FOURIER-MUKAI TRANSFORMS AND THE DECOMPOSITION
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ABSTRACT. We study the interplay between the Fourier-Mukai transform and the decom-
position theorem for an integrable system 7 : M — B. Our main conjecture is that the
Fourier-Mukai transform of sheaves of Kéahler differentials, after restriction to the formal
neighborhood of the zero section, are quantized by the Hodge modules arising in the decom-
position theorem for 7. For an integrable system, our formulation unifies the Fourier—Mukai
calculation of the structure sheaf by Arinkin—Fedorov, the theorem of the higher direct images
by Matsushita, and the “perverse = Hodge” identity by the second and the third authors.

As evidence, we show that these Fourier—Mukai images are Cohen—Macaulay sheaves with
middle-dimensional support on the relative Picard space, with support governed by the higher
discriminants of the integrable system. We also prove the conjecture for smooth integrable
systems and certain 2-dimensional families with nodal singular fibers. Finally, we sketch the
proof when cuspidal fibers appear.
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0.1. A Fourier—Mukai/Decomposition correspondence. The purpose of this paper is

to formulate and explore a correspondence between two geometric structures associated with

an integrable system — the Fourier—Mukai transform [26] and the decomposition theorem [7].

Roughly speaking, a geometric model of an (algebraically completely) integrable system

is a Lagrangian fibration my; : M — B with M a symplectic variety. Motivated by mirror
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symmetry and the geometric Langlands correspondence, in many interesting cases the fibration
M — B is conjectured to admit a “dual” Lagrangian fibration M — B which extends the
dual abelian scheme associated with the nonsingular fibers of 75;. Moreover, the two ambient
spaces M and M are expected to share the same derived category of coherent sheaves via a
Fourier—-Mukai transform

(1) ¢y : DCoh(M) — DCoh(M)

extending the classical Fourier-Mukai transform [26] of dual abelian schemes. We are in-
terested in the Fourier-Mukai images of the locally free sheaves Q% of Kihler differentials
on M:

(2) ¢rm(§23y) € D*Coh(M);

when M is hyper-Kéhler, Qﬂ"w are natural hyper-holomorphic bundles and are their homo-
logical mirrorsH Our proposal is that the objects are closely related to the decomposition
theorem [7] for the original integrable system m; : M — B:
dim M
Ry Quldim M/2) ~ @D Pi[~k], Py ="H"(Rm.Qu[dim M/2]).
i=0
Here Py can either be viewed as a perverse sheaf or a holonomic Dg-module on B.
The rough version of the Fourier-Mukai/Decomposition correspondence is:

(3) b (%)) “~” Py, for all k € Z.

Clearly does not make sense if we interpret it in a naive way; the left-hand side is a coherent
object on the symplectic variety M while the right-hand side lies in the abelian category of
Dp-modules. Ultimately, we are able to modify both sides of to get a mathematically
precise formulation; we refer to Conjecture for the statement.

Before diving into more technical details, we briefly summarize some main ingredients and
ideas. By Saito’s theory of mixed Hodge modules [29, B0], the holonomic Dp-module Py
admits a natural good filtration. Taking the associated graded object, we obtain a coherent
sheaf gr(Py) on the symplectic variety 7*B, which can be viewed as the “classical limit”
of P,. On the other hand, in the case when M — B admits a section, the normal bundle of
the section is identified with the cotangent bundle by the symplectic form of M. Then, the
modified version of is an isomorphism which holds in the common formal neighborhood B
of B in both symplectic varieties M and T*B, between two coherent objects:

drm (i)

In other words, the Hodge module P “quantizes” the restriction of quM(Qﬁ/[) to B.

B and gr(Pk) B

1See Section for further discussions on this aspect.
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0.2. Fourier—Mukai. Throughout, we work over the complex numbers C. Modifying Defi-
nition 2.6 of [4], we say that

v (M,0) — B, dimM =2n

is an integrable system if (M, o) is a nonsingular holomorphic symplectic variety carrying a
Lagrangian fibration

M — B
such that my is projective, the base B is nonsingular, and it further satisfies that:

(i) every geometric fiber of mj is integral, and
(ii) the fibration my; admits a section s : B — ME|

Hitchin and Beauville-Mukai systems (Example provide rich examples of integrable sys-
tems. By [4, Corollary 2.7], the identity component of the relative Picard space is a smooth
group (algebraic) space 7p : P(:= Pic’(M/B)) — B over the base B which admits a universal
line bundle

£—>M><BP.

We may assume that £ is trivialized along the O-sections Op : B — P and sp : B — M.
Our main character is Arinkin-Fedorov’s (partial) Fourier-Mukai transform [4]:

(4) dpm : DPCoh(M) — DPCoh(P), &€ — Rqp.(qiE ® LY) @ mhw)[n]

where the g, are the natural projections from M xp P. In general, the existence of a
dual Lagrangian fibration M — B and the Fourier—Mukai equivalence is conjectural and
wide open for most cases. If they exist, M is expected to be a holomorphic symplectic
partial compactification of P — B and should extend . Nevertheless, since we are only
interested in the Fourier—Mukai image near the section

Bc P(c M)

as we explained at the end of Section the rigorously defined partial transform (4)) is enough
for our purpose.

Concerning the decomposition side, recall that by [29, B0], the perverse sheaves Pj are
naturally Hodge modules on B, whose associated graded objects induce coherent sheaves

gr(Py) € Coh(T™B).

As we will see in Proposition [I.4] a choice of 7ys-relatively ample bundle © on M induces an
identification Kg between the formal neighborhoods of B inside P and T™ B respectively, each
of which we denote by B:

BcP, BcTB.

2In the setting of Arinkin—Fedorov, an integrable system is not required to have a section. Here we impose
a stronger assumption.
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Using this identification, we formulate the Fourier—-Mukai/Decomposition correspondence
as follows; see Conjecture for a more precise formulation.

Conjecture 0.1 (Fourier-Mukai/Decomposition correspondence). For an integrable system
7wy (M, o) — B, we have

(5) drm(5))| 5 ~ gr(Ps)| 5 € D°Coh(B).

Conjecture [0.1] is hence a coherent—constructible correspondence for an integrable system
war - M — B, which connects the coherent object Q?w on M to the constructible object Py
on B.

0.3. Lagrangian Cohen—Macaulay sheaves. Our first result is a consistency check for
Conjecture[0.1] in which we check both sides are given by Cohen-Macaulay sheaves and match
the reduced (Lagrangian) supports under (7).

For the Hodge module Py, these are known already as follows.

We denote by

supp™(gr(Fy)) C T* B,
the support of gr(Py) endowed with the reduced scheme structure; it is a conical Lagrangian
depending only on the underlying perverse sheaf Pr. More precisely, it is the singular sup-
port SS(Py) of the perverse sheaf Py, and is described by the higher discriminants of the

morphism 7y : M — B [25]. For any ¢ > 0, Migliorini-Shende introduced a higher discrimi-
nant A’(my;) C B determined by the topology of mys : M — B, which satisfies

COdimBAi(TrM) > 7.
They further proved for any k that

(6) sS(Py) € A= JUTEB.
1 7

Here Z; runs through purely i-codimensional irreducible components of A%(my;), and 1, B
stands for the closure of the conormal bundle of the nonsingular locus of Z;. Clearly the
conical Lagrangian A C T% B only depends on the topology of mp; : M — B.

Theorem 0.2 (Saito, Migliorini-Shende). For any k the coherent sheaf gr(Py) is a Cohen—
Macaulay sheaf of dimension n with

supp™d(gr(Py)) C A.

The second part of the theorem follows from [25] as discussed above; the first part is a
property of any mixed Hodge module on a nonsingular variety [29].

We first establish the counterpart of Theorem[0.2]on the Fourier—Mukai side. In Section[2.4]
we define a closed subset A’ C P using the higher discriminants A’(7yy), parallel to A C T*B;
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by construction, the restriction of A’ to the formal neighborhood of B recovers the conical
Lagrangian A C T*B by Corollary

(7) A
Theorem 0.3. The object

ABCB.

BQ

orm (%) € DPCoh(P)

is a Cohen—Macaulay sheaf of dimension n concentrated in degree 0 with

supp ™ (drm (25))| 5 C N 5

In general the Fourier—Mukai image of a coherent sheaf is a complex concentrated in degrees
[-n,0]. Therefore the proof of Theorem relies on properties of the sheaves Qﬁw As a
consequence of Theorem Conjecture [0.1] is reduced to an isomorphism of two Cohen—
Macaulay sheaves on B.

0.4. Smooth and elliptic fibrations. As further evidence for Conjecture 0.1, we prove it
in the following cases.
First, we verify the conjecture for smooth Lagrangian fibrations.

Theorem 0.4. Conjecture holds if wys is smooth.

Next, we prove the conjecture when M is an elliptic surface over a non-proper curve B
which has at worst nodal fibers. This is the first nontrivial case where singular fibers appear.

Theorem 0.5. Conjecture [0.1) holds if M is an elliptic surface over a non-proper curve B
with nodal singular fibers.

The strategy for the proof is to view both sheaves as iterated extensions of certain sheaves
and then match the terms as well as the extensions. This matching involves a delicate argument
using Deligne’s canonical extension. In Section [6.7], we also sketch a proof of Conjecture [0.]]
for non-proper 2-dimensional M when cuspidal fibers appear. The argument in this setting
follows the same strategy as for Theorem but is even more complicated due to the cuspidal
fibers, so we leave the details to the interested reader.

0.5. Relations to other work and directions.

0.5.1. The perverse—Hodge symmetry. The motivation for Conjecture [0.1] is an effort to un-
derstand and categorify the perverse-Hodge symmetry for Lagrangian fibrations [31]; see also
[T, [10, 16}, [32].

For a Lagrangian fibration mps : M — B with M a 2n-dimensional nonsingular compact
irreducible symplectic variety, a perverse-Hodge symmetry was found in [31]:

(8) dim H'""(B, P;) = dim H** (M),

whose proof relies heavily on the global geometry of compact holomorphic symlectic/hyper-
Kahler manifolds.
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A categorification of was proposed recently in [32] using the natural lift of each Py to
a Hodge module on B. By taking graded pieces of the de Rham complex of Py, we obtain a
bounded complex of coherent sheaves:

gr,DR(Py) € D°Coh(B).
The main conjecture of [32] is:
(9) gr_,DR(Py)[n — k] ~ gr_,DR(P;)[n — i] € D’Coh(B).

A mysterious feature of @D is that, unlike , it does not need the compactness assumption
of M. When M is indeed compact, it was explained in [32, Section 4] that @ recovers .

Our attempt here goes back to the original form of where we view the right-hand side
as cohomology of the vector bundles Qﬁ/f This suggests that there may exist a coherent—
constructible correspondence connecting Qﬁ/[ and P directly, which ideally should hold for
not necessarily compact M admitting a Lagrangian fibration. Our conjecture realizes this for
integrable systems, as defined in Section [0.2] using the Fourier-Mukai transform.

