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9. The proximal mapping

e proximal mapping
e projections

e support functions, norms, distances
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Proximal mapping

u

prox ;(x) = argmin (f(u) - %Hu = x||§>

if f is closed and convex then prox(z) exists and is unique for all z

e existence: f(u)+ (1/2)||u — z||3 is closed with bounded sublevel sets

e uniqueness: f(u) + (1/2)||u — x||3 is strictly (in fact, strongly) convex

subgradient characterization (from page 6-7):

u = prox ;(x) = r—u € df(u)
we are interested in functions f for which prox, is inexpensive

The proximal mapping 9-2



Examples

quadratic function (A > 0)

1
f(x) = ixTAa: +blx +c, prox, ¢(x) = (I + tA) " (x — tb)
Euclidean norm: f(z) = ||z|2

prox, ;(z) = { (()1 —t/||z||2)z x| >t

otherwise
logarithmic barrier
- r; + /2 + At
= — 1 79 7 — - ) — 17
Fo) =Y logazi,  prox, (@ : ;
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Some simple calculus rules

separable sum

scaling and translation of argument: with \ # 0,

1
f(x) =g(A\r + a), prox ¢(x) = 3 (proxyz,(Az +a) — a)
‘right’ scalar multiplication: with A > 0,
F@)=Ag(@/N),  prox,(a) = Aprox,-iy(a/)
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Addition to linear or quadratic function

linear function

f(x) =g(x) +a’x, prox ¢(x) = prox,(r — a)

quadratic function: with 4 > 0
f(@) = g@)+ Sl —al3,  prox;(z) = proxg,(6z + (1 - H)a),

where 0 = 1/(1 + p)
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Moreau decomposition

T = prox () + prox () Va

e follows from properties of conjugates and subgradients:

u = proxg(z) <= wx—u€aif(u)
— u€df(r—u)

< T —u = prox(r)

e generalizes decomposition by orthogonal projection on subspaces:

v = Pr(z) + Ppi()

if L is a subspace, L+ its orthogonal complement

(this is Moreau decomposition with f = Iy, f*=1,.)
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Extended Moreau decomposition

for A > 0,
T = prox, ¢(z) + Aprox—1«(z/A) Va

proof: apply Moreau decomposition to A\ f

T = prox,s(z) + prox ()
= prox, ¢() + Aprox—1p«(z/A)

second line uses (Af)*(y) = Af*(y/A) and expression on page 9-4
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Composition with affine mapping

e for general A, the prox-operator of
f(z) = g(Az + b)
does not follow easily from the prox-operator of g

e however if AAT = (1/a)I, we have

prox ¢(z) = (I — a Al A)z + ozAT(proxa_lg(Aa: +b) —b)

example: f(x1,....2m) =g(x1+ 22+ -+ )

1 m m
ProX ¢(T1, ..., Tm)i = Tj — p” Za:j —proxmg(ij)
j=1 j=1
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proof: u = prox () is the solution of the optimization problem

1
minimize  ¢g(y) + iHu — x5

subject to Au+b=y

with variables u, y

e climinate u using the expression

w = x4+ AY(AAD) Ty — b - Ax)
= (I—-aAPA)z+ oA (y—b)

e optimal y is minimizer of

Oé2 (8
g(y) + 7||AT(y —b— Az)||3=g(y) + Sly—b- Ax||3

solution is y = prox,—1,(Ax + b)
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Outline

conjugate functions
proximal mapping
projections

support functions, norms, distances



Projection on affine sets

hyperplane: C = {z | a’z = b} (with a # 0)

b—alx

Po(x) =x + a

lall?

affine set: C = {z | Ax = b} (with A € RP*™ and rank(A) = p)
Po(z) =z + AT (AAT) "1 (b — Ax)

inexpensive if p < n, or AAT =1, ...
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Projection on simple polyhedral sets

halfspace: C = {z | a’z < b} (with a # 0)

b—aly

lall3

Po(x) = x + a ifalz >0, Po(z)=x ifalz<b

rectangle: C' = [l,u]={z |l <Xz < u}
L x <

Po(z)i=1¢ =i L <z <w
U; Ty 2> U

nonnegative orthant: C = R”

