
 Separableextensions andfinitefields

Recall AfieldFofcharpso isperfectiftheFrobeniusmap F F is an isomorphism
XP

Apathologicalcase wehopetoavoid Ip4 hasminimalpolynomial t x t

t

Definition If F is afieldandfix a a anx EF x is apolynomial

defineDlf a a nanx calleditsformalderivative Is

If f x c x x x ar reF x witha pairwisedistinct

sayα is azerooffixwithmultiplicityei
Theorem FoxeF x withdegf 21hasnorepeatedroots initssplittingfieldK

ifandonlyif fixDefica i

Proof faxpen D f ix qx 1 in F x K x

Butif x a fixforask x α D f x α 1 inK Thisisabsurd

Sofixhasnorepeatedroots in K

Say dcm f x Defca
in K x dex fix x α x an withα distinct

YetDefiki Hi9 to x a fda dx 1
da Deficit

Definition Corollary If f x is anirreduciblepolynomialin F x wehaveadichotomy

fixhasrepeatedrootsinitssplittingfield D f x 0 callf inseparable 7 3824

fixhasonlysimpleroots call fseparable
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Proof fixhasrepeatedroots fixDifx1 i

ble fixDefx ADifies o

Corollary If charF o allirreduciblepolynomials are separable
bcfix to deg f 1 D f x 0

Corollary If charF p o iffix isinseparable then
fix gx1 forsomegeFlx irreducible

MoreoverthiscanonlyhappenwhenF is imperfect

Proof fix aotax anx irreducibleand D f Ix a tax thanx o

Thisimplies iai o ai o

Sofix a tap aapx
P
gXP forgx1 atapxapx't

irreducible

If F isperfectthenevery ap biforsomebitF
fix bot bix b botb x b it t isnotirreducible

Corollary IfcharF p o irreduciblepolynomialfaeF x isoftheformfix gx1
withg x EF x

irreducibleandseparable e 0

andfix initssplittingfieldhasdeggdistinctzeros
bcgas x ai fix xp α x α p

DefinitionLetKIFbeanalgebraicextension

K iscalledseparableinseparable 517275 ifma x is

SaythatKIF isseparableifeveryelementatk isseparableoverF
otherwise

say
K F is inseparable

Thingstoremember inseparable involvessomesortofpthroot



gs 41
Easyproperty GivenatowerofextensionsK Elf and a k

α isseparable F α isseparable E bc mae x MaF x

Theorem 1 If α isseparableoverF thenFla is aseparableextensionoff
a IfKleandEf are separable then isseparable

Anexercisetogeneralizethistheorem If KIF is afiniteextensionthen
Ks Jackseparableover F isthemaximalintermediatefieldthatisseparableoverF

Define K F sep K F and K F insep KK

Thenforatoweroffiniteextensions K E F wehave
K F sep K Esep E F sep

and K F insep K E insep E F insep
Sometoolstoprovethetheorem modifyingthistoolproofgivestheproofoftheexercise

If KIFis afiniteextensionandMlf isanynormalextensionthatcontains F e.ganormalclos
M Considerallpossiblehomomorphismsg KIM sit 9 f idI
K automaticallyinjective

DenotethissetbyHome K M

E.g 1K5 or C K M
go identity bc K Q x2 threepossiblezeros

K QE g B ES FEE
FIQ 9 5243853

Note Inthisexample HomeKM K F

Lemma If K Fla withma x g x forsomegFlx irreducible separable whether

then Home Fla M deggx FG F
withequalityiffα isseparable

Proof K FY
Such9 isdeterminedbywhereαgoes
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I and

gasmstbeaz.IEfpreIydeggofthem

Remark Home F a M doesNOTdependonM aslongas itisnormal F
Thecompositeof 9 F a overallyeHom a M isthenormalclosureofFat inM

overF
Corollary KIFfiniteextensionandM anormalextensionofFcontainingK

Then Home K M K F

MoreoverTFAE in K F x an witheachdiseparable F

2Theequalityin holds

3 KIFisseparable i e aek isseparable F
Thmit as a specialcase

Proof K ByLemma HomeFla M FG F

I Forearhembedding Fla M

Home Flank M F a a F aI

If HomeCFK.AM FAA F

Induction

3 a istrivial i a bytheaboveargument equalityconditioninthepreviouslemma

2 3 If α isnotseparable then Home F x M F x F

foreachembeddingF a M Home K M F a F by1 1

Home KM K F contradiction

ProofofTheorem a K E separable Elf separable K separable

Reductiontofinitecase Take at k itsminimalpolynomialma E x amix a.EE

Consider K F ant Go α instead TakeM anormalextensionofFcontainingK



of g
l

E F am a
Then Home E M E F

Foreachgivenembedding E M HomeK M K E

Home KM K F

So K isseparableover Fandthusα isseparableoverF

TheoremPrimitiveelementtheorem Afiniteseparableextension isgeneratedbyoneelement

Strange If K F sp withxpalgebraic Fandpseparable F
thenK F X forsomeYeK

CorPrimitiveelementtheoremholdsforfields F incharprowith t F 1 ie F O F I
Fernmonogenicextension Fp x y K

x y F

foranyαek ateF so Fpxy a Fpxy p

ProofBasicideamust0 α cβshouldwork Justneedtoavoidthebadones
Caseoffinitefields later Nowassume F to

Letfixandgasbeminimalpolynomialsofαandβover F
LetEbesplittingfieldoffingex and a a ar pp psthe

distinctzerosoffixandgex
Takece F sothat α itcβ a cβj aslongas j 1

awayfromsomefinitelymany
choicesof c

SetD α cβ
F O F ap Wanttosolvea poverFlo
Thecommonzeroof f 0 ex andg x is

when 0 cβj α

i e when α cp itcβj only
when P



β β a β
i e in FO x f 0 ex gx1 x p
βEF o andhence at F o

Finitefields

Theorem 11 If F is afinitefieldthencharF p oforaprimep
and F p for n F IF

2 Foreachph there's auniquefieldFofphelements uptoisomorphisms
It'sthesplittingfieldofXP Fp x

Proof a isclear

a If F is afinitefieldofp elements
F isfiniteandacyclicgroupoforderp 1

aE at 1 1 0

Soallelements inFarezerosofXP x 0 andtheyareexactlythepzeros
F isthesplittingfieldofxp

Conversely ifF isthesplittingfieldof overFp
note D XP x p xp

1 1 1 in F XP x D XP x 1

SoXP hasonlysimplezerosin F ithasp zeros
ClaimThesepzerosforma subfieldofF andthusmustbeequaltoF

xpto satisfies
aP a.pt p

atβ xp xpXp areallzerosofxp x
Lemma i Fpmcanbeviewedas asubfieldof n iffm n AsasubsetFpm Fpnisunique

a Ipn Fp a forsomeαwithdegma x n
asFpmFpis asplittingfield



I I f g
Proof i Fpn m n Conversely fm n FpmisasplittingfieldofxPh

xButFpnsplitsxPx xPm

f n

m 1 Fpm Fpn

Fp Infact m actin aka
2 Take

any aetpnmY.mn
pmThenumberofsuchelementsis

ifnpi pF
e 1 f 30

Fp a Fp n So ma x hasdegreen