The following proposition proves the compatibility between Conjecture [0.1], the perverse—
Hodge symmetry , and its categorification @D on the base B; it gives further evidence for

Conjecture

Proposition 0.6. Let wp : M — B be an integrable system for which @ holds. Then we
have

(10) LO0% ¢rm(Q) = L0 gr(Py) € DCoh(B),

where Op denotes both the closed embeddings of the 0-sections in P and T*B. In particular,
if B is projective, then we have

(11) H'(B, L% ¢pu(Qhy)) = H' (B, L0 gr(Fy)).

In fact as we will see in its proof, is equivalent to (8)). Hence Conjecture can be
viewed as extending the perverse-Hodge symmetry from the 0-section B to a neighborhood B.
We note that even in the case where my; : M — B is smooth, in general the sheaves ¢FM(Q§€\4)
and gr(Py) are not scheme-theoretically supported on the 0-sections. When the integrable
system has singular fibers, the formal neighborhood B contains much richer geometry than
the 0-section B. One advantage of Conjecture compared to @ and is that involves
matching Cohen—Macaulay sheaves, instead of matching complexes in the derived category.
It would be interesting to find an enhancement of Conjecture that would imply the full
statement of @D

0.5.2. The geometric Langlands correspondence. A more speculative direction for studying the
Fourier—Mukai transform of the sheaf of Kéahler differentials comes via the geometric Langlands
correspondence.
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For a nonsingular curve C' and a reductive group G, the geometric Langlands correspondence
predicts an equivalence of categories

(12) CGLC : “DQCoh”(Mgr.¢) — D(Bunwg, D)

respecting various extra structures. Here Mggr ¢ stands for the de Rham moduli stack pa-

rameterizing G-local systems on C, Bunz; is the moduli stack of principal *G-bundles on C,

D(—,D) is the derived category of D-modules, and the quotation marks means that “the cate-

gory of quasi-coherent sheaves” needs to be modified; we refer to [5] for the precise statement.
The “classical limit” of is expected to be induced by a Fourier—Mukai transform

OFM : DQCOh(MHiggs,G) = DQCOh(MHiggS,LG)

for the dual Lagrangian fibrations given by the Hitchin systems associated with G and its
Langlands dual LGE|
In our setting, if we consider the (derived) exterior power

OF .= AFLL

of the cotangent complex IL. on Myjgges i, this object can be lifted to the left-hand side of )
Therefore, we might expect to find an object Qy, in D(Bunc;, D) which quantizes ¢y (2F).

Question 0.7. Can we describe the object Qp € D(Bunwg, D) quantizing ¢pn (Q2F) 2

Our proposal provides a strange, partial answer to the question. To avoid stacky issues, we
focus on the open subset A° C A of the Hitchin base over which both Hitchin fibrations

hG : MHiggs,G — A, hLG : MHiggs,LG — A

are proper with integral fibers. Our main conjecture predicts that, the object qﬁFM(Qk ) is quan-
tized by a single (shifted) D-module P obtained from the decomposition theorem associated
with

hLG|A° : MHiggs,LG|A° — A°

if we restrict to a formal neighborhood of the Kostant sectionﬁ In particular this suggests
that Qy is a (shifted) holonomic D-module.

3The Fourier—Mukai ¢rm here should differ from the Fourier—-Mukai we use in this paper by a shift, as we
expect that a skyscraper sheaf is sent to a Hecke eigensheaf which is quantized by a holonomic D-module.
However, for notational convenience we ignore the shift for the discussion here.

4According to the Ngo6 support theorem [27], the decomposition theorem associated with the Hitchin sys-
tem hg coincides with that associated with hr, since they are both governed by intermediate extensions of
the local systems given by the smooth fibers.
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0.5.3. Hyper-Kahler mirror symmetry. The transform ngM(Q’fw) can also be studied from the
perspective of hyper-Ké&hler mirror symmetry and S-duality [1§].

When M is hyper-Kéahler, homological mirror symmetry is expected to interchange two
types of branes on M and its mirror M" respectively; it predicts that “BBB” branes on M
is sent to “BAA” branes on MV via the Fourier-Mukai transform. Roughly, “A” stands
for the Lagrangian condition and “B” stands for the holomorphic condition; “BBB” and
“BAA” indicate the corresponding conditions with respect to the three complex structures.
In particular, this suggests that

¢rM (hyper-holomorphic bundle)

should be a sheaf supported on a complex Lagrangian. The main theme of this paper con-
cerns a particular class of hyper-holomorphic bundles Q’fw Our main proposal gives a local
description of the mirror to Q%, in terms of the decomposition theorem and Hodge modules.

We note that for Hitchin systems, recently Hausel and Hitchin [I3] [12] studied another
interesting class of hyper-holomorphic bundles given by the universal family of the Higgs
bundles, whose mirrors are supported on the upward flows of certain very stable Higgs bundles.

0.6. Acknowledgement. We would like to thank Conan Naichung Leung, Ivan Losev, Tony
Pantev, and Christian Schnell for their interest and for very helpful discussions. J.S. was
supported by the NSF grant DMS-2134315. Q.Y. was supported by the NSFC grants 11831013
and 11890661.

1. SYMMETRIES OF INTEGRABLE SYSTEMS

1.1. Overview. In this section, we introduce two groups A and P associated with an inte-
grable system mp; : M — B which encode its symmetries. The group scheme A acts on M
directly, and the group space P induces the Fourier—Mukai transform. They are connected by
a relative polarization (14), which further identifies the formal neighborhood of the 0-sections
BCcPand BCT*B.

1.2. Integrable systems. We recall from Section [0.2]that an integrable system 7p; : M — B
is a Lagrangian fibration associated with a nonsingular holomorphic symplectic variety (M, o)
satisfying that the base B is nonsingular, the map 7, is projective and surjective, the geo-
metric fibers are integral, and 7; admits a section sp : B — M.

Example 1.1. Compactified Jacobian fibrations associated with integral curves in holomor-
phic symplectic surfaces provide a large class of interesting examples of integrable systems.

If we take (S,L) to be a polarized abelian or K3 surface, we consider the open subset
U C |L] of the linear system parameterizing integral curves with C — U the universal family.
Then the compactified Jacobian fibration

(13) ny:de—U
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parameterizing rank 1 torsion-free sheaves W on geometric fibers C, of C — U with Euler
characteristic

X(Cu, W) = x(Cu, O¢,), uwelU

gives rise to an integrable system. The section s : U — J¢ is given by the trivial line bundles:
u€e U [OCu] jS.

The symplectic form of J¢ is the restriction of the symplectic form on the regular locus of the
moduli of semistable 1-dimensional coherent sheave on S supported on L. Such a construction
is referred to as the Beauville-Mukai system [6].

The same construction replacing S by a the non-compact symplectic surface T*C given
by the total cotangent bundle of a curve C' of genus > 2 then recovers examples of Hitchin
systems. U

Let M®™ C M be the smooth locus of m,y, i.e., the maximal open subscheme of M such
that the restriction of 7, is smooth. Then the section

S B(B) ~BCM
lies in M™™.,
When the integrable system is given by the compactified Jacobian fibration as in
Example the smooth locus jscm is exactly the relative degree 0 Picard scheme
Pic’(C/B) — B

parameterizing degree 0 line bundles on geometric fibers; it is a group scheme over B which
acts naturally on J¢.
This is generalized to any integrable system by Arinkin—Fedorov [4].

Proposition 1.2 ([4, Proposition 8.7]). The smooth locus of an integrable system is a group
scheme A := M*™ over B. It admits a natural action on M

J/A AxpM — M
preserving the smooth locus.
Proof. For an integrable system my; : M — B, Arinkin and Fedorov constructed in [4, Sec-

tion 8] a B-group scheme A from the automorphism group scheme Autp(X), so that:

(i) A acts naturally on M preserving the smooth locus, and

(ii) M®™ is an A-torsor.
In particular, when 73, admits a section sp, the A-torsor M*™ is canonically identified with A
via

pwo (idg x sg): A— AxpM — M, Im(po(idg x sg)) = M*™ C M,
see the proof of |4, Proposition 8.7]. O
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We conclude this section by recalling Ngo’s d-inequality [27), 4]. For every closed point
b € B, the group A admits the Chevalley decomposition

1> Ry— Ay — Hy — 1

with Ry C A, the maximal affine subgroup and Hp, an abelian variety. This defines a semi-
continuous function

d:B—=N, §(b):=dimR,

which calculates the dimension of the affine part.
The following proposition is a consequence of the existence of a symplectic form.

Proposition 1.3 (Ngo; see [4, Proposition 8.9]). For an integrable system wp : M — B
with A the associated group scheme as in Proposition|1.2, we have

codimp{b € B|d(Ap) > i} > i.

1.3. Picard. We introduce here another group over B closely related to A, the Picard space,
which will appear in the Fourier—Mukai transform.
The (relative) Picard stack represents the functor

Pic(M/B) : B-schemes — groupoids

sending a B-scheme S to the groupoid of line bundles over M x5 S. The section sg: B — M
trivializes the G,,-gerbe:

Pic(M/B) = Pic(M/B) x BGp,.

Here Pic(M/B) is a B-group algebraic space whose restriction to a geometric point b € B
recovers the Picard scheme Pic(M;). In particular, the algebraic space Pic(M/B) carries a
universal line bundle

(14) L — M xp Pic(M/B).
The identity component P C Pic(M/B) is also a group space over B, and we obtain a universal
line bundle £ — M xp P by the restriction of , which satisfies

L pxpog(B) = Oum.

By the choice of splitting, the universal bundle £ on M xp P is normalized to satisfy the
condition
LlsyByxzp = Op.

We will always work with this normalized universal family L.
The two groups A and P over B are closely related. If we choose a 7j;-relatively ample line
bundle

(15) O € Pic(M),
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we obtain a Poincaré line bundle

Po := "0 ® pry,0
over A xpg M, which further induces a morphism

ko : A — Pic(M/B).

By [4, Corollary 7.7], the morphism kg is étale. Since A = M®™ C M is irreducible, the
image of kg has to lie in the identity component P C Pic(M/B). We thus obtain the étale

homomorphism of B-groups

H@:A—)P.

The following proposition serves as the foundation for Conjecture [0.I] which identifies the
formal neighborhoods of B inside P and T*B.

Proposition 1.4. The ms-relatively ample line bundle © in induce an isomorphism
/%@ : Ep i> BT*B-
Here E(,) stands for the formal neighborhood of B inside (—).

Proof. Since the formal neighborhood of the 0-section in a commutative group scheme splits,
i.e., it is isomorphic by the logarithm to the formal completion of the 0-section in its normal
bundle, we have

Bp = By, .

