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1 Introduction

The first goal of this lecture is to study C,-representations, which we want to reduce to
K o-representations.

Theorem 1. Let K be a finite extension of Q,, the inflation-restriction map
H'(T'k,Gla(Koo)) — H'(Gk, Gla(Cp))
1$ a bijection.

In another word, any Cp-representation W of G i has a K-submodule Wi o, which
is I'r-stable, which we call as Sen space Dgen (W) := W . One thing we can say about
it is to define a Ko-linear map © : Dgen, — Dsen named as the Sen operator. To see it, a
group homomorphism Z, ~ I'g, — Glq(K) is a one-parameter subgroup of Glg(K),
then we can define © as its derivative in gl (K ). We will show that its characteristic
polynomial actually lies in K[z]. The Sen operator shows plentiful properties of a Cp-
representations. For example,

Theorem 2. Let K be a finite extension of Qp, (p, V') is a Qp-representation. Then the
followings are equivalent.

(1) (p,V) is Cp-admissible.
(2) p(Ix) is finite.
(3) ©=0.

By Cp-admissible we mean dimg (C, ®q, V)OK = dimg, V. We may not have time
to introduce the proof in the lecture, but I will write it down in this notes.

Another thing we can say about theorem 1 is to generalize C,, to other Q,-algebras.
We use the Colmez-Sen-Tate condition, or CST condition for short. Then theorem 1 is
still true for those Q,-algebras after passing to a finite extension of K. For example,
the overconvergent elements for radius r in B will form a domain that satisfies the CST
condition.

2 The Colmez-Sen-Tate condition

Let 2 be a Qp-algebra, with a valuation valg : Q—RU {o0}, namely the following holds

1. valg(x) = 400 if and only if z = 0.



2. valg(z +y) > minvalg(x), valg(y).
3. valg(zy) > valg(z) + valg(y).
4. valg(p) > 0 and valg(pz) = vala(p) + valg(z) if z € Q.

We assume Q to be complete with respect to the topology defined by valn. And suppose
Q is equipped by an action of G that preserves the valuation. We say that Q satisfies
the CST condition if there exists three constants ci, c2, c3 € R>( such that the following
three conditions hold.

CST1 For every finite extensions M/L of K, there exists o € QM such that valg () >
—cy and Try /. (o) = 1.

CST2 For every finite extension L of K, there exists n(L) € Z>; and an increasing
sequence {7, }p>n(r) of closed sub Q,-algebras of Qfr along with maps Ry, :
QL 5 Q Ln satisfying the following properties.

. if € QPL then valo(Rp n(x)) > valg(x) — c2 and Ry, ,(z) — = as n — oo.
. if Ly/Ly is finite, then Qp, , C Qr, », and RLZ’n|QL1,n = Rp, n

1

2

3. Rpp is Qp p-linear and is the identity on €, .

4. if g € Gk then g(Qpn) = Qgry, and go Ry = Ry n ©

CST3 For every finite extension L of K, there exists m(L) > n(L) such that if v € I'y,
and n > max(n(vy),m(L)), then 1 —+ is invertible on X, ,, = (1 — R ,,) () and
we have valg((y — 1)7(z)) > valg(z) — c3 if v € X 5.

Here n(v) means val,(x(v) — 1), namely v topologically generates I'r,,.

By CST2, we have Q= Qrn® Xpp. Let Qp o = Up>0Qr,, so that Qr ,, is dense in
Qe

In the previous lectures, we’ve known that C,, is a typical example for the CST condi-
tion. For CST1, choose any c1 > 0, it follows by proposition 9.2 that try;_ /7 (M) =
mr,,, then take some o' € my, such that valy(try_/r. () < c¢1. And then a :=
o'/ tr(a/) will be okay. For CST2 and CST3, it follows from the discussion in §10.

Now we can introduce the main theorem of this section.

Theorem 3. IfSN) satisfies the CST condition, and U is a cocycle on G with values in
Gla(Q), then there exists a finite extension L/K, and a matriz M € Gla(Q) such that
the cocycle on Gy, defined by U : g — M_lUgg(M) 1s trivial on Hy, and has values in
Glq(Qn) for n>0.

