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Abstract. Hyperspectral unmixing (HU) plays an important role in terrain classification, agricultural moni-
toring, mineral recognition and quantification, and military surveillance. The existing model of the
linear HU requires the observed vector to be a linear combination of the vertices. Due to the pres-
ence of noise, or any other perturbation source, we relax this linear constraint and penalize it to the
objective function. The obtained model is solved by a sequence of gradient type steps which contain
a projection onto the simplex constraint. We propose two gradient type algorithms for the linear
HU, which can find vertices of the minimum volume simplex containing the observed hyper-spectral
vectors. When the number of given pixels is huge, the computational time and complexity is so large
that solving HU efficiently is usually challenging. Therefore, a stochastic variance reduction strat-
egy is used to accelerate the speed. Preliminary numerical results showed that our new algorithms
outperformed state-of-the-art algorithms on both synthetic and real data.
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1. Introduction. Hyperspectral unmixing (HU) is a source separation problem, which is
widely used in terrain classification, agricultural monitoring, mineral recognition and quan-
tification, and military surveillance [1, 18, 21, 5]. HU aims at decomposing pixel spectra in a
scene into materials, and their corresponding fractional abundances. The materials are also
called endmembers, which are generally considered to represent the pure materials present in
the image. The set of abundances at each pixel is considered to represent the percentage of
each endmember that is occupied in the pixel. The materials in hyperspectral unmixing are
statistically dependent and combine in a linear or nonlinear fashion. Because the model of
linear unmixing model is simple, the physical meaning is clear, and the solution is satisfactory,
it is very suitable for hyperspectral unmixing. We only consider linear hyperspectral unmixing
[13, 22, 25, 29] in this paper.

Algorithms of linear hyperspectral unmixing mainly fall into four types: geometrical based
approaches [26, 4], statistical based approaches [23, 24], sparse regression based approaches [6],
and spatial/spectral joint analysis [28]. The geometrical based approaches can be categorized
into two main classes of methods: pure pixel (PP) [26] based and minimum volume (MV) [13]
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based methods. The pure pixel based algorithms still belong to the minimum volume class
but assume the presence in the data of at least one pure pixel per endmember. This kind of
algorithm finds the set of the purest pixels in the data, see for instances pixel purity index
(PPI) [8, 7], N-FINDR [34], iterative error analysis (IEA) [27], vertex component analysis
(VCA) [26], simplex growing (SGA) [12], sequential maximum angle convex cone (SMACC)
[16], alternating volume maximization (AVMAX) [11]. The minimum volume approaches seek
a mixing matrix M that minimizes the volume of the simplex defined by its columns, referred
to as conv(M), subject to the constraint that conv(M) contains the observed spectral vec-
tors. The pure pixel constraint is no longer enforced, resulting in a much harder nonconvex
optimization problem. The minimum volume approaches include minimum volume simplex
analysis (MVSA) [20], simplex identification via variable splitting and augmented Lagrangian
(SISAL) [4], minimumvolume enclosing simplex (MVES) [10], iterative constrained endmem-
bers (ICE) [3], convex cone analysis (CCA) [17], etc. Geometrical based approaches have a
light computational burden and clear conceptual meaning, but may lead to poor results in
highly mixed scenarios. Statistical methods are powerful alternative in highly mixed scenar-
ios at the cost of higher computational complexity. They are mainly based on independent
component analysis, Bayesian method and non-negative matrix factorization. In sparse re-
gression based unmixing, endmembers are assumed to exist in a huge spectral library, and
each pixel of the image can be expressed by the linear combinations of a number of spectra in
the spectral library. Because the endmembers are very rare compared to the spectral library,
images can be sparsely expressed by the spectral library. Sparse regression based unmixing
is an area with strong links to compressed sensing, least angle regression, basis and matching
pursuits. Spatial/spectral joint analysis suppose that pixels are not isolated alone, but in a
3D natural scene. The endmembers of the hyperspectral image can be extracted by combining
the spectral and spatial information of the surrounding pixels.