So it suffices to show that ke (together with o) identifies the normal bundle Ng,p and the
cotangent bundle 7*B over B. This is achieved in two steps. First, the étale B-morphism kg
induces an isomorphism Ng,p ~ Np,4. Then the restriction of the symplectic form o on B to

A=M"C M

induces an isomorphism Np/4 >~ T*B. The composition of these two isomorphism gives the
desired one. (]

Now we may state our main conjecture precisely using Proposition [T.4]

Conjecture 1.5. For an integrable system my; @ (M,0) — B, let © be any mys-relatively
ample line bundle . Under the isomorphism ko between the formal neighborhoods of B
in P and T*B, there exists an isomorphism

drm ()

Remark 1.6. The statements of Conjecture [I.5] come in pairs. On one hand, the symplectic

By =~ gr(Py) Bpepy € Coh(B).

form ¢ induces an isomorphism QF, ~ Q?\f}_k , where 2n = dim M. On the other hand, we
have gr(Py) ~ gr(Pa,—t) by the relative Hard Lefschetz theorem.
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2. SINGULAR SUPPORTS

2.1. Overview. In this section, we review the decomposition theorem of 7wy; : M — B and
describe the reduced support

supp™(gr(P;)) C T*B

following Migliorini—Shende [25] using the group scheme A. As this coincides with the singular
support of the underlying perverse sheaf, in this section we can view Py merely as a perverse
sheaf; in particular the filtration F, P provided by Saito’s theory does not play a role.

We conclude this section by introducing A’ C P which serves as the counter-part at the
Fourier—-Mukai side of the singular support associated with the decomposition theorem. A
comparison between A and A’ is deduced in Corollary

2.2. The decomposition theorem. As before, we assume that
dim M = 2dim B = 2n.

Since a Lagrangian fibration has equidimesional fibers of dimension n [23], the decomposition
theorem [7] yields

2n
RryQun) =~ @ Pk, Py =P H*(Rm.Qu[n).
i=0

Here each perverse sheaf Py is semisimple.

We note that in the cases of Example Ngd’s support theorem [27] implies that all
P, have full support. In particular, each Py is given by the intermediate extension of the
local systems obtained from the smooth locus of the integrable system 7y : M — B. More
refined information regarding the topology of 7 is encoded in the singular supports which
are certain conical Lagrangians subvarieties of T*B. We describe them in the following section
for integrable systems.

2.3. Singular supports. For any proper morphism f : X — Y between nonsingular varieties,
Migliorini and Shende [25] provide a concrete description of the singular supports

SS(Rf.Qx) C T*Y

associated with the decomposition theorem of f using higher discriminants.

Recall that for each i > 0, the higher discriminant A’(f) is formed by points y € Y such
that no (i — 1)-dimensional subspace of the tangent space T,Y at y is transverse to f. We
obtain a stratification

Y=Af) DAY ) DAY f) D ...,
where each A?(f) C Y is closed with

(16) codimy (AY(f)) > i.
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The closed subset A’(f) generalizes the discriminant A'(f) — the locus where the fiber is
singular.
The following is the main result of [25].

Theorem 2.1 (Migliorini-Shende). The singular support of Rf.Qx is contained in the union
of the conormal varieties to i-codimensional components of A'(f) for all i.

In the case of an integrable system my; : M — B, the higher discriminants A(mys) are
more concretely given by the d-stratification associated with the group scheme A [25, Propo-
sition 4.3].

Proposition 2.2. Let A be the B-group scheme associated with an integrable system mpr :
M — B. We have
Al(mpr) = {b€ B|6(b) > i}.

Using Proposition [2.2] we may reformulate Ngo’s §-regularity in Proposition [1.3] as
codimpA’(myr) > 1,
which is an immediate consequence of .

2.4. The subvarieties A € T*B and A’ C P. Recall from @ the conical Lagrangian
A C T*B; the “support part” of Theorem follows from Theorem

supp™(gr(Py)) = SS(P;) C SS(Rmr.Qar) C A.

Furthermore, in view of Proposition the higher discriminants Af(7y/) and the conical
Lagrangian A C T* B are governed by the d-stratification on the base B. In the following, we
construct a closed subvariety A’ C P using also A%(my;), which serves as the counter-part of
A C T*B for the Fourier—Mukai side.

For notational convenience, we denote by G a commutative group space over B which is
either A or P. Since kg preserves the affine parts, the d-functions calculating the dimensions
of the maximal affine subgroups for A and P coincide.

Let

1> Ry—Gp— Hy—1
be the Chevalley decomposition for the group space G over a closed point b € B. We define
the algebraic closed subset A"éﬁ C G to be the locus g € G such that g lies in the affine
part Ry, (g over my(g) € B.
The lemma below follows from Proposition

Lemma 2.3. Any irreducible component of Aafo has dimension < n.

We denote by
LCAM

the union of all n-dimensional irreducible components.
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We now give a more concrete description of Ay, in terms of A’(mys) parallel to that of A
in @ For a locally closed subset Z C B, there exists an open dense V C Z such that the
Chevalley decomposition over V is of the form

11— Ry - G|ly - Hy —» 1

with Ry affine and Hy abelian; c.f. the paragraph before [8, Section 2.3]. We use Rz to
denote the Zariski closure of Ry in G for any choice of V' as above.
The following proposition can be compared with the definition @ of A C T*B.

Proposition 2.4. We have
L =UUFz ca.
i Z

Here Z; runs through purely i-codimensional irreducible components of A*(myr).

Proof. Since specializations preserve affine parts of the groups, we have
Az 2Rz
i Z

To prove the other inclusion, we take W to be an irreducible component of A¢; by definition
it is purely of dimension n. We consider Z = 7y, (W) C B. Assume that a general point b € Z
satisfies 6(b) = i. Hence a general fiber of W — Z has dimension . This implies that Z has
codimension ¢ since
dimW = n.

On the other hand, we have Z C A¥(r)s) where the latter has codimension at least i by .
Therefore Z is an i-dimensional irreducible component of Af(r)s), and the irreducible com-
ponent W is of the form Rz. This proves that W C AJ,. O

In the following corollary, we relate A C T*B to
NycA ApcCP

Corollary 2.5. (i) For the identification Ba = Brep of formal neighborhoods induced by
the symplectic form o, we have
Ny By = A\BT*B.

(ii) For any choice of © in which identifies Bp and Br-p as in P’ropositz'on we
have
A

Br = Mpp
Proof. The first part follows from Proposition and the proof of [25, Proposition 4.3], that
Rizi|BA = TZB’BT*B'
The second part follows from the fact that the étale map between the groups

kg :A— P
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preserves the affine parts. ]

From now on we set
AN :=ANpCP

3. FOURIER-MUKAI I: THE PERVERSE-HODGE SYMMETRY

3.1. Overview. We review Arinkin—Fedorov’s Fourier—-Mukai transform and deduce some of
its basic properties. This recovers the border cases k = 0,2n of Conjecture [1.5} see Corol-
lary Then we discuss a reformulation from the Fourier—Mukai viewpoint of Matsushita’s
theorem [24] concerning the higher direct image of Oj; and its generalization — the perverse—
Hodge symmetry (Conjecture [3.6) [31, B2]. We conclude this section by proving Proposi-
tion

3.2. Fourier—-Mukai functors. We start with a brief review of the classical Fourier-Mukai
transform [26].

Let A be an n-dimensional abelian variety with P = Pic%(A) its dual. Then a universal
family induces a canonical (normalized) Poincaré line bundle P on A x P; it further induces
two functors for the bounded derived categories of coherent sheaves:

gy : DPCoh(P) — DPCoh(A), € — Rqa.(ghE @ P)
and
¢y - D’Coh(A) — DPCoh(P), &£+ Rqp.(¢h& @ PY)[n].
Here ¢4 and qp are the natural projections from A x P to the corresponding factors. Both
functors @y and ¢y are equivalences of categories, and they are inverses of each other:
¢rm © Prm ~ idpicon(py:  PEM © PFM 2 id pocon(a)-

Arinkin—Fedorov [4] generalizes the picture above and their construction works for a large
class of degenerate abelian schemes including integrable systems; see also [I} 2] for the case
of compactified Jacobians. Here we focus on the case of the integrable system mp; : M — B
with

dim M = 2dim B = 2n.
Recall the relative Picard space P which is smooth over B, and the normalized universal line
bundle £ over M x g P. Similarly, we have two functors

Dy : DQCoh(P) — DQCoh(M), €+ Raus(¢hE @ L)

and

érm : DQCoh(M) — DQCoh(P), &€+ Rqp«(qi& ® LY) @ mpw)[n].
When 7, has singular fibers, the above two functors are no longer equivalences. Nevertheless,
we still have by [4] that

(]_7) d)FM ¢} (PFM >~ idDQCOh(P) : DQCOh(P) — DQCOh(P),
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and in particular ®py; is fully-faithful. We note that since qp; : M xg P — P is proper, the
functor ¢py preserves bounded coherent complexes.

Proposition 3.1. For K € D’Coh(B), we have
(I)FM(OB*/C) =~ WX/[/C, quM(w?‘V[IC) ~ 0p. K.

Proof. By it suffices to prove the first statement. Since L is trivialized along the 0-
section Op : B — P, we have

(18) 0L ~ 05LY ~ Oy
We use 0y : M — M x g P to denote the base change of the 0-section O : B — P. We have

QM (0B4K) ~ Ranr+(qp0B:K @ L)
~ Ran«(0prsmy /K @ L)
~ RanrOn+ (1 K ® 03,L)

~ K.

Here the second isomorphism is the base change ¢7»0p« ~ Op47},, the third isomorphism is
the projection formula, and the fourth isomorphism follows from ¢p; 00y = idys and . O

Applying Proposition to K = Op, we can verify the border cases of Conjecture [1.5
Corollary 3.2. Conjecture holds for k =0, 2n.
Proof. We have
drM(On) ~ 05,O0p € Coh(P), gr(Py) ~ 05.0Op € Coh(T*B).

Both are structure sheaves of the 0-sections; in particular, they are isomorphic in the formal
neighborhoods of B. O

As in the abelian variety case, there is a (derived) Pontryagin product on P. Consider the
addition map

mp: P xg P — P.
We define
+f*: DQCoh(P) x DQCoh(P) — DQCoh(P), (&1,&) — Rmp.(qi&L @F ¢5E)
where g1 and g9 are the two projections from P xg P.

Proposition 3.3. For £;,& € DQCoh(P) and K1,Ko € D*Coh(M), we have

Dy (&1 + &) =~ Bppi(&1) @F Ppui(E2),  drM (K1 @F Ka) = drm (K1) #7 drm (Ka).
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Proof. The two statements are similar; we only prove the first. By the theorem of the cube
applied to M xp P xpg P, we have

(19) (id x mp)*L =~ ¢1o L ® qi3L
where the ¢;; are the natural projections from M xp P xpg P to the respective factors. Then
v (&1 +" €2) ~ Ranr«(gpRmp.(qi&1 @ g562) ® L)
~ Raars(R(id x mp).a33(qi€1 @ 4362) © L)
~ Rqar R(id X mp)«(q190pE1 @F ¢i3qpE @ (id x mp)*L)
~ Ry Rua (41205E1 @ 130pE2 @ q1oL © qi3L)
~ Rqu«(Rqusqia(qp€1 ® L) @ (¢pE2 ® L))
~ Ronr (@i Rans (4p€1 ® L) @ (qpE2 © L)
~ Ppyi(&1) @ Prui(E2).