Definition 1. For ¢ € Ryg and R C Qisa subring. Denote
Gla(c,R) == {X € Gl3(R) | valg(l — X) > c}
Notice that if X € Glq(c,R) ,then

Xt=(g-@a-x)7"
=1+(1-X)+(1-X)*+... €Gly(c,R)

Thus Gl4(c, R) is an open (and hence closed) subgroup of Glg(R).



Lemma 1. If a > ¢;, U is a cocycle on Hj, with values in Glq4(a, ﬁ), then there exists
M € Gla(a — c1,) such that the cocycle g — M ~1U,g(M) has values in Glg(a + 1,9).

Proof. Take some finite extension N/L such that U(Hy) C Glg(a + 1+ ¢1,Q). It’s
possible because U~ (Glg(a+1+c1, ﬁ)) is a compact open neighborhood of the identity,
and thus contains an open subgroup. Then by CST1, there exisits o € QN such that
trn. /Lo (@) = Lvalg(a) > —c1.

Take @ to be a system of representations of the cosets Hy/Hp, and define

Mg =Y h(a)Us € Gla(a —c1,9).
heQ
Then by the cocycle relation, we have Uyg(Mq) = Myqg. If we take M to be My,
then MélUgg(MQ) = MélMgQ =1+ Mél(MgQ — Mg). So it suffices to show that
valg(Mgyg — Mg) > a+ 1. Notice that g@ is also a representation of the cosets Hy,/Hy,
for any h' € gQ, write it as b’ = hn with h € Q,n € Hy. Then

My — Mg = > W(a)Uy — M,

h'egQ
=Y W) Uph(Un) — Mg
heqQ
=Y h(@Un(h(Un) ~ 1)
heqQ
So we have valg(Myg — Mg) > a+ 1. O

Corollary 1. Ifa > ¢1, U a cocycle on Hp, then there exists M € Glg(a — Cl,ﬁ) such
that M—1U,g(M) = 1.

Proof. Using lemma 1, take { M} }ren inductively, then the cocycle

g — MlglMl;—ll .. .MolUgg(MoMl .. Mk)

has values in Gly(a + k, Q). N
Since we have My € Glg(a + k — ¢1,2), the product szo M, exists, and then we can
take M = [[;~¢ M. O

Proposition 1. The inflation map
H'(Tg,Gly(Kw)) — H' (G, Gla(Cyp))
s a bijection.

Proof. By the inflation-restriction exact sequence, it suffices to show H'(Hg, Gla(Cp))
is trivial.

For U € H'(Hg,Gly(Cp)), pick some a > ¢, and a finite extension L/K such that
U(Hr) € Gl4(a,Cp). By the previous corollary, U|g, is trivial. Now consider the exact
sequence.

0 — H'(Hg/Hy,Gla(Lso)) — H'(Hg, Gl4(Cp)) — H'(Hp, Gl4(Cp))

U becomes trivial in H*(Hp, Glq(Cp)), then U must come from H'(Hy /Hp, Gld(f;)),
which by Hilbert’s 90 is also trivial. Hence U is trivial. O



Remark 1. This proof relies on Hilbert’s 90, which is only true for the C, case. For
general 2 that satisfies the CST conditions, we have to pass to a finite extension L, and
the bijection still holds.

Lemma 2. If a > ¢3 + ¢35+ 1, b > max{a + c2,2¢2 + 2c3 + 1}, and v € Tz, n >
max{n(vy),m(L)}. Suppose a matrix U = 1+ U; + Uz with

U, € Md(QL,n) ValQ(Ul)
U € Mag(QHE)  valg(Us)

v

a

b.

Y

Then there exists M € Glg(b — ¢y — c3, QHL) such that M—1U~y(M) = 1+ V4 + Vs, with

e Md(QL,n) Valg(Vl) > a.

Vo € My(QHE)  valg(Va) > b+ 1.
Proof. By CST2, write Uy = Ry, ,(Uz) + X where X € Xy ,,. And by CST3, we may
write X = (1 —~v)(V), where

valo(Rpp(U2)) 2 b—c2 2 a.
valo(V) = valg(X) —c3 2 b — ¢z — c3.