The existing model of linear HU require the observed vector to be a linear combination of
the vertices. Due to the presence of noise, or contaminations from other sources, the spectral
vectors may lie outside the true data simplex. In this paper, we combine the geometrical
based approaches and statistical based approaches to construct a new model. We relax the
equality constraint and penalize it onto the objective function, while also minimize the volume
of simplex. Then we propose two gradient type algorithms to solve the corresponding linear
HU models. Since the number of pixels may be huge, the computational time and complexity
is so large that solving HU efficiently is challenging. The information involved in observed
vectors may have redundancy, we can reduce computational time and complexity by picking
up a portion of data points randomly. Many first-order randomized algorithms have been
presented recently, including stochastic gradient method [31], batch gradient method, and
some noise reduction methods, such as Pro-SVRG [35] and SAGA [14]. We will apply the
stochastic variance reduction strategy to reduce computation cost in this paper.

The following notation will be used throughout this paper. Upper (lower) case letters
are used for matrices (column vectors). All vectors are column vectors, the subscript (·)>
denotes matrix and vector transposition. In stands for the n×n identity matrix, 1p denotes

the vector of all ones. The Frobenius norm of X ∈ Rm×n is defined as ‖X‖F =
√∑

i,j |Xi,j |2.
The Euclidean inner product between two vectors x ∈ Rn and y ∈ Rn is defined as 〈x, y〉 =
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i(xiyi) = x>y. The Euclidean inner product between two matrices X ∈ Rm×n and Z ∈

Rm×n is defined as 〈X,Z〉 =
∑

i,j(Xi,jZi,j) = trace(X>Z). Î(A) denotes the indicator
function of the set A. The inequality X ≥ 0 is element-wise, which means Xij ≥ 0 for all
entries (i, j). Likewise, the equality X = Z means Xij = Zij for all entries (i, j).

2. A Model for Linear Hyperspectral Unmixing. Assuming that there are p endmembers
in a given scene with spectral signatures mi ∈ RB, i = 1, · · · , p , where B ≥ p denotes the
number of spectral bands. In the linear mixture model, the observed spectral vectors are in
the convex hull of endmember spectral signatures, i.e.,

Y = MS,

where Y = [y1, · · · , yn] ∈ RB×n denotes a matrix holding the observed spectral vectors
yi ∈ RB, S = [s1, · · · , sn] ∈ Rp×n a matrix holding the respective fractions and M =
[m1, · · · ,mp] ∈ RB×p the mixing matrix containing the endmembers. That is to say, for
each observed vector, yi = Msi, i = 1, · · · , n. Since the components of si are nonnegative
and their summation are equal to one, then the fractional abundance vectors si(i = 1, · · · , n)
belong to the standard p-simplex set Sp = {s ∈ Rp : s ≥ 0,1p

>s = 1}.
The number of endmembers p is usually much smaller than the number of bands B.

Assuming that the linear model is a good approximation, spectral vectors lie in or very close
to a low-dimensional linear subspace. Therefore, a signal subspace identification algorithm is
required as the first preprocessing step. The signal space is denoted by U , and let the columns
of E = [e1, · · · , ep] be an orthonormal basis for U , where ei ∈ RB, for i = 1, · · · , p. The
coordinates of the orthogonal projection of a spectral vector y ∈ RB onto U , with respect to
the basis E, are given by yU = E>y ∈ Rp. Thus, we have

yU = E>Ms.

From now on, we assume that the observed data set has been projected onto the signal
subspace and, for simplicity of notation, we still represent the projected vectors as

Y = MS

where Y ∈ Rp×n and M ∈ Rp×p.
Since the volume defined by the column of M is proportional to log | det(M)|. Linear

hyperspectral unmixing can be conducted by minimizing log |det(M)| with respect to si be-
longing to the standard p-simplex set and the linear constraint QY = S. The corresponding
model was used in [4]:

min
Q,S

log | det(M)|,

s.t. Y = MS,
S ≥ 0p×n, 1

>
p S = 1>n .

(2.1)

Let Q = M−1, the equality constraint Y = MS is equivalent to QY = S. Moreover,
log | det(M)| is equal to − log | det(Q)|. Due to the presence of noise, or any other perturbation
source, the spectral vectors may lie outside the true data simplex. We relax the equality
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constraint QY = S and penalize it onto the objective function. A new minimum volume class
model can be obtained as follows:

min
Q,S

1
2 ||QY − S||

2
F − λ log |det(Q)|,

s.t. S ≥ 0p×n, 1
>
p S = 1>n .