Here the second isomorphism is the base change ¢pRmp, =~ R(id X mp).q3s, the third isomor-
phism is the projection formula, the fourth isomorphism follows from g0 (id x mp) = garoqis
and , the fifth isomorphism is again the projection formula, the sixth isomorphism is the
base change Rqi13+qis =~ ¢3;Rqnm«, and the last isomorphism follows from the projection for-
mula and the definition of ®py. O

3.3. Pushforward and Fourier—Mukai. The Fourier—-Mukai functors ®py and ¢py; are
also compatible with the pushforwards

Rrp, : DQCoh(P) — DQCoh(B), Rmps. : D’Coh(M) — D°Coh(B).
Proposition 3.4. For £ € DQCoh(P) and K € D*Coh(M), we have
Ls§ ®pMm(E) ~ Rap.&, LO% drm(K) ~ RrpK ® whn).
Proof. The two statements are similar; we only prove the second. We have
L0 ¢rm(K) =~ L0 Rap« (43K @ L) @ wn]

~ Ry L0 (3K @ LY) @ wh[n]

~ Ry (K ® 05, L") @ win]

~ Ry K @ whn].

Here the second isomorphism is the base change LO% Rgpy. ~ Rmr. L0}, the third isomorphism
is given by qas o Opr = idjy, and the fourth isomorphism follows from . U

The following example explains a connection between the Fourier—Mukai transform and a
theorem of Matsushita [24]. It can be thought of as a first example where the decomposition
theorem and the Fourier-Mukai transform are related.
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Example 3.5. Applying Proposition 3.4 to K = Oy, we obtain from Proposition [3.1] that
Rmpr O =~ LO*BOB X wB[—n].

The object LO3Op is the derived self-tensor of the structure sheaf Op of the 0-section B C P.
Using either the Koszul resolution or the derived self-intersection formula [3], we have

(20) L030p ~ @ NNy plk] ~ P THIk].
k=0 k=0
Therefore
(21) Rrp Oy =~ @T]g@wg[k—n] o~ @Q%[—k}
k=0 k=0

The equation implies simultaneously that

(i) the derived direct image admits a splitting into sheaves

n
(22) Rrp O =~ @RkﬂM*OM[—/{I],
k=0

and
(ii) each higher direct image is given by

RFmarOnr ~ Q.

In fact, both statements are known to hold for any Lagrangian fibration w3y : M — B
beyond the case of integrable systems we consider here. The statement (i) was deduced
from Saito’s enhancement of the decomposition theorem by passing to graded pieces. The
statement (ii) is a theorem of Matsushita [24] which was proven for any Lagrangian fibration;
Matsushita’s argument relies on the decomposition theorem (i) as well as Hodge-theoretic and
birational-geometric techniques.

For an integrable system 7y : M — B, the Fourier—Mukai transform provides an alternative
argument, yielding both (i) and (ii) from a single calculation

Rgp«L ~ 0p.wp[—n],

which is proven in [4] essentially from Ngo’s d-inequality (Proposition in [4]). In particular,
the Fourier-Mukai approach suggests that (i) and (ii) are both determined by the topology of
the integrable system. O

3.4. The perverse—Hodge symmetry. As illustrated in the example above, the object
Rmp1.Or € DPCoh(B) is governed by the Fourier-Mukai identity

In this section we discuss a generalization (Conjecture 3.6/ below) of Example concerning
the objects
Rra Q% € D'Coh(B), k=0,1,---,2n,
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where Conjecture plays the role of . This is a version of the proposal [32] for the
sheaf-theoretic perverse-Hodge symmetry which simultaneously generalizes Matsushita’s the-
orem and categorifies the cohomological “perverse = Hodge” identity .

For our purpose here, we view Pj of the decomposition theorem a Hodge module on the
base B; in particular, we consider its graded object

gr(Py) € Coh(T*B).
Conjecture 3.6 (Categorified perverse-Hodge symmetry). We have
R Q% ~ (LO% gr(Py))Y € DPCoh(B).

Remark 3.7. (i) Conjecture is expected to hold for not only integrable systems, but
any Lagrangian fibration my; : M — B with M and B nonsingular. As we show in the
proof of Proposition 0.6 below, Conjecture [3.6] follows from Conjecture[d] In particular,
by [32, Theorem 0.4] we have verified Conjecture for Lagrangian fibrations induced
by the Hilbert scheme of points on a surface that admits an elliptic fibration.

(ii) For an integrable system, Conjecture can be rewritten as

LO% ¢rm (V) ~ L0 gr(Py)

where we applied Proposition and the fact that the vector bundle Q% is self-dual.
Consequently, Conjecture [1.5] implies Conjecture |3.6

(iii) When B is projective, we recover the identity from Conjecture by taking co-
homology H!(B,—). This follows from applying Laumon’s formula (c.f. [28, Theo-
rem 2.4]) to the projective map B — pt.

The following diagram illustrates the role of the Fourier—Mukai transform:

Conj. FM /Decomp. ———]}%—(—_—)——9 Conj. Categorified Perv. = Hodge
ﬁSpecialize: k=0 iSpecialize: k=0
FM for Opp —--------"2==2-mmm- > Matsushita: Rima Oy ~ Q%.
Next, we complete the proof of Proposition

Proof of Proposition[0.6. We relate both sides of Conjecture [3.6] to the perverse-Hodge com-
plexes

Gr.i := gr_;DR(Py)[n — k] € D’Coh(B)
of [32] and reduce Conjecture to the symmetry @D:
Oki >~ Gik-

Recall that if we view P as a Hodge module on B, it carries the structure as a Dg-module
endowed with a good filtration F, Py. The i-th graded piece gives a sheaf of Op-module gr, P.
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We consider the de Rham complex
DR(P;) =[P, = P, QL — - = P, @ QB][n];
with the induced filtration
EDR(P) = [F;Py = Fiy1 Py @ Qp — -+ = Fi Py © Q] [n].
The associated graded object of the de Rham complex induces objects
(24) gr;DR(Py) = [gr;Pe = gri 1 P ® Qp = - = g, P ® Q][]

taking values in the bounded derived category of coherent sheaves on B. In particular, the
perverse-Hodge complex Gy, ; encodes the information of the k-th and the i-th graded pieces of
the perverse and the Hodge filtrations respectively, and thus @D is a perverse-Hodge symmetry.

To relate the perverse-Hodge complexes to the more classical object of the left-hand side
of Conjecture we evoke here Saito’s formula [29] 2.3.7] (see also [32, Section 2.2]):

Rrpregr_ . DR(Qas[2n]) ~ gr_ . DR(RmaQar[2n]) @gr +DR(P;)[n — 1.
Here Qps[2n] is the Hodge module associated with the perverse sheaf Qps[2n] given by the
trivial local system, whose de Rham complex has graded piece
grf, DR(Qy[2n]) = Q% [2n — K].
Therefore, we obtain that

RWM*Qﬁ/[ ~ @ Gi k[k — 2n];

in particular, by the Grothendieck—Verdier duality,

(25) (Rmpr )Y (@ g k:) ® mywilk —n).

(2

On the other hand, we have
(26) LO0% gr(Py) ~ Rp«(gr(Py) ®éT*B Op)

with p : T*B — B the natural projection. By taking the Koszul resolution of the structure
sheaf Op of the 0-section B C T*B, we see from the expression that the right-hand side

of is
Rp.(gr(Px) ®OT*B Op) ~ <@ Ok Z) ® mhwh[k — nl;

it is matched with through the perverse-Hodge symmetry Gy ; ~ G; .
So far we have proved that @ implies Conjecture The first part of Proposition
then follows from Remark (ii), and the second part follows from Remark (iii). O
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4. FOURIER—MUKAI II: LAGRANGIAN COHEN-—MACAULAY SHEAVES
4.1. Overview. In this section, we prove Theorem [0.3 which shows that the object

¢rn ()5,

is a Cohen—Macaulay sheaf supported on the conical Lagrangian A’ B+ This is matched with
the singular support of P in view of Theorem and Corollary
Our method is built on the ideas of Arinkin [I] and Arinkin-Fedorov [4].

4.2. Cohen—Macaulay sheaves. Let F be a coherent sheaf on P. We say that F is Cohen—
Macaulay if for any closed point x € P, we have

depthy,,  (Fz) = dimsupp(Fy).
In particular, F is Cohen—Macaulay of pure dimension d if and only if its Verdier dual
RHom(F,wp) € D’Coh(P)

is concentrated in degree d.
The following theorem is a Cohen—Macaulay criterion for the Fourier—-Mukai transform of
a locally free sheaf.

Theorem 4.1. Let K be a locally free sheaf on M. Let Z C P be a closed subset for which
each irreducible component has dimension < n. If

supp™ (¢pm(K)) C Z,

then ¢pM(K) is a Cohen—Macaulay sheaf of pure dimension n concentrated in degree 0.

Proof. By definition the object
e (K) = Rapy (¢ K © LY) ® mhw)[n] € DPCoh(P)
is concentrated in degrees [—n, 0]. Concerning its Verdier dual, we have
RHom(¢pnm(K),wp) ~ RHom(Rqp. (3K @ LY) @ mhwin],wp)
~ Rgp.RHom(q}; K ® LY, wy,)
~ Rap.« (3 KY @ L @ w,,).
Here the second isomorphism follows from Grothendieck—Verdier duality. Since K is locally
free on M, we have that ¢}, K" ® L ® wg, is a (locally free) sheaf on M x g P. Therefore the
object
RHom(¢pm(K),wp) € D’Coh(P)
is concentrated in degrees [0, n].
In conclusion, we know that:
(i) ¢rMm(K) is concentrated in [—n, 0],
(ii) its Verdier dual RHom(¢pnm(K),wp) is concentrated in [0, n], and
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(iii) both objects have supports of dimension < n.

The only way for this to happen is that ¢py(K) is a sheaf concentrated in degree 0 of pure
dimension n, and its Verdier dual is concentrated in degree n (see [2, Lemma 7.7]); in other
words, ¢y (K) is a Cohen—Macaulay sheaf of pure dimension n (concentrated in degree 0). O

4.3. Proof of Theorem [0.3l

Proposition 4.2. Assume that K € D*Coh(M) underlies an A-equivariant bounded complex
on M. Then we have

(i) the support of ppm(K) has dimension < n, and

(ii) dts restriction to B C P is contained in A¥; i.e.,

supp™ (prm(K))| 5 € AH| 5.

Proof. The proof essentially follows from the discussion in [4, Sections 4 and 5]; we present it
here for the reader’s convenience.
Let [ € P be a line bundle on M with

1 € supp™(ppm(K)) C P.

