1) = (203 + S) — 661,

e1e1(/\1) = 3(—04)\1 + 5)61()\1) + A\ S.
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By using (50) and (51), we can eliminate S and get

1
er(M) = —7 — 5 (4X1a® — 6A10°B + 2a8% + 4XTa — 2\ 8).
(53)
On the other hand, differentiating (51) with respect to ey, it
follows from (46) and (47) that
—36161()\1) :(404)\1 — 66)61()\1) + 0461(5) (54)

+ 2\ + S){M(a? + 1) + aB} — 68 1 (ar + B).
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Differentiating (50) with respect to e; and using (46)-(47) one has

(1+a?)er(S) =4{5(1 + a®)A1 — 3af}er (M)
+2(10aA] — S — 68M1){A1(e® + 1) + aB}
+128(8 — aXr)(ad; + B). (55)
Eliminating the terms of eje;(\1) between (54) and (52) yields

(—=5a\1 +3B)er(A1) + cer(S) + (207 + S){A1(e® + 1) + aB}
—66/\1(04)\1 + 6) +3MS =0. (56)
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Combining (56) with (51) we may eliminate e;(A1) and hence

3aer(S) =(—5aA1 +38){(2\2 + S)ar — 68A1 }
—3(2A1 + S){Mi(a? + 1) +aB}
+ 1881 (ar1 + B) — 9N S. (57)

Also, combining (55) with (51), we eliminate e;(\1) to obtain

3(1+ a?)er(S) =4{5(1 + a*)A1 — 303} {68\ — (2A2 + S)a}
+6(10aA] — aS — 68A1){ M1 (o + 1) + a8}
+368(8 — ai)(ar + B). (58)

Eliminating the terms of e1(S) in (57)-(58) yields

{(1+ a®)(5ar1 + B) — 4B} {68M\1 — (2M\] + S)a}
+(22027] — 12081 + 2X\] + S — @2S){\i(a? + 1) + aB}
+68(2a8 — 302X\ — A1)(a + B) +3(1 + a*)MS =0. (59)
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Applying (50) to eliminate the terms of S in (59), we derive

8a®\3 — 2005822 + 160482\, — 40333
+9a*\3 — 14038X2 + 8022 \; — 2033
—602X3 +6a8X2 — 4820 —TA3 =0. (60)

Differentiating (60) along e; and using (46), (47) and (53), we
have

240° )} — 11608 8)3 + 188a’ 5203 — 1240053\

+ 360 A} — 14500673 + 191a°32)2 — 110053\,

— 36050 + 7604 BN} — 48035202 + 150233\

— 84a3\] + 1230%8)3 — 5106202 + 9%\,

— 360} + 1863 + 28a°3* + 24033 = 0. (61)
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Combining equations (60) and (61), we may eliminate 8 and obtain

{4848447651840465 4ot 846526464047})\%6 ~0.

Since A1 # 0, the above equation is a non-trivial polynomial
equation concerning « with constant coefficients. This implies that
a must be a constant. It follows from (46) that

,8:—0‘2+1A1. (62)
Substituting (62) into (47) and (53), we have
er(A) = A (0 - Lt 0‘2A1> _ —l)\27 (63)
4a3+6a(a2+1)+M+4 + 24
e1(M1) = — T aoé A
_ _4(304;4- 1)& (64)

Combining (63) with (64) yields that 4a? + 1 = 0, contradiction.
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Thank You !
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