(2.2)

where λ is the parameter used to balance the noise and simplex volume. Let u(Q,S) =
1
2 ||QY − S||

2
F , h(Q) = −λ log |det(Q)|, v(S) = ÎSp(S), and φ(Q,S) = u(Q,S) + v(S). Then

Model (2.2) is equivalent to

min
Q,S

Ψ(Q,S) = u(Q,S) + h(Q) + v(S).(2.3)

ÎSp(S) is convex because the set Sp is convex. Moreover, u(Q,S) is jointly convex in (Q,S), and
its gradient ∇u(Q,S) is Lipschitz continous. Model (2.3) can be solved by the alternating
minimization method [9]. Alternating minimization method for model (2.3) is derived by
successively minimizing Ψ(Q,S) with respect to one of the variables Q and S at a time while
fixing the other at its most recent value. We firstly find Ŝ := Ŝ(QY ) that minimizes Ψ(Q,S).
Denotes

f(Q) = min
S
φ(Q,S),(2.4)

which is equivalent to

min
S

1
2 ||QY − S||

2
F ,

s.t. S ≥ 0p×n, 1
>
p S = 1>n .

(2.5)

The above problem is essentially a projection onto the simplex constraints and its solution is
available in Lemma 2.1 [33].

Lemma 2.1. Let αj = (QY )j be the jth column of QY , we sort αj into u such that u1 ≥
u2 ≥ · · · ≥ up, and find ρ = max{1 ≤ l ≤ p : ul + 1

l (1 −
∑l

i=1 ui) > 0}. The closed-form
solution of model (2.5) is:

ŝj = max{αj + ηj , 0}, j = 1, · · · , n

where ηj = 1
ρ(1−

∑ρ
i=1 ui).

After Ŝ is determined, Q̂ can be solved by

min
Q

ϕ(Q) = f(Q) + h(Q).(2.6)

Finally, model (2.2) is transformed into a problem with respect to the variable Q itself. Note
that model (2.6) is a nonconvex problem due to the nonconvexity of h(Q). Since u(Q,S)
is jointly convex with respect to Q and S and it is strongly convex with respect to S, the
function f(Q) is differentiable with respect to Q and its gradient is:

∇f(Q) = ∇φ(Q, Ŝ) = (QY − Ŝ)Y >,(2.7)
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where Ŝ is the unique solution of model (2.5). Since model (2.5) is actually a projection onto
a convex set and the solution operator Ŝ(QY ) is non-expansive, we have

‖Ŝ(QY )− Ŝ(Q̄Y )‖F ≤ ‖(Q− Q̄)Y ‖F ≤ ‖Q− Q̄‖F ‖Y ‖F .

Consequently, we obtain

‖∇f(Q)−∇(Q̄)‖F ≤ ‖(Q− Q̂)Y Y >‖F + ‖(Ŝ(QY )− Ŝ(Q̄Y ))Y >‖F
≤ 2‖Y ‖2F ‖Q− Q̄‖F .

Hence, the gradient ∇f(Q) is Lipschitz continuous with a constant 2‖Y ‖2F .

3. Gradient Type Methods. In this section, we solve model (2.6) in detail and present
three gradient type methods.

3.1. Proximal Gradient Method. We compute Qk+1 with one proximal gradient step:

Qk+1 = arg minQ

〈
∇f(Qk), Q−Qk

〉
+

1

2τ
||Q−Qk||2F + h(Q),

= arg minQ
1

2
||Q− (Qk − τ∇f(Qk))||2F + τh(Q),(3.1)

= Proxτh(W k),(3.2)

where W k = Qk − τ∇f(Qk), τ = (2 + γ)‖Y ‖2F with γ > 0, and

Proxτh(W k) = arg minQ
1

2
||Q−W k||2F + τh(Q).

Next, let us see how to compute Qk+1 in detail.

Lemma 3.1. The solution of proximal operator in equation (3.2) is

Proxτh(W ) = UQ̃V >,(3.3)

where U and V are orthogonal matrices in the SVD decomposition of W , Q̃ = diag{q1, · · · , qp},

qi =
wi+
√
w2

i+4τλ

2 (i = 1, · · · , p), wi > 0 is the ith singular value of W .

Proof. Let UW̃V > be the singular value decomposition ofW , where W̃ = diag{w1, · · · , wp},
wi is the ith singular value of W , wi > 0, U and V are orthogonal matrices. Let w =
(w1, · · · , wp)T . Model (3.1) is equivalent to

min
q∈Rp

1

2
||q−w||2F − τλ

p∑
i=1

log |qi|.