We write b := 7p(l) € B, and denote by Ay, My, Py, the restrictions of A, M, P over the closed
point b respectively. The (derived) restriction of the A-equivariant object I on M gives an
Ayp-equivariant object K € D*Coh(Mj).

Step 1. By base change, we know that
(27) HI (M, Ky @ 1)) # 0

for some j € Z. The restriction of the line bundle [}’ to A, C M, corresponds to a C*-torsor
over Ap. By [4, Proposition 5.6] this C*-torsor, denoted by Ay, is actually a commutative
group scheme given by the extension

(28) 15 C — Ay — Ay, — 1.

It acts on the total space of [} such that the subtorus C* C A acts tautologically by dila-
tions. Since Ky is Ap-equivariant, this gives rise to a natural Ay-action on the vector space .

Step 2. Since /Ib is commutative, we may find a 1-dimensional sub-representation
VC HJ(Mbv Ky @ 11\7/)7

which induces a character
A * e — ide
X.Ab—>(c, X|(C*CAb71dC'
It splits the extension (28)). In particular, the restriction of [ to A, C M, is a trivial line
bundle; equivalently, the restriction of [ to Ay is trivial.
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Step 3. Now we focus on the cohomology support locus
Ky = {l € Pic®(My) | 1|4, =~ Oa,} C Pic®(My);

it is a quasi-subgroup in the sense of [4, Definition 4.11], whose identity component K| l? C Ky
is affine by [4, Corollary 4.6]. In particular, we have

dim K < 6(b).
By Steps 1 and 2, we know that

supp™(¢rm(K)) € | Ko
beB

where the latter K := (J,cp K} is a countable union of constructible sets satisfying:

dim K <dim A <n, K| C At

B.
The proposition is concluded. U

We complete in the following the proof of Theorem [0.3] Note that in general the locally
free sheaves Q]XJ are not A-equivariant as illustrated in the example below.

Example 4.3. Let 7 : M — B be a smooth elliptic fibration with a section, and let £ C M
be a fiber. In this case the group scheme A is identical to M itself. If the tangent bundle
tangent bundle T is A-equivariant, then it is obtained as the pullback of a vector bundle
from the base B; in particular, the short exact sequence

0—>TE—>TM|E—>NM/S—>O
splits. This implies that the boundary map of the long exact sequence
HO(EaNE/M) - Hl(EaTE)

vanishes. On the other hand, this is exactly the Kodaira—Spencer map which is nontrivial
when the fibration is not isotrivial.

Therefore, we are not allowed to apply Proposition to the locally free sheaf K = Q’fw
directly. To solve this issue, we need the following lemma.

Lemma 4.4. Let
028 28 —>E&E—0

be a short exact sequence in Coh(M). Then associated with the derived exterior power A€y €
DbCoh(M), we have finitely many objects in D’ Coh(M)

Go, G, Gir1, .G = A&
with morphisms G;—1 — G; fitting into the exact triangles

Gi-1— G, — /\k_igl ®L /\igg +—1> gi_l[l].
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Proof. This follows from the proof of [22, Corollary 2.2] via taking compatible locally free
resolutions of the short exact sequence 0 — & — & — &3 — 0. O

Proof of Theorem [0.5. We first note that it suffices to prove
(29) supp™ (¢rn () C K
with K = {Jpep Kp C P given in the proof of Proposition In fact, implies that

dim supp™® (¢pm (25,)) < n.

Therefore, by Theorem the object ¢ry(€Q2%,) is a Cohen-Macaulay sheaf of dimension n
concentrated in degree 0. Furthermore, since

orm ()| 5 C K|z C AF 5,

B
the Cohen—Macaulay property ensures that the support is contributed by the purely codimen-
sion i irreducible components of A%(wy) (see Proposition [2.4), i.e.,

drm (i)

/
BCA B

Now it remains to prove . We consider the short exact sequence
0= w3 Q5 = Qo = Qyyyp — 0.

Here both the first and the third terms are A-equivariant coherent sheaves. In view of
Lemma the vector bundle Qk, = AFQl, can be expressed in terms of an iterated ex-
tension via exact triangles of objects of the form

(30) T ® N'Qy p € DPCoh(M),

where A?(—) stands for the derived exterior power as in Lemma Since each term (30) is A-
equivariant, its Fourier—-Mukai transform has reduced support lying in K by Proposition
Hence we obtain that the reduced support of the Fourier—-Mukai transform of Q’fw also lies
in K. This complete the proof. U

5. SMOOTH FIBRATIONS

5.1. Overview. In this section, we verify Conjecture for smooth Lagrangian fibrations
which proves Theorem Let (M, o) be a nonsingular holomorphic symplectic variety carry-
ing a smooth Lagrangian fibration 75y : M — B with a section s : B — M. Let mp: P — B
be the relative Picard scheme. As before, we assume that

dim M = 2dim B = 2n.
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5.2. The k =1 case. We first treat the k = 1 case; our strategy is the following;:

(1) We express both ¢\ (Q23,) and gr(P;) as an extension of sheaves that are (scheme-
theoretically) supported on the 0O-sections of P and T*B. The individual terms are
pairwise matched via the symplectic form o and the m,/-relatively ample line bundle ©.

(ii) We match the extensions by means of the Gauss-Manin connection. An important
property of smooth Lagrangian fibrations, known as the Donagi—-Markman cubic con-
dition (see Lemma [5.3)), is crucial in the matching.

Consider the (co)tangent sequence for the smooth morphism s : M — B. We have a
commutative diagram

0 —— TM/B TM WX/[TB — 0
(31) :J{U Z‘J(O' :J{U
0 — 75, 0L QL Vg — 0

where the vertical arrows are isomorphisms induced by the symplectic form o. Since Q}\/[ /B is
pulled back from B, the natural morphism

is an isomorphism. Then, substituting Q}M/B by W?WWM*Q}V[/B in and applying the
Fourier—-Mukai functor ¢gy as in Proposition we obtain a short exact sequence
(32) 0 = 0505 = ¢rv(2r) = 0Bemrr Q5 — 0

in Coh(P).

On the other side, the Hodge module P; corresponds to the variation of Hodge structures
on R'mpQu. We set Vi = R'mpnQu ®g Op with grades pieces Yil=t — gri);. The
associated graded gr(P;) may be viewed either as a coherent sheaf on T*B whose reduced
support is the O-section, or as a Higgs bundle on B. The Higgs bundle is an extension
of Y10 ~ WM*Q}WB by V! ~ R'7p.Onr (both with trivial Higgs field); in terms of coherent
sheaves this gives a short exact sequence

(33) 0 = 0p«R'marsOnr — gr(P1) = OpamaraQyyyp — 0

in Coh(T™*B).

There is a duality between R'my.Or and WM*Q}V[ /B depending on a 7js-relatively ample
line bundle ©. This, together with the isomorphism Tp ~ WM*Q}W /B induced by o, yields an
isomorphism

(34) RO ~ Q.

Comparing the two sequences and , we find that both terms on the left (resp. right)
are (scheme-theoretically) supported on the 0-sections and match each other. It then remains
to match the extensions, which is key to the proof of the kK = 1 case.
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5.3. Identifying extensions. As the terms on the sides of and are supported on
the 0-sections of P and T* B, their extensions only concern the formal neighborhoods of B in P
and T*B. In particular, the isomorphism kg of Proposition together with induces an
isomorphism of the extension groups

(35) HomP(OB*TrM*Q}\/[/B, OB*Q}B[H) ~ HomT*B(OB*TrM*Q}\/[/B, OB*RITFM*OM[H)

The identification can be expressed in concrete terms. In fact, we have by adjunction

Homp(OB*ﬂM*Q}WB, 05:Q5[1])
~ HOmB(LO*BOB*WM*Q}\/[/Ba 9113[1])
~ Homp (@ /\iNg/p ® WM*QJl\J/B[i]? QlB[”)
i=0
~ Homp (M1 5 U [1]) © Homp (N p[1] @ are Q3. p[1])
(36) ~ HOmB(ﬂ'M*Q}V[/B, Q}g[l]) D HOmB(TrM*Q}V[/B, NB/p & Q};)
and respectively

Homz 5 (05w« 5, 08+ R s Opa[1])
~ HOHIB(LO*BOB*WM*Q}\/[/B, RITI'M*OM[l])
n
~ Homp <@ /\iTB & WM*Q}\/[/B[i], Rlﬂ'M*OM[l]>
i=0
~ HOHIB(WM*QJI\/[/B, Rlﬂ'M*OM[l]) D HOIHB(TB ® TFM*Q}\/[/BH]’ Rlﬂ'M*OM[l])
(37) ~ HOIDB(WM*Q}\/[/Ba Rlﬂ'M*OM[l]) D HOmB(ﬂ'M*Q}W/B, QlB &® Rlﬂ'M*OM).
Here we have used the derived self-intersection for B < P and the Koszul resolution
for B — T*B. The symplectic form ¢ and the ms-relatively ample line bundle © induce an
isomorphism of the normal bundles
NB/P ~ QlB
This, together with the isomorphism , identifies the summands of and .
The decompositions and are a priori not canonical. Yet by the natural trunca-
tions 7>; of LO3Op, we have canonical short exact sequences
0— HOHIB(WM*Q}V[/B, QlB[l]) — HOHIP(OB*FM*Q}V[/B, OB*QlB[l])

— HOIHB(FM*Q}V[/B,NB/ID ® QlB) —0
and

0— HOmB(ﬂ'M*Q}W/B, Rlﬂ'M*OM[l]) — HOmT*B(OB*TrM*Q}V[/B,OB*RITFM*OM[H)

— HomB(WM*Q}\/I/Bv Q%; & RITFM*OM) — 0.
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Moreover, both sequences admit a canonical splitting by pushing forward via np : P — B
and p: T*B — B, i.e.,

Rrp, : Homp(OB*WM*Q}WB,03*9}3[1]) — HOmB(']TM*Q}M/B,QlB[l])’
and
Rp* : HOIIIT*B(OB*WM*Q}W/B,OB*RlﬂM*OM[l]) — HOHIB(WM*Q}M/B, RlﬁM*OM[l]).

We conclude that and are canonical decompositions with pairwise identifiable sum-
mands compatible with .
Let €ql, and ep, denote the respective extension classes of and .

Lemma 5.1. We have R?TP*EQ}W =0 and Rpsep, = 0.