Take M =1+ V and Vi = Uy + R ,,(Us), then

A+ HUA+V)=Q =V +OWVH)) A +Vi+ (1 -7)V)1+4V)
=1+ W +VIO(V) + O(V?)

Then valo (V1) > max{valg(U1), valo(Rr,)(Uz2)} > a;valg(ViV) > a+b—cp—c3 > b+1;
valg(Va) > 2valg(V) > 2(b—co —c3) > b+ 1. U

Corollary 2. Ifb > 2c2 +2c3 + 1 and U € Glg(b, QHL) | then there exists M € Glg(b —
co — c3, QL) such that M~1U~(M) € Gla(QL.n)-

Proof. Exercise. O

Proof of Theorem 3. By remark 1, we may assume U € Hl(I‘L,ﬁHL) for a finite ex-
tension L/K. Choose some n > 0 such that for all v € 'y, that n(y) > n, then
U, € Glg(2cg 4 2¢3 + 1, QHL).

Fix such a v, by corollary 2, there exists M € Glg(c2 + ¢3 + 1, §~2) such that U’ :=
M~U,y(M) € Gla(Qr ). For any other o € 'z, we also denote U, := MU0 (M).
Then

U (Uy) = Ul = Ugyy = Uga(U)
shows U;_lU »0(U}) = v(Uy). Tt suffices to prove the following lemma.

Lemma 3. If v € 'y, and n > max{n(y),m(L)}, with three matrices
My € Glg(> c3,9Ln)
M € Gld(> c3, QL,n)

B € Md1><d2 (QHL)

If MyBM; = ~(B), then B € Mdlxdg(QL,n)-



Proof of Lemma 3. Let C = B— Ry, ,(B) € Mg, xd,(X1n), then we also have M;C M, =
~(C). Then

(y-1C=1(C)-C
= (M1 — 1)CM2 + Mlc(Mg — 1) + (Ml — 1)C(M2 — 1)

Hence valg((y — 1)C) > valg(C) + ¢3. But by CST3, it shows valg(C') = 400, namely
C=0,and B € Mdlxdz (QL,n)~ O

Back to theorem 2, then we have U, € Glg(Qp,,) for all 0 € T'y.. O

Now we are able to prove proposition 2, and together with proposition 1, theorem 1
follows.

Proposition 2. Let K be a finite extension of Qp, then the restriction map
HY(Hy, Gla(Qxk 00)) — H(Hg, Glg Q1K)
1$ a bijection.

Proof. In the proof of theorem 3, we have proved the surjectivity. Now for the injectivity,
if U,U’ be two cocycles that become cohomologous in Gld(QHK), namely there exists
M € Glg(QFx), such that M=U~(M) = U, for all v € T'x. Choose 7 sufficiently close
to 1, then U,, U§ € Gla(cs + 1,9k ). Apply lemma 3, we have M € Glq(£2k o). Then
U and U’ are also cohomologous in Glg(Qk o). O

If we translate the language of cohomology into Galois representations, we then get
the following theorem.

Theorem 4. If W is a free Q-module of rank d with an action of Gk, then for n > 0
there exists a finite extension L/K and a Q, ,-submodule W, ,, C WHL which is free
of rank d and stable under 'y, and such that W = Q ®Qp Win. Moreover, taking
Qoo = Qrn OL, Loo, if X100 15 an Qf o-submodule of WHL which is free of rank d
and stable under 'y, then X1 oo C Wi oo.

Proof. The existence of Wy, just follows from theorem 3. For the second part of the
theorem, fix a basis of Wy, o, and a basis of X, ... Let B be the matrix of the basis of
X100 under the basis of Wz, . Then for any v € I'y,, consider the matrix of v we have

B~ "Matw (y)y(B) = Matx(7)

Choose v close enough to 1 to satisfy the condition of lemma 3, we have B € Q) , for
n > 0. Then XL,oo C WL,oo' O

This theorem shows that W, o is canonical, although the choice of W7, , may not be
canonical.



3 Sen’s Operator

In this section we set = Cp. And in theorem 4 we need not pass to a finite extension
L. In this case, we denote Dgen(W) := Wik oo.

Definition 2. For a Cj,-representation of Gk, then a vector v € WH is K-finite if the
set I'ir.v generates a finite K-subspace of W.