Note that the above problem is separable, qi(i = 1, 2, · · · , p) is the optimal solution of

min
qi

1

2
(qi − wi)2 − τλ log |qi|.(3.4)
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The solution of model (3.4) is

qi =
wi +

√
w2
i + 4τλ

2
, wi > 0.

Therefore, the solution of proximal operator in equation (3.2) is Proxτh(W ) = UQ̃V >, where
Q̃ = diag{q1, · · · , qp}.

To sum up, we obtain the proximal gradient method framework for linear hyperspectral un-
mixing problem. The framework is illuminated in Algorithm 1.

Algorithm 1: Proximal Gradient Method (PGM)

1 Given Q0, λ > 0, k = 0;
2 while stopping criterion not satisfied do
3 Given Qk, calculate S by Lemma 2.1 and ∇f(Qk) by equation (2.7);

4 Compute Qk+1 by equation (3.3) ;
5 k ← k + 1.

Model (2.6) falls into the framework of [9]. The convergence of Algorithm 1 can be
guaranteed by Proposition 3 in [9], and the generated sequence of Algorithm 1 is globally
convergent to a critical point of model (1), as shown in Theorem 3.2.

Theorem 3.2. Let {Qk}k∈N be a sequence generated by Algorithm 1. Assume that ϕ(Q) is
bounded from below on {Q | ϕ(Q) ≤ ϕ(Q0)}.
(1) The sequence {Qk}k∈N has finite length, that is

∞∑
k=1

‖Qk+1 −Qk‖F <∞.

(2) The sequence {Qk}k∈N converges to a critical point Q∗ of model (2.6).

Proof. Since ϕ(Qk) is bounded from below {Q | ϕ(Q) ≤ ϕ(Q0)} and f(Q) is nonnegative,
h(Qk) is bounded which implies that Qk is bounded. Because h(Q) satisfies the KL property,
the convergence of Algorithm 1 can be guaranteed by Proposition 3 in [9].

In practice, τ is usually computed by the BB (Barzilai and Borwein)[2] method. At the
k-th iteration, let t = Qk −Qk−1 and z = ∇ϕ(Qk)−∇ϕ(Qk−1), then

τk = 〈t, t〉 / 〈t, z〉 ,(3.5)

or

τk = 〈t, z〉 / 〈z, z〉 .(3.6)
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3.2. Adaptive Moments Method. Since model (2.6) is non-convex, the solution is not
necessarily optimal. The adaptive moments (ADAM) method [19] is robust and suitable
to non-convex problems. It combines the advantages of two recently popular optimization
methods: AdaGrad [15] and RMSProp [32]. If det(Q) 6= 0, the gradient of ϕ(Q) is

∇ϕ(Q) = (QY − Ŝ)Y > − λQ−1.(3.7)

Then update rules of Adam for linear HU are given by

gk = ∇ϕ(Qk),

Hk = ρ1Hk−1 + (1− ρ1)gk, Ĥk =
Hk

1− ρk1
,

Gk = ρ2Gk−1 + (1− ρ2)gk � gk, Ĝk =
Gk

1− ρk2
,

Qk+1 = Qk − τk
Ĥk√
Ĝk + δ

,

where � is component-wise multiplication and the division is also component-wise. Gk is
a weighted mean of Gk−1 and the accumulated squared gradients. The parameter τk is the
BB step size and δ is a small constant for numerical stability. The parameters ρ1and ρ2 are
decaying rates. The second and the third equations above perform a correction on Hk, Gk.

Adaptive moments method for linear hyperspectral unmixing problem is described as
Algorithm 2.

Algorithm 2: Adaptive Moments Method (ADAM)

1 Given Q0, τ0 > 0, λ > 0, ρ1, ρ2, g0 = ∇ϕ(Q0), H0 = (1− ρ1)g0, G0 =
(1− ρ2)g0 � g0, δ = 1e− 7, k = 0;

2 while stopping criterion not satisfied do
3 Given Qk, calculate S by Lemma 2.1;
4 Calculate the gradient gk by equation (3.7);
5 Compute Hk = ρ1Hk−1 + (1− ρ1)gk, Gk = ρ2Gk−1 + (1− ρ2)gk � gk;
6 Correct bias: Ĥk = Hk

1−ρk1
, Ĝk = Gk

1−ρk2
;

7 Qk+1 = Qk − τk Ĥk√
Ĝk+δ

, where τk is calculated by equation (3.5) or (3.6);

8 k ← k + 1.

