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In nonequilibrium statistical physics, the entropy production and the irreversibility
(nondetailed balance) play very important roles. For the simple case of the Markov
chains, it is shown that a stationary Markov chain is reversible iff its entropy produc-
tion vanishes™? and entropy production characterizes how far from reversibility it
is. In the present note, we give a general probabilistic definition of the entropy pro-
duetion for a stochastic process and also its explicit formulas in some important concrete
cases, i.e. Markov chains and the diffusions. Indeed, these formulas perfectly meet
the expression of the entropy production defined by some physicists and chemists in
terms of “flux” and “force” of chemical reaction™ %,

Consider a stochastic process {X,, P;t€ .7 } (where .77 is the real number set
B, the interger set Z, or an interval of R,). Set

Fi=oc({X,s<r<treg}),

(the o-field generated by {X,;s<<r <t,r€.7"}. Obviously, the two measures Pt
and Pf,q, can be introduced from {X,;s<<r <#, 7€ .7} and {X,;0<r <t —3,
r€ .} on F ! respectively. Let

Bra(A) = 3 (Ph(A) + Pro(A)) (1)

(for YA e .&1). It is easy to see that Py, is also a probability measure on ! and
that Pf,; and Pf,,; are absolutely continuous with respeet to P, Then we have

4o dP tsf £3
Pa(4) = | Pln g,
4 4p
[ dry = (2)
Peo(4) = | SEd gy,
. -
where dipi;‘-“ and i’%» are respectively the Radon-Nikodyn derivatives of Pf,, and
aP dpP

Pf.., with respect to Pr. . Then, by (1) and (2)
1 (’fg_l?ff_a, 4 AP ) =1 (ae. dP).
2\ ap P
: APl o aPg . s » . 5
Since = (w) and —L2 () cannot vanish at the same time (a.e. .dP),
. dp ‘
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dpkfﬂ A CZPEI a7 d;P{,,z}
APy 4P ap

(a.e. dP)

can -be well defined,’

Definition 1 ( Reversibility). A stochastic process {X,,P;t€ 7} is reversible if
for Vs, t€ I, Piy = Piy.

Definition 2 (Instantancous Entropy Production and Its Density). It T is diserete,
the instantaneous entropy production and its density are defined as

es(t) = E’”( log =Lzttt dg ;;ffﬂ (w )) (3
e, (t, x)mE’P(\bgigiﬁﬂ (w)EX;mx), | ' (3,)

respectively. If 77 is continuous, we define the entropy production and its density
as '

= lim P dp[z 24 A1 }
o) = lim - {E (1"“ ) ()
and
1 » dei 3 SRR ‘ b :
ooty ) = L |7 (1op 2 ()13, = o)) )

respectively, if the limit exists.

It is easy to see that

1 { AP ’ v AP
Y= EP (1 Lstd Azl e BT Joo i lftAr] )}
e(t) = lim og SLlistatl (1)) — B (1og Pt ()

and
(gp,t) 2» O, ) 3;;(#, $> ,,>/ 0

Surely, {X,,f€¢ 7} is reversible iff e,(¢) = 0, and e,(¢) characterizes how far from
reversibility the process is. For a Markov chain with density matrix @ = (¢;,;), and
the distribution §,(t )éP( X;=1), we have

ot =+ 3 10g LA (4,()q,5 — 4y(0)g5) = 0,

i (1’7( ) ?,:

Qb;(t)q;,?
e,(t, ) = Io Gij
! 208 g 4

For a diffusion process {X,,t€ R{}, -we can prove that

o) = | [ L (Viog 4t 2) — 24718(2) AT Tog o1, 2) — 247'B)

_ Q}.@gﬂw} W(t, z)dz,
8t

es(tyz) = %« (Viegd — 2AB)TA(Viegp — 2A7'b) — W;
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where A, b, y are the diffusion coefficient matrix, the drift vector and the probability
density of X, respectively. We prove the above result by using Girsanov’s formula in
the second case.

For a stationary diffusion, the above equations can be reduced to

e,(t) = % \ﬁ (Viegd — 2A7b)TA(Vieg b — 2A7b)P(z )dz,

v

and
e (t,z) = ;)1—- (Viegd — 2A7'B)TA(VIogp — 2A7'b).

Therefore a stationary diffusion is reversible iff :

Viegd = 2A7b.
Hence reversibility implies that

~

A“bdr = 0

JI

holds for any smooth closed curve I in state space. This is nothing but the condition
for a diffusion to be symmetric’®”. The details of the proof will appear elsewhere.
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