Proof. The vanishing of Rp.ep, is immediate: this amounts to forgetting the Higgs field of
of the Higgs bundle, so that it becomes the trivial extension of TrM*Q}V[ /B by R'7tarnOn.
For R?TP*EQ}VI , we consider the short exact sequence

(38) 0= Qp = wpedrm(Qy) = Taryy/p — 0

obtained by applying R7mp, to (32). By Propositions and the sequence is isomor-
phic to

(39) 0= Qp = spy — Ty — 0

obtained by applying Ls% to the cotangent sequence . The sequence splits because
for an abelian variety A, the cotangent space 9}4,0 is naturally identified with H°(A,QY). O

In view of and , the extension class Q1 is uniquely determined by a morphism
(40) Qs — Np/p © Qp
and ep, by a morphism
(41) Qg — QU ® RO
Proposition 5.2. Under the isomorphisms
Np/p ~ Ok, R'mynOn ~0Qk

induced by the symplectic form o and the myr-relatively ample line bundle ©, the two mor-
phisms and coincide. In particular, C’onjectun? holds formpr : M — B fork = 1.

Proof. By the construction of the Spencer/Koszul resolution, the morphism is precisely
the associated graded of the Gauss—Manin connection

(42) Vv o ob e Vol
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To see the relation of with the Gauss—Manin connection, we consider the following
commutative diagram

HOH]M(WTWWM*Q}V[/B,WXJQ%D]) ¢1;M HOII]p(OB*TrM*Q}V[/B,OB*QIBHD

J{Rﬂ' M J{LO B

k * ®w\/ [n] * *
HOmB(RTFM*ﬂ'Mﬂ'M*Q]lw/B, Ry k(1)) —— HomB(LOBOB*WM*Q}WB, LO%05.0%5[1)).

Here the diagram commutes by Proposition [3.4] and the top row is an isomorphism since ¢y
is fully-faithful (in fact, an equivalence). Applying the decomposition and the derived
self-intersection to the bottom terms, we find

(43) Homp (RWM*W?WFM*Q}V[/B, RWM*W}ka}S [1])

~ Homp (@ Rin*OM ® WM*Q]I\/[/B[*i], @RIFM*OM ® QIB[*Z + 1])
i=0 =0

and respectively

(44) Homp(LOR0p.mar Q5 L0305, Q5(1])

~ Homp (@ /\iNg/P ® WM*QJl\/[/B[i], @/\iNE/P ® Qi + 1]) .
i=0 =0

As is usual with decomposition-type theorems, the decompositions and themselves
are not canonical. Yet one can associate canonical filtrations via the natural truncations
T>;,T<; of the arguments of Hom(—, —). In particular, the left-hand side of admits a
canonical quotient

(45) Homp(R" ' 7. Onr @ mareQhyp gl—n + 1, R 7. Opr @ Qp[—n +1]).
Similarly, the left-hand side of admits a canonical quotient
(46) HomB(Ng/P ® ”M*Q}W/B[l]v Qp[1)).
By definition, the morphism is obtained by applying L0} to the extension class €Ql
and then projecting to the quotient space (46]). This in turn corresponds (via ®wY[n]) to the

morphism obtained by applying Rmys. to the extension class of the cotangent sequence ,
and then projecting to the quotient space . In other words, we have a commutative
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diagram
Ly Np/p®Qp
(47) WM*Q}W/B — (Rn_lﬂ'M*OM)v QR Ry Oy ® QIB

; :

RlﬂM*OM & QlB

1
™ *QM/B

Here the first row is the morphism , the second row is obtained from the element in ,
and the third row uses the (fiberwise) perfect pairing

RlﬁM*OM & Rn_lﬂM*OM — Rnﬂ'M*OM

for a smooth abelian fibration mp; : M — B.
We set Vi, = RFmp,Qur ®g Op with graded pieces VYik—i — gr?)), . The associated graded
of the Gauss—Manin connection takes the form

v . Vi,k‘—i N Vi—l,k‘—i-i-l ® QlB

and is linear with respect to the VO¢~i_factor in ViF~? ~ VY0k=i @ Vi0 by virtue of Griffiths
transversality. Finally, by the Katz—Oda description of the Gauss—Manin connection [20], the
extension class of the cotangent sequence projected to is the associated graded

(48) V:plnl 5 y0ng ol

Since is linear with respect to the V%" I-factor in V1"~ 1 ~ V0n=1 o P10 we find that
the bottom row of is precisely the associated graded

Vv Y0l gl

Note that this time the factor Q} is placed on the right as opposed to . Also note that
we have yet to use the symplectic form ¢ and the mps-relatively ample line bundle ©. To
deal with the side-change we evoke the following result of Donagi-Markman [9]; see also [33,
Theorem 4.4] and [32, Lemma 1.2]. O

Lemma 5.3 (Donagi-Markman cubic condition). Under the isomorphisms
Tg ~ WM*Q}\/[/B, R'TpOn =~ Qg

induced by the symplectic form o together with the mwys-relatively ample line bundle ©, the
associated graded of the Gauss—Manin connection

Vv WM*Q}W/B — RlﬂM*OM X® QlB

comes from a cubic form in H°(B, SymBQ}S,).
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5.4. General case. We proceed to higher k. We show by exploiting functorial properties of
smooth abelian fibrations that the higher k cases follow from k£ = 1.

We first extend the Pontryagin product in Sectionto more general (formal) group spaces
mg : G — B. Later we will mainly consider G = P,T* B, B. Let

mag: G XB G—G
be the (formal) addition map. We define
*ft - DQCoh(G) x DQCoh(G) — DQCoh(G), (&1,&) — Rma.(¢i& @ ¢3&)

where g1 and ¢o are the two projections from G xp G. The underived version * is defined
accordingly.

Lemma 5.4. Let € = ¢pm(Q),) € Coh(P) (resp. € = gr(P1) € Coh(T*B)). For k > 1,
we have

£k ~ £*% € Coh(P) (resp. € Coh(T*B))
and

(E)| 5 = (€| 5)** € Coh(B).

Proof. Take £1,&> € Coh(P) such that supp™d(&;) C B, i = 1,2. Since the reduced support of
0161 @" g5E2 ~ q1€1 ® ¢5E2 € Coh(P xp P)
is contained in the 0-section B C P xp P, we have
E1 xR &~ Rmp. (¢i81 @ ¢5E2) ~ mp.(q}E1 @ 3E) ~ E1  E5 € Coh(P)
with supp™d (&1 x &) C B. We also have
(E1x&)lg = (mpu(1&1 ® 262))p
~mp, (011 ® ¢382)| )
~mg,(q1(&1lp) @ ¢2(&20p))
~ &) * &5 € Coh(B).

Here the second isomorphism uses the base change with respect to mp : supp(¢;&1®¢5E2) — P,
5 The statement for £ = ¢pm(Q},) follows
by induction on k and the proof for & = gr(Py) is identical. O

and the third isomorphism uses the flatness of

Lemma [5.4] together with Propositions and implies that

(49)  den ()% 5 = (rm () ™) 5 = (B ()] 5) = (gr(Py)] )" ~ (gr(P)™)
To understand gr(Py)**, we recall the Higgs interpretation of gr(P;). Let p : T*B — B be
the natural projection. The pushforward p.gr(P;) is a p.Op+p ~ Sym(T)-module, which is

B

precisely given by the vector bundle

gr(Vy) == YOl g Plo
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together with the Higgs field
vh;o,l =0, v|v1,o VAl QJIB ® VoL,

Conversely, from the Higgs bundle (gr(V;), V) one also recovers the Op«p-module
gr(Py) ~ p~lgr(V1) ®p-1p, 00 5 O17B-
Lemma 5.5. For k > 1, we have
pe(er(P1)™) = (gr(V))**, V") € Coh(p.Or-p).
Here the Higgs field V& on gr(V1)®¥ is defined by the Leibniz rule.
Proof. The addition map mp«p : T*BxgT*B — T* B corresponds to the morphism of sheaves

(50) P«Or+p = p«Or+p ®0y, p«Or+B.

In local coordinates Oy[¢y,. .., &,] over U C B, the map sends & to {5 ® 1+ 1®¢;.
Take Fi,F2 € Coh(T*B) such that p.JF; ~ (&,0;) € Coh(p.Op+p), i = 1,2. Then the

p«Op+p-module p,(F; * F3) is given by the tensor product & ® £ whose p,Or+p-module

structure is obtained by composing with , hence the Leibniz rule for the Higgs fields 64

and 0. The statement of the lemma follows by induction on k. O

We are ready to prove Conjecture for the smooth Lagrangian fibration mps : M — B.
Proof of Theorem[0.4 As in the proof of Proposition we set Vi, = RFmp.Qur ®g Op with
graded pieces V¥*~ = gr')}.. The associated graded gr(P;) € Coh(T*B) corresponds via p.
to the Higgs bundle

k

<gr(Vk) = @Vi’k_i,v> € Coh(pxOr«p)

i=0

where
ﬁ‘w k—i - Vi’kii — QlB & ViiLkiZ#l
is the associated graded of the Gauss—Manin connection. Now since mps : M — B is a smooth
abelian fibration, we have canonical isomorphisms
Vk’ ~ /\kV1 Vi,k’—’i ~ Vﬂ,k—i ® Vi,o ~ /\k‘—ivo,l ® /\ivl,o

and
(51) (gr(Vk), V) = (AFgr(V1), A*V)

for all k > 1. Here the Higgs field A*V on AFgr(Vy) is defined by the Leibniz rule.

By the restrictions of ¢py((Q24,)®) and gr(Py)** to the formal neighborhood(s) B
are isomorphic. Moreover gr(P;)** corresponds via p. to the Higgs bundle (gr(V1)®k,v®k)
by Lemma It is also clear that both Lemmas and are &,-equivariant. Taking
antisymmetric tensors and in view of , we conclude that

orm(Q5)) O

B ~ gr(Pk) B
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6. TWO-DIMENSIONAL CASES

6.1. Overview. In this section, we prove Theorem By our assumption, the morphism
M - M — B

is an elliptic fibration over a non-proper curve B with integral fibers and a section sg : B — M.
Moreover, the closed fibers of 7w are either a nonsingular elliptic curve, or a nodal rational
curve. Assume that pq,--- ,py;, are the closed points on B such that the fiber F; = 71';41 (pi) is
nodal, and the restriction

7 =T : M® — B°:= B\ {p1,...,pm}, M°:=n"1(B°)

is a smooth elliptic fibration. Denote by j : B® < B the natural open embedding, and denote
by V the variation of Hodge structures given by R'7°Qj; over B° as in Section Then a
direct calculation (e.g. Proof of [34, Proposition 4.17]) yields

where we use the same notation V to denote the (pure) Hodge module given by the flat bundle
Y, V).
In view of Corollary Theorem [0.5] is reduced to the following theorem.

Theorem 6.1. Under the isomorphism ko of Proposition identifying the formal neigh-
borhoods of B in P and T*B, we have

Prm ()

6.2. Gauss—Manin with poles. We choose as in Section [5.2] a symplectic form ¢ on M as

5~ er(jiV)|5 € Coh(B).

well as a mys-relative ample bundle ©. They induce isomorphisms
(52) ROy ~ QF, Np/p =~ 0k

where the first isomorphism is given by [24]. We denote by D the effective divisor } ;" p; C B.
The divisor

m
F:=) F,CM
i=1
given by the pullback of D is normal crossing on M. The symplectic form o also induces an
isomorphism
(53) Q}W/B(log F)~ QY.