3.3. Proximal Gradient Method by Variance Reduction. When the number of given
pixels is large, we use proximal stochastic variance reduction gradient algorithm (Pro-SVRG)
[35] to reduce computational time and complexity in this section. Pro-SVRG progressively
reduces the variance of the stochastic gradient. More specifically, Pro-SVRG computes the
full gradient at the beginning of each stage, followed by m stochastic gradient inner iterations.
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Considering the objective function of model (2.6),

arg minQ
1

2
||QY − S||2F − λ log | det(Q)|

= arg minQ
1

2

n∑
i=1

||Qyi − si||22 − λ log |det(Q)|

= arg minQ
1

n

n∑
i=1

1

2
||Qyi − si||22 −

λ

n
log | det(Q)|

= arg minQ
1

n

n∑
i=1

fi(Q)− λ

n
log | det(Q)|,

where fi(Q) = 1
2 ||Qyi−si||

2
2, whose gradient is∇fi(Q) = (Qyi−si)y>i . Let F (Q) = 1

n

n∑
i=1

fi(Q),

which is an average of a large number of smooth component functions. Its gradients can be
computed by ∇F (Q) = 1

n(QY − S)Y T. Let R(Q) = −λ
n log | det(Q)|, it admits a simple

proximal mapping obviously. The objective function of model (2.6) is the sum of F (Q) and
R(Q). Therefore, we can apply Pro-SVRG to model (2.6). Our stochastic algorithm for linear
hyperspectral unmixing is presented in Algorithm 3.

Algorithm 3: Proximal Gradient Method via Variance Reduction (PGMVR)

1 Given Q̃0 ;
2 for t = 1, 2, · · · do
3 Q̃ = Q̃t−1;
4 solve S by Lemma 2.1;

5 ṽ = ∇FP (Q̃) = 1
n(Q̃Y − S)Y >;

6 τt = 1
m ||Q̃t − Q̃t−1||

2
2/|(Q̃t − Q̃t−1)>(ṽt − ṽt−1)|;

7 Q0 = Q̃;
8 for k = 1, 2, · · · ,m do
9 pick Ik ⊂ {1, 2, · · · , n} randomly ;

10 vk = ∇fIk(Qk−1)−∇fIk(Q̃) + ṽ;
11 Qk = ProxηR(Qk−1 − τkvk);
12 Q̃t = Qm ;
13 If stopping criterion is satisfied, break.

4. Numerical Results . In this section, we verify the effectiveness of our proposed algo-
rithms for linear hyperspectral unmixing problems. A series of experiments are carried out to
show that our algorithms are suitable for linear HU.

We compare the proposed method with related methods. The details of these evaluated
algorithms (including our algorithms) are listed as follows:

• The proximal gradient method (PGM in short), presented in subsection 3.1.
• The adaptive Moments Method (ADAM in short), presented in subsection 3.2.



GRADIENT TYPE METHODS FOR LINEAR HYPERSPECTRAL UNMIXING 9

• The proximal gradient method via variance reduction (PGMVR in short), a new al-
gorithm presented in subsection 3.3.
• The simplex identification via split augmented Lagrangian (SISAL in short). It is a ge-

ometrical method. In SISAL, the positivity constraints, forcing the spectral vectors to
belong to the convex hull of the endmember signatures, are replaced by soft constraints.
The obtained problem is solved by a sequence of augmented Lagrangian optimizations.
The code for this method is downloaded from http://www.lx.it.pt/∼bioucas/code.htm.
• The vertex Component Analysis (VCA in short). It is a classic geometrical method

that needs the existence of pure pixels for each endmember. Different with the other
algorithms that estimate the endmembers and abundances simultaneously, VCA can
only estimate the endmembers. The abundances are estimated by solving a constrained
Least Square Problem. The code for this algorithm is obtained from http://www.lx.
it.pt/∼bioucas/code.htm.

4.1. Simulated Data. The data was generated according to the linear observation model.
The abundance fractions are Dirichlet distributed with parameter µi = 1, i = 1, · · · , p. The
mixing matrix M is randomly generated with i.i.d uniformly distributed elements. To ensure
that no pure pixel is present, we discarded all pixels with any abundance fractions larger than
0.8. See Figure 1 for simulated data. Every black star dot is an endmember, while blue dots
denote simulated data point. Note that there is no pure pixel in simulated data.

