
 Rings ideals andquotientrings

Definition AringR M is asettogetherwithtwobinaryoperations and satisfying

i R is anabeliangroup with0theadditiveunit

a o isassociative i e a b c a b c f aib cER

s thedistributivelawholdsinR forall a b cER
atb c a c b c and a bt c a b t a c

4 R isunital I4211 i.e I anelementAreR atop importantassumption

forthiscourses t.IR a a IR a f aER

Say aringR iscommutative EI4,87 if a b b aforall abeR

Definition Aringiscalled a divisionring 57 87 or a skewfield ifeverynonzero
element aERhasamultiplicativeinverse

Acommutativedivisionring iscalled afieldEf
Examples O Z 2n Q R E

Z t FrEQ att reIso is a subringofQ

If R is aring Rex E anx anER is a ring

or moregenerally R x xn Often werequireRtobecommutative

If R is a ringthenMatnR is a ring
H atbitcjtalk a b cdeIR Hamiltonianquaternion AIHL
multiplication Ej k 1 ij ji k jk kj i ki ik j
Conjugate atbitcjtdk a bicjalk note zur ut E



yg
NmZ ZE atb'tc tdERso

Soif zto É ENmz SoIH is adivisionring
Intheconstructionabove we canreplaceIRby0

Groupring 427
LetRbe a commutative

ringandG a finite group sayG
5 9

DefineR G aig t angn aiER

Egagg finitesum ageR
multiplination

gagg Ibnh Eggbush

TRG TReg

Example G 2n o one1

R G I aot a a t tan i o aiER

satisfyingone1

G Z o

R G R x Ezanx anER

DefinitionLetRandS berings
i Aringhomomorphism 2717 is amap9 R S satisfying

a p atb 4 a 4 b forall a bER p or 0s

b g ab 4 a g b forall a beR
c g tr Is wewillalwayassumethis

2Thekernelof y is hery g Os



of g g g
g isinjective hery for I

3 y isan isomorphism ifmoreovergisbijective
Example Q Z 9 Zn

If R is a commutativering f rER
tr R x R NeedsR tobecommutative

fix fir

Definition LetR be a ring
i of aER iscalled a zero divisor53177 if I o tbeR

s t either ab o or bae

a uER iscalled aunit inR FEI if I v eR sit uv vu 1

ThesetofunitsinR is R It is agroupundermultiplication

AcommutativeringR containingno zerodivisor iscalledan integraldomain FEIT

Examples OZi amodn gedla in e

zerodivisors in Zn amod n god a n 1 ato

If R isanintegraldomain so isRex
ble fan amin g x bnx t am bnto

Fungus
gen
xm

Lemma AfiniteintegraldomainR is afield

Proof NI ta to in R ahas amultiplicativeinverse



of 1
Consider Ma R B is a homomorphismofadditivegroups

x 1 ax

herma xER ax o o

ma isinjective bijective

Thenat mat e istheinverseof a D

Fractionfield R an integraldomain written
as

Definethefractionfield 3781 tobe Frack a b eRx Rio ab ad

iffadbe
FracR is afield

Example Frack Q Frae k x L x

Question Analoguesofnormalsubgroupsforrings
Definition Asubset I ER iscalled aleftideal Itt
if as f a be I a be I so I is a subgroupof R t

a Y a e I XER xa f I

Say I is arightidealif a is replacedby axe I
Say I is an ideal or atwosidedideal a7121408

if it is a leftidealanda rightideal
Forcommutativerings leftideals rightideals twosidedideals

Anideal is usually notaringas I II erE I I R



DefinitionLetRbe aringand I atwosidedproperideal i.e Iffy
sotheRkisnotthe

zeroring
Definethequotientring1727 Rt x I xER quotientasadditivegroups

x I y I x y It I x g I

x I y I xy I
Checkmultiplicationiswelldefined

if x x ta y y b fora.be I
thenx'y I x a y b I xytxfggg.LI

There is anaturalsurjectivequotienthomomorphism

TL R R I

x I x I I with her a I

IsomorphismTheorems

1stThm If 4 R S is a homomorphismofrings
thenkerf is atwosidedidealand g R is asubringofs
MoreoverYinducesan isomorphism Rkery I 9 R

xthery y x

4thThm Let I be aproperidealofR Thenthere is a l l correspondence

leftrighttwosidedidealsJ I t leftrighttwosidedidealsJofRA
J I JE
t 5 j

t R RI

preservingorders sums intersections quotients Rt JL Rt



1 g g 1

Notation LetRbe a commutativering andlet aj ER be asubset

Define a jet gyjaj
eachxjeRandallbutfinitelymanyxjiszero ER

It istheidealgeneratedby a

It istheminimalidealthatcontainsallof a jeJ
Examples Il R Z 4 6 4 64 ix ye21 22 2

So ai as god ai as tobecontinuednextlecture

a Y Z 2n
a Nsa moda

kerf nd n

SoZn 747
3 R commutative a ER ta R x R

fix tafia
Kerda fixER x flat o x a VfxcRexI blecanalwayswritefix ga x a fla

SoREX x a R

4 REG groupring d RIG R

aggtaffy yavery
importantidealforgroup

rings
but g I g

calledtheaugmentationidealofRIG

151 R R xRadirectproductofrings
ThenRix oland ol xRz are ideals

Note R R xR2 doesnottakeIR to1RixR



a a o so NOTahomomorphism in our convention

Operations on ideal Let I J betwosided idealsofaringR
tDefine It J atb a c I beJ sumofideals

12 Theproductofideals IT finitesumsofelementsabfor act bet

Caveat Ingeneral notallelementsof IT canbewrittenas a pureproduct
abfor ae I bET

E.g R Z x I a x FixEZ x Flo 2

x 4 e I butcan'tbewrittenintheformofabfor a beG x
In practise if R is commutativeand I ai as I bi by

then It J ai as bi bt IT aibj it is ja it

Meaningofquotientring imposingrelationsamonggenerators
EG k field f x y z

ya y y
eh

VERY IMPORTANT

Xy x y'ty y x y y'ty x y y 23235

x y y 23 215

Thatmeans inthequotient y y23
Example di IR x e

Fa fail kerf a
Prototypeforfieldext's
d b e t ofR



1
decribing I intermsofIR

So R x
ai A

Timposingarelationthatx l

Let f R S be a ringhomomorphism

b e S an ideal F b is anideal
a ER anideal us


