
 Recognizing directproducts groupactions semidirectproducts

Recognizingdirectproducts

TheoremSupposeG is agroupwithsubgroupsHandKsuchthat

asHandK arenormal inG and

a H K e

ThenHK H xK

Proof H K G Hk is anormalsubgroupofG
Considerthemap Y Hx K HK

h k ish k

y is ahomomorphism 4 hik haka 9 hik 4 haka
z.k.kz

hihzk.kz hikikk

Lak I hit

hakhiki te
ButhakfikiEH Effiki ek hahhihi eHnklet

y isclearlysurjective

kery ohhi eKxH kk el
h e tinkle

hey hey

So y is an isomorphism

Groupaction



y
Motivatingexample Snmoveselementsin 1 in around

DefinitionLetGbe agroupandX aset ACleftG actinonX GEX41414
is amap G X X

g x t g x

suchthat i txt X e x x

121ForgLEGandxeX g h x ghx

Wesometimeswrite G GX
RemarkTheconditionsimplythatFgFG X X is a bijection

bleg isitsinverse
x g x

Examples SnG la in X

bk ok it ont i

ItalsoinducesanactionSnG AEX A21
G actionon itself

lefttranslation geG lg G G

lg x gx
righttranslation geG g G G

rg x x.gl
Why g

1 bc weneed rgorhx rghx txt G
11

rg xh't xgh5

rhgI
ingeneral

If wedefined righ hg then rights ugh ri xg ringG try'rie
conjugationaction geG Ady G G



j g g g
Adgx gxg

This is a betteraction Adgxy gxygt gxgt.ggg Adgx Adgy
i e Adgpreservesthegroupstructure it'sahomomorphism

DefinitionA rightactin FA is a map X x G X

X g to x g
s t x e x and xg h xgh

Eg rightmultiplicationbyg is arightaction
rig G G

righ hg

Proposition LetGbeagroupactingon asetX Thenwehaveanaturalhomomorphism

I G Sy permutationgroupofX

g t log x ti gx

Infactgivinga G actiononthesetX isequivalenttogivingsuchahomomorphismE

Proof Need tocheck log In logh
f xeX Agoth x dg hx g hx lgh xi logex D

Definition IfthishomomorphismE isinjective wesaythattheactionisfaithful76 83
iekerE el meaning nonontrivialelementofGfixesallelementsofX

Ifthishomomorphism istrivial i egrid wesaythat
theanti istrivial Eris

Cayley'sTheoremEverygroup is isomorphicto a subgroupofsomesymmetrygroup
If G n thenG is isomorphicto a subgroupofSn



f y groupof
ProofthelefttranslationactiongivesG SG

Remark Thistheoremhashistoricalmeaningbegroupswerefirstdefined as subgroupsofSn
Cayley'stheoremsays our

abstractdefinitionagreeswiththeolddefinition

Givenanabstractgroup if wewanttounderstandGattheelementlevel
it isbettertoletGoutonsomesetX sothatwerepresentG as asubgroupofSy

DefinitionAnautomorphismof agroupG is an isomorphism o G T G

Hut G automorphismsofG formagroup

identity is id G G

groupoperation composition

It is a subgroupofSo permutation
groupofelementsinG

Example If weconsidertheconjugationaction GEG
it induces Ad G AutG So

g t Adg x ngxg
Haveshown tgEG AdyG G is ahomomorphismhenceanisomwithinverse

Adg
Ad is agrouphomomorphism

Adgh Adg oAdh

U xx G Adghx AdgAda x

ghI ight ghxtig

RemarkAslightgeneralizationoftheabovescenarioisthefollowing
Xitselfis agroup Gactson Xpreservinggroup

structure



A group ggroup

i e AgeG Og X X is ahomomorphism isomorphism

equivalently thecorrespondingmap I
Semidirectproduct

Prototypicalexample B II 2
R
a T

Ul

N M
NQB is anormalsubgroup TSB isnotnormal B T if
B TN us Underconjugation Tarts on N

ti i t sty
B TAN

Reverseeigenineer constructB outofT N theT actionon N

Definition LetNandHbegroupsandy H Aut N a homomorphism

Forheh writegu 4th N Nforthecorrespondingautomorphism
Definethesemidirectproduct 4181 NxH NxyH tobe

nah ne N heH

nh na ha n 4hna haha

Check h hi naha nah ni h nisha ns.hs

n th na haha nsh ni h naans hah

n th a Ohhats hihits ni g naan hiheh
h 4hGil4h hats hahah I nighaOh 4hus hitch

ThesetsN nil neN E NxH H a hi heH EHXN are subgroups

T N XH H is a homomorphismandNaker e

nah ti h N is anormalsubgroup



I group

Twowaystomemorizethe
notationNXH 0 N is anormalsubgroup

Groupaction G GX N X H N isactedonbyH