-6 -5 -4 -3 -2 -1 0 1 2
-7

-6

-5

-4

-3

-2

-1
Endmembers and data points (2D projection)

data points
Endmembers

Figure 1. Diagram of of simulated data

The stopping criterion is ||(QY − S)Y > − λQ−>||F < 10−4. In general case, λ = 5. The
maximum number of iterations is 50. The other parameters in different algorithms are set as
Table 1. SNR is defined as

SNR = 10 log

(
10

signal voltage

noise voltage

)
.

The meaning of SNR=∞ is that there is no noise in the data set. Every experiment need to
be done 10 times.

In order to evaluate the proposed method, we use the spectral angle distance (SAD) [30].
SAD is used to evaluate the performance of estimated endmembers, which is an angle distance

http://www.lx.it.pt/~bioucas/code.htm
http://www.lx.it.pt/~bioucas/code.htm
http://www.lx.it.pt/~bioucas/code.htm
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Methods Parameters

PGM τ0 = 0.001

ADAM τ0 = 0.05 ρ1 = 0.8 ρ2 = 0.9 δ = 1e− 7

PGMVR τ0 = 1 m = 50
Table 1

Parameter settings

between an estimated endmember and its corresponding ground truth. It is defined as

SAD(M, M̂) = arccos

(
M>M̂

||M || · ||M̂ ||

)
,(4.1)

where M denotes the ground truth of one endmember, M̂ is the corresponding estimated
result. The smaller SAD, the better performance.

Experiment results for p = 3, N = 10000 are listed in Tables 2 and 3. Endmembers found
by four algorithms are compared in Figures 2 and 3.

SAD
SNR

∞ 30 20 10

PGM 0.0009±0.0008 0.0037±0.0012 0.0120±0.0028 0.0560±0.0095

ADAM 0.0008±0.0008 0.0032±0.0014 0.0106±0.0019 0.0448±0.0103

SISAL 0.0033±0.0013 0.0045±0.0022 0.0127±0.0051 0.0605±0.0194

VCA 0.0869±0.0150 0.0598±0.0265 0.0840±0.0467 0.0555±0.0285
Table 2

The average SADs and their standard deviations vs. SNRs on simulated data

Time(s)
SNR

∞ 30 20 10

PGM 0.3503±0.0687 0.3652±0.0355 0.3831±0.0525 0.4299±0.0522

ADAM 3.5906±0.2928 3.1131±0.2957 2.3944±0.1998 2.1292±0.0729

SISAL 0.4736±0.0388 0.4537±0.0332 0.4421±0.0329 0.4594±0.0281

VCA 0.1392±0.0173 0.1440±0.0037 0.1459±0.0052 0.1404±0.0034
Table 3

The average time vs. SNRs on simulated data

As we can see, VCA is the worst because there are no pure pixels in the data set. From
Table 3, although ADAM is a little bit slow, we find that the computational time reduces
with the decreasing of SNR. It shows that ADAM is more suitable for noise case.

To test the efficiency of the stochastic variance reduction strategy, we do some numerical
experiments on large data sets. Let p = 12, N = 100000, and SNR=∞. The numerical
experiment results are listed in Table 4 and Figure 4.
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(a) SNR =∞
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(b) SNR = 30
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Figure 2. Effect diagram of algorithms
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Figure 3. Local effect diagram of algorithms

Algorithms PGM PGMVR SISAL VCA

SAD 0.0003 0.0004 0.0010 0.1300

Time (s) 18.1423 12.0590 24.3234 1.1487
Table 4

The average SADs and Time on big data

Under similar precision requirements, PGMVR performs better than PGM, SISAL, and
VCA on large data set sets. Obviously, the stochastic variance reduction strategy plays an
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Figure 4. Effect diagram of algorithms on big data

important role in large scale problems.

4.2. Real Data. We now perform some experiments on four real data examples [36, 37,
38], see Figure 5. They are available at http://www.escience.cn/people/feiyunZHU/Dataset
GT.html, and widely used in the hyperspectral unmixing study.

Figure 5. Four real hyperspectral images, ie, Samson, Jasper Ridge, Urban and Cuprite.

The size of Samson is 95 × 95 × 156, in which there are three endmembers, i.e. soil,
tree, and water. The size of Jasper Ridge is 100 × 100 × 198, its endmembers include road,
soil, water, and tree. Urban has the largest size: 307 × 307 × 162. Ground truth contains 6
endmembers: asphalt, grass, tree, roof, metal, and dirt. Cuprite’s size is 250 × 190 × 224, it
has 12 endmembers.