By the discussion of Section if we restrict over B°, the fixed isomorphisms and
and the Donagi—-Markman cubic form induce an isomorphism

drm ()| go — gr(V)

Note that the symmetry of the Donagi—Markman cubic form is automatic in this case since

Bo-

the base B is 1-dimensional.
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Now in order to extend the isomorphism above over D, we first need to extend the associated
graded of the Gauss—-Manin connection, as well as the Donagi-Markman cubic form. We
consider the logarithmic cotangent sequence on M:

(54) 0 = mhQp(D) = Uy (log F) = Qpyp(log F) — 0.
After pushing it forward to B, we have the connecting map
Ty p(10g F) = R'mp Oy @ Qp(D).

We review briefly the Hodge theoretic interpretation of this map via Deligne’s canonical ex-
tension of V; see [21l Section 2]. Recall that the canonical extension depends on a real interval
[a,a + 1) or (a,a + 1] where the eigenvalues of the residue endomorphism should lie. In our
situation, the monodromy around each point of D is unipotent (given by the matrix ({1) in
local coordinates), so the eigenvalues are necessarily integers. Let V be the canonical extension
of V with respect to either [0,1) or (—1,0]; it is locally free of rank 2 on B. Schmid’s theorem
says that F,V := j,F, VY NV is a filtration by locally free subsheaves; here we write the Hodge
filtration as an increasing filtration F;V := F*V to be compatible with the convention of Hodge
modules,
(V,F.,V), VV%V@Q%(D), F_1VCFOV:V.

Then by the logarithmic version of the Katz—Oda theorem [19], the connecting map above as-
sociated with recovers the associated graded of the meromorphic Gauss—Manin connection
VigrV—grgV e Qh(D):

(55) V 72y p(log F) = R'manOn © Qp(D).
Further using the isomorphisms and , we obtain that comes from a section
(56) [V] € H(B, (25)%°(D)).

This is indeed the meromorphic extension of the Donagi—-Markman cubic form in Lemma [5.3

6.3. Admissible sheaves. Our strategy is similar to the proof of Theorem [0.4] We express
both sheaves

orm ()5 and  gr(in V)|

in terms certain “building blocks” supported scheme-theoretically on either the 0-section

B C B or a closed fiber ﬁ‘l = Fj 5> and then we match their extension classes. Since the
existence of the singular fibers F; further complicates the extensions, we introduce the notion
of admissible sheaves to treat such complexity.

For notational convenience, we will uniformly use F; to denote the fiber over p; for either
mar : M — B or the projection T*B — B. Therefore Fj is either a nodal rational curve or the
affine line C.

We say that an object

A e Coh(T*B) (resp. A € Coh(B))
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is an admissible sheaf, if A admits an increasing filtration of coherent subsheaves
WA cwgtc A

satisfying that
(a) WA ~ @™, 0F (resp. WA ~ ©i2105.),
(b) Wt/ WA ~ 05.0%(D), and
(c) A/Wgt ~ 0p. QL.
By (a, b), the subsheaf Wg! fits into a short exact sequencdﬂ

m
(57) 0= P Or, = Wit = 05.05(D) — 0,

i=1
whose extension class induces
m m
(58) Wi € Exth. 5 (03*9}9(1)), D oFi> = P Extr.p(05.025(D), Op,).
i=1 i=1
By adjunction, each extension group Exti.5(05.0%(D), OF,) on the right-hand side of
is 1-dimensional:

Extr.p(05:Q5(D), OF,) = Extj, (Cp,, Op,) ~ C.

Here p; is viewed as a point on F; lying in the intersection with the 0-section B C T*B.
We say that the admissible sheaf A is good if each summand of the extension class [W;!]
in Extd. 5(05.Q5(D), OF,) is nonzero. In this case, up to scaling O, we may express Wy as
an extension whose extension class is of the form

(1,1,...,1) € P Extr. 5(05:25(D), OF,).
=1

Now assume that A is a good admissible sheaf. The condition (c) further implies that A fits
into an extension

0= Wi = A= 0505 =0
which yields a class
[A] € Exth. 505,08, W) 24 Exth. 505,08, 05.05(D)).

Here the map p4 is induced by .
The following proposition provides a criterion for two good admissible sheaves to be iso-
morphic. This is also the only place where we need the assumption that B is not proper.

SFor notational convenience, we only describe here the case where A € Coh(T*B); the case for B is com-
pletely parallel.
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Proposition 6.2. Assume B non-proper. Let A and A’ be two good admissible sheaves such
that the classes p([A]) and pa([A']) coincide:

pA([A]) = pa([A]) € Extr. p(05.05", 08.Q5(D)).
Then we have
A~ A
Proof. Applying Homyp+p5(0 B*Q}B\/, —) to , we obtain the long exact sequence:

o,

- — Homp-p(05.25,08.Qp(D)) — €D Extr. 50525, Or,)
i=1

0, Extl. (0508, W) 24 Extl. (05.QY, 05,04 (D).

We would like to show in the following that, for a good admissible sheaf A, the map (i) in the
chain above is surjective, so that (ii) is 0. In particular, the extension class [A] is completely
characterized by its image p4([.A]) and the proposition follows.

To prove the surjectivity of (i), we consider the residue exact sequence

0— 0L -0k = @Cpl—w
=1

Applying Homp (2L, —), this induces the long exact sequence
- = Homp(QY, 4(D)) Y5 com s mxtl (W, QL)
Using the fact that B is not proper, we obtain that
Exth(QY, QL) =o0.

Therefore the map (i)’ above is surjective. On the other hand, the map (i)’ recovers (i):

PR m

Homy- (0508, 0504 (D)) = Homp(Q}, 05(D)) L= com = @ Bxth. 50504, Or,).
i=1

Hence we conclude the surjectivity of (i), which completes the proof of the proposition. U

In the following three sections, we prove Theorem [6.1] by showing that both sheaves obtained

from Fourier—-Mukai and the Hodge module theory respectively are good admissible sheaves,
and their classes in the group

Ext} (0.5, 0.Q5(D))

are both essentially governed by the cubic form .
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6.4. Hodge modules. We first treat the Hodge module side. The Hodge module 5.} on B
can be described concretely using the canonical extension (V, F*, V). More precisely, by [30,
3.10] we have

j!*V =Dg- VC V(*D)

where the Dpg-action is induced by Deligne’s meromorphic connection on V(*D), and

(59) FyjiV =Y FDp- F,_V.
i>0

Each associated graded object gr;(71.V) = FijiV/F;—1j1.V is a coherent sheaf on B. The
coherent sheaf

gr(j1.V) € Coh(T*B)
obtained from the Hodge module j,V is then completely described by the quasi-coherent sheaf

EB gri.(jikV) € QCoh(B)

k>—1

together with the Higgs field
(60) Vg (V) = gl (V) © Qp

where by Griffiths transversality all the nontrivial Higgs fields only increase the index by 1.
Following a direct calculation using the formulas above as in [32, Section 2.4], we have that

gr_1 (V) ~ QY. arg(inV) ~ Q5(D), grp(iV) ~ @Cm, k> 0.
i=1

Moreover the nontrivial Higgs fields are given by for Kk = —1, the nontrivial residue

map
m

Qp(D) == PGy,

for k = 0, and the identity maps

for all £ > 0. This allows us to express the object
gr(j1.V) € Coh(T*B)
as a good admissible sheaf
W W™  gr(ii V).
Here the subsheaf WHM € Coh(T*B) is given by

ED gry,(J1sV)

k>—1
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endowed with the restricted Higgs field

V: P gri(iny) — ( b grk(jl*v)) ® Q.

k>—i E>—i+1
Finally, an identical argument of Section yields a splitting
(61)  Homyp-p(05.02}, 05.025(D)[1]) = Homp(Q}, Q(D)[1]) & HO(B, (Q4)**(D)).
The class
pum([gr(ji.V)]) € Homre (05825, 0.5 (D)[1])
is then (0,[V]) via the splitting with [V] given by .

6.5. Fourier—Mukai. For our elliptic fibration wp; : M — B with a section sp : B — M,
the partial Fourier—Mukai transform

¢py : D’ Coh(M) — DCoh(P)
can actually be upgraded to a full Fourier—Mukai transform
¢pnt : DPCoh(M) — DPCoh(M)

as we review in the following.

We denote by MY — B the relative compactified Jacobian fibration parameterizing torsion-
free, rank 1, degree 0 sheaves on the fibers of 7 : M — B. Since MV is a fine moduli space
with a O-section Og : B — MV, there is a universal Poincaré sheaf on M xg M". We choose
the universal Poincaré sheaf P such that the induced Fourier—-Mukai transform

dpat : DPCoh(M) =5 DPCoh(MVY)
satisfies (EFM(OM) ~ 0p+Op. We have that MV is naturally isomorphic to M by
M= MY, g (my ® O, (—3))

where M; is the closed fiber containing x, ts : My < M is the closed embedding, m, is the
ideal sheaf of x in Mj, and s is viewed as a point on M, lying in the intersection with the
section B C M. From now on we identify M with M. The group scheme P — B is then
obtained as an open surface P C M removing the nodes of the singular fibers. The partial
Fourier—-Mukai transform ¢py is the composition of the full Fourier—Mukai (]~5FM with the
restriction map associated with P C M.

Lemma 6.3. The following hold for the Fourier—Mukai transform PrM.-
(i) For K € D*Coh(B), we have

drm (1K) ~ 05.K.
(ii) For a point x € My in a closed fiber vs : My — M, we have
$rM(Cr) ~ Lo (my ® Oy, ())[1].
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(iii) Let F; be the nodal fiber of m: M — B over p; with z; € F; the node. Let v; : F, > F
be the normalization. Then we have

5FM(W*OE) > Ly, [1].

Proof. (i, ii) are easy exercises deduced from the definition. We now prove (iii). We consider
the short exact sequence

(62) 0— Op — V"*OE — C,, — 0.

Applying the functor ¢pyr, we obtain from (i, ii) the exact triangle

(63) Cp, = SM(VinOF) = Ly (M, @ Op, (p)[1]

The associated long exact sequence reads:

0= H (S (16205)) = tpus (i, © O, (1)) = Cp <5 HO (pr(vin05:)) — 0.

It suffices to show that the map (x) in the above sequence is trivial. Assume it is not. Then the
arrow tp,«(my, ® Of,(p;)) = C,p, has to be trivial which forces to split; equivalently

splits which is a contradiction. This completes the proof of (iii). O

Now we show that (;SFM(Q}W) is a good admissible sheaf after restricting to a formal neigh-
borhood of the 0-section B C M. Instead we work with the object

dpn () € DPCoh(M).

