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Usefultool Linearindependenceofcharacters

Definition LetHbeanabeliangroupandlet Lbeafield

Acharacter14 E ofHwithvaluesin L isgrouphomomorphism
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Theorem Artin'slinearindependenceofcharacters

If Xi Xnaredistinctcharactersof agroupHwithvaluesin L
thentheyarelinearlyindependent asfunction on H
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DefinitionTheextensionKIF iscalledcyclicifKIF isGaloisandGalKIF iscyclic
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Proposition Assume charFtn

Fcontainsallnthrootsofunity
ThenK F Ta is acyclicextensionofdegreedividingn
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Inprinciple wemay
solveforαbyradicals

Fromnowon weassumecharF O

DefinitionAnelement α algebraic F canbeexpressedbyradicals or solvedintermsofradicals

if afk forsomefiniteextensionK F admitting asuccessionofsimpleextensions7k 04
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Proposition If an elementαeKcanbeexpressedbyradicals
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TheoremAn irreducible polynomialfix canbesolvedbyradicals
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As F F isGalois Ho GandGHoisabelian
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FK F isGalois H EHoandHoH isabelian

G issolvable Gal HF issolvable
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solvablebyradicals

Corollary If anequationhasGaloisgroup Sn orAnwithn 5 e.ggeneralineducib
polynomialofdegn thenit isnotsolvablebyradicals

ExplicitGaloisgroupof apolynomial
Definition LetFbeafieldandfix F x aseparablepolynomial

K splittingfieldoffax overF DefinetheGaloisgroupforfax tobeGalKIF
ExampleGaloisgroupfor 5 over irredbyEisensteincriterion

Thesplittingfieldis Q555 TheassociatedGaloisgroupis 2 272

Question HowtodeterminetheGaloisgroupof apolynomialfix
Mayassumethatfixhasnorepeatedzeros degfix n
K f x x α x 2n
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Example F field functionfield F x xn universalcase

Definetheelementarysymmetricfunctionstobe
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M isthesplittingfieldoffax over L fix isseparable
PropositionThefixedfieldofMunderSn is L
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Ontheotherhand SnactsonM fixingL

Sn GalMIL
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Slogan Modeltheprocessofsolvingequationsbytheuniversalfunctionfieldcase
Universalversion F x xn
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PutD α αj EF bc any ofGalKf keepstheexpressioninvariant
ClaimGalKIF Anifandonlyif D is asquarein F
Proof Notethat f di 9 EK is asquarerootofD
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Stepsofsolvingthequartics
FirstsolveforVD
thensolve 7 ftp.fff.mgg

0itw02tw0s 7s 0it0at0s 2a

01,0203

Now weknowKk SaywanttosolveforK
generators are 21 22 α 44

α α α 44 0

ital a a

both α dyareknown