For example, choose a Wi, for n > 0, then elements of Wi ,, must be all K-finite.
Denote the set of finite elements by Wy, then we have Dgen(W) = Wi, @ Koo € Wy C
Dsen(W). Hence Dgen (W) is exactly the finite vectors in WH.

As a corollary, taking Dgep is left exact. And then by dimensional analysis, it is also
exact.

Fix a basis {e1,ea,...,eq} of Dgen(W), by theorem 3 it corresponds to a cocycle
U: Tk — Gla(K,) for some n > 0. Then on I'g, the map U is actually a group homo-
morphism, and is hence Zy-linear. We may also assume on I', , logoU is well defined,
for example, U(T'k, ) € Gla(1,K,). Then there exist a unique linear endomorphism ©
of Dgen (W) defined by
B log U,

log, x(7)’

which is independent on the choice of 7 since U is Zjy-linear on I';,,. In another word,
we have

Mat(O) v € I'k,.

v.v = exp(log(x(7)) - ©).v
for any v € 'k, and v € Dgen(W). We can also rewrite the definition of ©
1 . ’yt.v —
= lim
logy, x(7) 1<%

O(v) v’ for t € Dgen(W).

in the above formula it’s easy to see ® commutes with the whole 'k

Definition 3. The © : Dge, (W) — Dgen (W) defined above is called the Sen’s operator
of W, and its eigenvalues are called Sen weights.

Proposition 3. If W is a C,-representation of G, then the characteristic polynomial
of Ow has coefficients in K.

Proof. Since ©® commutes with any element v € ', then for any v € 'y, we have
Mat(©) - Uy = Mat(© o) = Mat(y 0 ©) = U, - y(Mat(0)).

Hence y(Mat(©)) is similar to Mat(0©) for all v € I'. It follows that the characteristic
polynomial of Mat(©) is invariant under Ik, namely it lies in K[X]. O

Example 1. Take K = Qy((p), then x(Gk) = (1 + pZ,)* on which log, is convergent.
Then for any X € Zy, define x*(-) := exp(log,(x(-)) - A), then we can take W := Cy(\).
The Sen’s operator © is multiplication by A, then W has the weight \.



4 Hodge-Tate representations

We set Byt := @,z Cp(i), then we can talk about the Byr-admissible representations.

Definition 4. Suppose V is a Q,-representation of G'i, then W is Hodge-Tate or
Bpr-admissible if the following holds

dilnf{‘o\Q (V ®Qp BHT)GK = dim(@p V.

where we denote Dyt := (V ®q, BHT)GK.

A strict definition for B-admissible representations can be found in many notes. It’s
a powerful method to detect properties of a representation. For example, in following
lectures we will introduce the domain Bggr, then V is a de Rham representation iff it is
Bgr-admissible. We will not discuss it here, and just take two examples. In the next
section we will talk about C,-admissible representations.

Definition 5. Note that if V is Hodge-Tate, then Dyt = @,c,(V ®g, Cp(i))“<. The
i for which dim(V ® C,(—1))9% > 0 are called the Hodge-Tate weights of V, and in this
case dim(V ® Cp(—i))“ is called the multiplicity of i.

Theorem 5. Suppose W is a C,-representation of G, then the following three things
are equivalent.

1) W is isomorphic to C,(h1) @& ... & Cpy(hg).
2) O is semisimple on Dgen (W) with eigenvalues hy, ho, ..., hq € Z.

Proof. 1) obviously implies 2). Now for 2) = 1), we can write

DSen(W) = @DSen(W)@:h
hEZ

where each summand is stable under I'fc. For each h € Z, © = h on Dge, (W)®=". Thus
there exists some open subgroup I'g C I'ir such that y.v = x(y)"*(v) for each v € I'g
and v € Dsen(W)@:h. Use Hilbert’s 90 we can see it’s true on the whole I'x. Hence
Dgen (W)®=" is a direct sum of K (h), which implies 1). O

So a Qp-representation V' is Hodge-Tate if W =V ®q, C, satisfies the conditions in
theorem 5. Example 1 shows that semi-simple is not enough to force a QQ,-representation
to be Hodge-Tate.