Po(x) = x4 (z1 is componentwise maximum of 0 and x)
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probability simplex: C = {z | 1Tz =1,z = 0}
Po(r) = (z — A1)

where X is the solution of the equation

1z — A1), = Zmax{(),:r;k - A =1

1=1

intersection of hyperplane and rectangle: C = {z|alz =b,] <z < u}
Po(z) = Py y(z — Aa)
where X is the solution of

a' Pyj(z—Xa)=b
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Projection on norm balls

Euclidean ball: C = {z | ||z]. < 1}

1
Po(x) = —HCUH r if ||x]|2 > 1, Po(x)=x if||z| <1
2

1-norm ball: C = {z | ||z|[; < 1}

T — N T > A
Pc(x)k: 0 —)\SCI}k S)\
T+ A T < —A

A =0if ||z||1 < 1; otherwise X is the solution of the equation
> max{|z] — A,0} =1
k=1
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Projection on simple cones

second order cone C = {(z,t) € R"*" | ||lz|» < t}

Po(x,t) = (z,t) if |zl]a <t,  Polz,t) =(0,0) if ||lz|s < —

and

_t+||xy|2[ X
|

P t) = if —t < < t, 0
C(ZC, ) 2H£UH2 Ix”2 ] I HxHQ L #

positive semidefinite cone C' = S’}
Po(X) = Zmax{o, AiYagigl
i=1

if X = > X\iqiq] is the eigenvalue decomposition of X
=1

1
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Outline

conjugate functions
proximal mapping
projections
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Support function

conjugate of support function of closed convex set is indicator function

f(z) = Sc(z) = sup z'y, F*y) = Ic(y)

prox-operator of support function: apply Moreau decomposition

prox,s(r) = x — tprox,—1,«(z/t)
= 1z —tPs(x/t)

example: f(x) is sum of largest » components of x
fl@) =2+ + 2z = Sc(z), C={y|0=xy=11"y=r}

prox-operator of f is easily evaluated via projection on C
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Norms

conjugate of norm is indicator function of dual norm ball:

flo)=llzll,  ffy)=1Is(y) (B=Ay |yl <1})

prox-operator of norm: apply Moreau decomposition

prox, (x) = o —tprox,—1(x/t)
= = —tPp(x/t)
= = — Pip(x)

useful formula for prox, ;. when projection on tB = {z | ||z| <t} is cheap

examples: for || - ||1, 2, get expressions on pages 6-2 and 9-3
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Distance to a point

distance (in general norm)

flz) =z —a

prox-operator: from page 9-4, with g(x) = ||z||

prox,(r) = a+ prox,(r —a)

r—a

= a+x—a—tPg(

)

= x— Pl —a)

B is the unit ball for the dual norm || - ||.
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Euclidean distance to a set

Euclidean distance (to a closed convex set C)

d(z) = inf [lz =yl

prox-operator of distance

proxyq(z) = 0Pc(x) + (1 — 0)x, 0= { i/d(@ g’gﬁgrvzviste

prox-operator of squared distance: f(x) = d(x)?/2

1 t
prox, ¢(x) = 5" + 1—+tPC(x)
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proof (expression for prox,,(z))

o if u = prox,,;(x) & C, then from p.9-2 and subgradient for d (p. 4-21)

t
T — U= M(u — Po(u))

implies Po(u) = Po(x), d(x) > t, u is convex combination of x, Po(x)

x’

o if u € C minimizes d(u) + (1/(2t))||lu — z||5, then u = Po(x)
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proof (expression for prox, ;(x) when f(z) = d(x)?/2)

. (1 1
prox,;(z) = argmin (§c1l(u)2 + 2—tHu — xH%)

1 1
— argimn 12(f; (iHu —v||5+ 2_tHu - 37“%)

optimal u as a function of v is

t n 1
= ——v _—
t+1 t+1
optimal v minimizes
e L1 2+1 b, 2 t | 2
——X — U V+——T — = vV—T
2t r1 Tt , 2t|t+1  t+1 ,  2(1+1) 2
over C, i.e., v = Po(x)
9-20
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