We consider the following triangle of morphisms

Ql, Q
(64) ~N 0

Q}\/I/B(log F)

(log F)

where Q}, — Q},(log F) and Q},;(log F) — Q}M/B(log F) are the natural maps, and the
third arrow is the composition of these two maps. By the octahedral axiom of triangulated
categories, the cones associated with the three maps of form an exact triangle

B vi- Oz [-1] = Ko — 73,05(D) .
=1

Here Ky := cone (Q}W — Q}\/I/B(log F)) [—1]. Applying the functor dru to this exact triangle,
we obtain from Lemma that the object &EFM(ICO) is a sheaf concentrated in degree 0 which

fits into the exact sequence

m

(65) 0— @Lpi*mxi — (ZFM(]C()) — OB*QlB(D) — 0.
=1
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We set
m
WEIY[ = @Lm*mxi, WgM = ¢FM(’CO)
i=1

Proposition 6.4. The object gpM(Q}\/[) is a coherent sheaf on M with an increasing filtration
of subsheaves:

WEM c WEM € gpa ()
which satisfies
(a) WEY = @7 1y,
(b) WM /WE =~ 05.95(D), and
(c) dpm () /WEM ~ 05,0L .
Proof. By the definition of Ky, the isomorphism , and Lemma (i), we obtain an exact

triangle

G (L)) = 0505 — dpu(Ko)[1] 5

Since WOF M _ ggFM (Kp) is a sheaf concentrated in degree 0, the above exact triangle yields a
short exact sequence
0 — WM = gpu(Q),) = 05,05 — 0.

This proves (c). For the remaining parts, we note that (a) is given by the definition of WM,
and (b) follows from the short exact sequence ([65). O

Analogously to , the description of WOF M gives an extension which induces a class

[WOFM] € @ EXt}W(OB*Q}B(D)v LpixMz, ).
i=1

Each extension group on the right-hand side is 1-dimensional.

Proposition 6.5. Each summand of the extension class WEM] in
Ext}, (05.0%(D), LMy, )

18 Monzero.

Proof. Since this is a local question, we may assume that 7 : M — B only has one singular
nodal fiber F C M over p € B with € I’ the node. We need to show that the extension

0= tpetty — WEM = 05.05(P) — 0, WE™ = gpn(Ko)

is nontrivial. Assume this is trivial. Then applying the inverse Fourier—-Mukai gg}?ﬁ/[ to this
exact sequence, we obtain that Iy has nontrivial cohomology in degrees 0 and 1 with

(66) H(Co) ~ VO

Here v : F — F is the normalization.
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To reach a contradiction, now we describe Ky by another triangle of morphisms

L N

M/B(logF

/B

Here Q]l\/l — Q}V[/B and Q}W/B — Q}W/B(log F) are the natural maps, and their composition
recovers the map 2}, — Q}, / p(log F) of . The octahedral axiom yields that the cones
associated with the three maps of form an exact triangle

Tk = Ko — Cy[—1]

where C, ~ cone (Q}M/B — Q}V[/B(log F)) Consequently, we have

H (o) ~ C,
which contradicts (66)). O

The extension class
[rn(Q)] € Exty (0.5, Wo™)
is sent naturally to a class
(68) (e (Q)]) € Extiy (0505, 0525 (D))
via the natural morphism induced by Proposition
7 Bxth, (05,98, WEM) — Ext}, (05,08, 05,0kL(D)).

Applying the functor gz~5FM to the triangle , we see that the class represents the
extension

Or (3 (D)) — dpn (R (log F)) — dpn(Q5(log F)) 5,

which is the exact triangle obtained by applying $FM to the exact sequence .
We note that both sheaves 05,05 and 05.Q%(D) are supported on the O-section. Therefore
we have a natural isomorphism

Extj (0525, 03.05(D)) = Ext (0525, 05.25(D)).
An identical argument as in Section [5.3] yields a splitting
Ext} (0505, 05.25(D)) = Extp(Qp', 05.05(D)) & H(B, (25)%*(D));

this is the counter-part of on the Fourier—-Mukai side. Furthermore, the class
is (0, [V]) with [V] given by (56).
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6.6. Proof of Theorem We fix an identification of the formal neighborhoods of the
0-sections in T*B and M respectively using Proposition we denote them by B uniformly.

On the Hodge module side, by Section gr(jixV) is a good admissible sheaf on T*B.
Therefore its restriction

gr(j;*V) B
is a good admissible sheaf on B.
On the Fourier-Mukai side, Propositions and imply that

drn ()| 5 = drm(Qy)l 5

is a good admissible sheaf on B.

Furthermore, by the discussion at the ends of Sections and [6.5| respectively, we have
prv([gr (V)1 51) = pena([@rn(200)] 1) = (0, [V]) € Ext (0505, 05.05(D)).

Finally we apply Proposition and conclude that the two good admissible sheaves obtained
from the Hodge module and the Fourier-Mukai transform are isomorphic. This completes the
proof. O

6.7. Remarks on the cuspidal case. In fact the same strategy also applies to cuspidal
ﬁbersﬂ Here we briefly sketch the key steps and leave the details to the interested reader.
From now on we allow the elliptic fibration wp; : M — B to have nodal fibers Fy,...,F,,
over pi,...,pm € B, and cuspidal fibers Gy,...,G; over q1,...,q € B. The rest of the
assumptions on s remains the same as in Section [6.1] including B non-proper. We set

m l m l
D:=> pCB, C:=) ¢CB, F:=) F,CM, G:=) G;CM.

i=1 i=1 i=1 i=1
In the presence of cusps, the notion of an admissible sheaf A € Coh(T*B) should be altered
to a 4-step filtration
WA cwA cwgt c 4
which satisfies
(a) Wfired = @?lloFi S5 GBézloGw
(b) W WA ~ &, Oc,,
(c) Ws'/WA ~ 05.05(D +2C), and
(d) A/W5' ~ 05,0
An admissible sheaf A is good if the following hold.

(i) The extension class

l
WA € Extp (@ Oc;» EBOF @ @ O, > = P Extr.5(0c;, Oc;)

=1

6 As we work with an elliptic fibration with integral fibers, nodes and cusps are the only possible singularities.
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has a nonzero summand in each Extt.5(Og,, Og,) ~ C. Up to scaling Og, we may
assume that each summand is 1. In particular, the sheaf W+, is of the form

m l
W141 ~ @OE D @OGZ-
=1 i=1

where G; C T* B is a thickening of G;.
(ii) The extension class

W3] € Exth. p(0.Q5(D + 2C), WA)
m !
= P Extr. 5(05.:25(D + 2C), OF,) & @ Extr- p(05.25(D + 20), Og,)

i=1 =1
has a nonzero summand in each Exti.p(05.0L(D + 2C),0f) ~ C as well as in
each Ext}. 5(05.0%(D + 2C),Og,) ~ C2. Up to an automorphism of Of, and Og,
we may assume that the summands are either 1 or (1,0).

Further, the short exact sequence
0= WA = Wit = 05.05(D +2C) =0
induces a natural morphism
pA : Bxth 5 (05,98, Wi) = Exth. 5(05.0%,05.0%(D + 20)),

sending the extension class [A] € Exth. 5(05.02L, Wi') to pa([A]).
A version of Proposition [6.2] states that over a non-proper curve B, two good admissible
sheaves A, A" € Coh(T*B) are isomorphic if the classes p4([A]) and p:([A]) coincide:

pa([Al) = pa([A]) € Extpn (0525, 0525 (D +20)).

On the Hodge module side we have P; = j,V as in Section The fact that gr(ji.)V)
is a good admissible sheaf on T*B is again proven by an explicit calculation using the local
monodromy (Y [1)) around each ¢; € B corresponding to the cuspidal fiber G;. Note that
however, this time one should distinguish the two canonical extensions with respect to [0, 1)
and (—1,0] (which differ by a twist by Op(C)) and use the latter for V in (59). The end

results, deduced from formulas in [21, Theorem 2.6] and [24], are

gr1 (V) = Qp',  gre(iuV) = Qp(D +20),

m l
gr (V) ~ P Cp @ P Oq,, k>0,
=1 i=1

where q; is the length 2 fat point supported on ¢;. The nontrivial Higgs fields are given
by a cubic form

(69) [V] € H)(B, (9%)%3(D + 20))
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for k = —1, the residue map for £ = 0, and the identity maps for all £ > 0. As in the nodal
case we set WHM € Coh(T*B) to be

EB gri (V)

k>—i

endowed with the restricted Higgs field, and Wfliv[ 7ed ig the obvious subsheaf of WHM Tt is
straightforward to check that gr(ji.V) is a good admissible sheaf on 7% B.

The Fourier—-Mukai side is treated with the help of a log resolution. Let f : M — M be the
resolution obtained by blowing up each cusp y; € G; three times. We write T M — B for
the composition myso f. Let Ey;, Ea;, E3; C M be the three (strict transforms of) exceptional
divisors associated with y;. For k =1,2,3, we set Ej := 22:1 Ei C M. We also set

E=F, +2F+5E; C M.

We consider the following triangle of morphisms
(70)

Ql, Rf. (2L (log [ (F + G)) ® O (E))

\ —

Rf, (%/B(log fUF+G) @ (’)M(E)> .

We define
Kred .= cone (Q}W — Rf. (Q}\}(log fFUF+@) @ OM(E))) [—1],

Ko := cone <Q;4 RS, <ng/B(10g FUFP+ @) @ OM(E)>) —1].

By the octahedral axiom, the cones associated with the three maps of form an exact

triangle

(71) Kl — Ko — 73, 25(D + C) ® Rf.O~(E) 15 .
Moreover, the natural inclusion E C W;{(C) induces a morphism

(72) TuQp(D + C) ® Rf.O 7 (E) — m3,Qp(D +2C).
We define

K1 := cone (Ko = 73,Q5(D +2C)) [-1]
where the arrow is obtained by composing and . Finally we set
WO = gpn (K1), WE = gpa(K1), WM i= dpui(Ko).

It remains to check that all three terms above are sheaves concentrated in degree 0 which
are part of a filtration
wEred WM c WEM < g (),
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and that ¢\ (QY,)
have

p is indeed a good admissible sheaf on B. For example, by [21, 2.10] we

Q}mB(log fTHF+@G)®04(E)

so that under the symplectic form o of M there is an isomorphism

Rf. (9 0817 (F + ) © O (B) ) = melfy.

Comparing with the definition of Ky, we find an exact triangle

~ Wirp

1
Ko — Q) — 750k 5

whose Fourier—-Mukai image is the expected short exact sequence
0 — WM = dp(Q))) — 0505 — 0.

One also uses the exact triangle

T3 Q5(D + C) @ RE.O5(B) - Rf. (2 (log /' (F + G)) ® O (E))

— Rf. (Q}Q/B(logfl(F—F G))® OM(E)> RN

and the log Katz—Oda theorem [I9] to relate the extension class prm([drn(Q2,)|5]) to the
same cubic form [V] as in (69), and to conclude that

prn ([gr (V) 5]) = prm([orm (20)5))

as in the nodal case.
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