We use PGM, ADAM, and SISAL to identify the endmembers and fractional abundances
of Four real hyperspectral images. Here, we ignore VCA because there are pure pixels in this
data set. The average spectral angle distances are list in Tables 5 and 8. We can observe that
PGMVR cost the least time and its mean value is comparable with the other algorithms.

http://www.escience.cn/people/feiyunZHU/Dataset_GT.html
http://www.escience.cn/people/feiyunZHU/Dataset_GT.html
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Algorithms
SAD

time(s)
1-rock 2-tree 3-water Mean Value

PGM 0.1417 0.1093 0.3165 0.1891 1.8059

ADAM 0.0879 0.0884 0.2641 0.1468 3.9522

PGMVR 0.0602 0.0966 0.1900 0.1156 0.5709

SISAL 0.1794 0.0995 0.2715 0.1834 1.1430
Table 5

SAD and Time of different algorithms for Samson

Algorithms
SAD

time(s)
1-tree 2-water 3-dirt 4-road Mean Value

PGM 0.2463 0.2592 0.4156 0.6734 0.3986 8.7038

ADAM 0.3165 0.3106 0.5507 0.7713 0.4873 7.3470

PGMVR 0.2469 0.2752 0.3564 0.7159 0.3986 0.9923

SISAL 0.2980 0.3389 0.5914 0.7386 0.4917 1.3589
Table 6

SAD and Time of different algorithms for Jasper Ridge

Algorithms
SAD

time(s)
1-asphalt 2-grass 3-tree 4-roof 5-metal 6-dirt Mean Value

PGM 0.5810 0.3030 0.4871 0.4162 0.6602 1.2579 0.6175 37.8746

ADAM 0.6442 0.3789 0.5153 0.3776 0.6416 1.2739 0.6386 30.8143

PGMVR 0.3676 0.4768 0.5295 0.9780 1.1823 1.5215 0.8426 1.7921

SISAL 0.4517 0.4876 0.6634 0.4483 0.8106 1.8814 0.7905 10.1267

Table 7
SAD and Time of different algorithms for Urban

The spectral signatures of different algorithms are presented in Figures 6 and 7. Figures 8
and 9 shows the abundances of different algorithms. Because the endmembers of Urban and
Cuprite are too many, here we do not present their spectral signatures and abundances because
of the limit of space.

From Figures 6 and 7, we observe that spectral signatures of endmembers are similar
to ground truth, only some parts deviate slightly. From Figures 8 and 9, we observe that
abundances of different algorithms are all darker than ground truth. The abundances of road
can not be identified by SISAL in Figure 9.

5. Conclusions and Future Works. In this paper, we introduce a new linear unmixing
model and its corresponding algorithms PGM and ADAM. The unmixing is achieved by
finding the minimum volume simplex containing the hyperspectral data. This optimization
problem is solved by a sequence of proximal gradient steps in PGM while a special sequence
of gradient steps with an adaptive learning rate in ADAM. To deal with large data sets, we
present a random algorithm PGMVR to reduce the computational complexity. The numerical
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SAD
Algorithms

PGM ADAM PGMVR SISAL

1-Alunite 0.2615 0.2556 0.1977 0.2724

2-Andradite 0.2016 0.1609 0.1351 0.2079

3-Buddingtonite 0.2361 0.1789 0.2183 0.2894

4-Dumortierite 0.2766 0.1688 0.2063 0.2958

5-Kaolinite1 0.2908 0.1642 0.1109 0.2475

6-Kaolinite1 0.3253 0.1779 0.1962 0.3770

7-Muscovite 0.4807 0.3672 0.2670 0.4455

8-Montmorillonite 0.4126 0.3451 0.2596 0.4161

9-Nontronite 0.6009 0.4888 0.4500 0.5641

10-Pyrope 0.7683 0.6487 0.3335 0.7506

11-Sphene 1.3899 1.3347 1.3362 1.3634

12-Chalcedony 1.5135 1.4563 1.4237 1.4609

Mean Value 0.5631 0.4789 0.4279 0.5576

Time(s) 113.0717 83.4682 2.7552 17.2118
Table 8

SAD and Time of different algorithms for Cuprite

results demonstrate the efficiency of these algorithms.
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