Corollary 3. If there is an exact sequence of Gk representations
0 —U—V—W-—70

and if U, W are Hodge-Tate with no weights in common, then V is Hodge-Tate.

Example 2. If U and W has common weights, then corollary 3 may not be true. Con-
sider a two-dimensional Q,-representation with

sy =(p V). aiox @)



where « is such that a(If) is infinite, which is possible since I(K*/K) ~ O%. Then
we get an exact sequence

0—Q —V-—Q,—0
But if V is Hodge-Tate, then its weights must be 0,0, and so © must be 0, and by theorem
2, Ik must have finite image.

Proposition 4. If W satisfies the condition in theorem 5, then if X C Dgen(W) is a
finite dimensional K, vector space stable under I'ic and has a basis on which Ik, acts
by integer powers of x, then X C Wik .

Proof. Choose a basis {e1,ea,...,eq} of Dsen(W) that T'x acts on it by x". Suppose
ear1 € Dsen(W) such that g(eqy1) = x(g9)"+leqqq for all g € I'k,. The elements
€1,€2,...,eq4+1 are linear dependant in Dse, (W) so that we can write

d+1

i=1

Suppose that this relation has minimal length and then by letting I'k, acts, we get

d+1

> g()x(g")ei = 0.
=1

then for nonzero \;, \; we have

gA) o1 9() hj—1
N (9) Y. x(9)
namely
o h—hi 0 if hy # h;.
Ai/Aj € K= = hi 7 Ry
Kn if hl = hj.
So the relation can have coefficients in K,,, which means e;; € Wik . O

Example 3. A typical example for Hodge- Tate representations is the Tate module of Tate
curves, which is an elliptic curve E/K that is isomorphic to K* /q% for some |q| < 1.
Looking at the group structure of K", we have an ezxact sequence

1 — ppn (K) — (K" /g ") — ¢"7"%/¢" — 1.
Then by taking limits, we have an exact sequence

L ——lim g (K) —=Ty(E,) — ]'glql/pnz/qz — L

So after tensoring with Q,, we have
0——=Qp(1) —=Vp(Ey) —=Q, —0.

So its Tate module is Hodge-Tate with weights 0 and 1.



There are two big generalizations of example 3.

Theorem 6 (Raynaud). Any abelian variety over K of dimension g is Hodge-Tate with
weights 0,1, each of multiplicity g.

Theorem 7 (Faltings). Let X/K be a proper and smooth variety of dimension d, then
for 0 <n <2d, H}(X,Qp) is Hodge-Tate.

5 A sketch to the proof of theorem 2

I’'m not going to talk about this section in class. If you have interest, then you are free
to have a look at this section and its reference.
Firstly, to show (1) < (3), it suffices to show the stronger result.

Proposition 5. If W is a Cp-representation of Gx. The kernel of © is the Cp-subspace
of W generated by the elements invariant under G. Namely WC @ Cp = ker ©.

Proof. Denote ker © by X .Obviously W& C X = ker ©. So it suffices to show that W&
actually generates X, in another word, to find a K.-basis {e1,e2,...,en} of Dgen(X)
such that each e; is fixed by I'x. But since O(e;) = 0, by the formula

1 . ’yt.v —
= 11m
log,, x(7) <%

o v) Y. for t € Dgen(W).

the I'-orbit of e; is finite. Hence e; is fixed by some open subgroup I';. Take IV := M Ti,
the basis {e1,...e,} is fixed by the open subgroup I"". Using Hilbert’s 90, there exists a
basis of Dgen(X) fixed by the whole T'. O

Corollary 4. In theorem 2, (1) and (3) are equivalent.

To see (2) < (3), we need the following theorem. The proof for it is much more
complicated, you can find it in [1].

Theorem 8. Let (p,V) be any Qp-representation, and let G := p(Ix) C Gla(Qp). G is
compact since I is compact and thus is a closed subgroup of a Lie group, so is itself a
Lie group. Let its Lie algebra be g. Thus

g={M € gly(Qp) | exp(tM) € G,t — 0}

This is a subspace of gly(Qp), and dimG = dimg. Then g is the smallest subspace of
9l4(Qp) such that © € gly(C,) lies in g ® Cp, C gly(Cp).

Proof. See [1], p100. O
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