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Abstract

We prove automorphy lifting results for certain essentially conjugate self-dual p-adic Galois repre-
sentations ρ over CM imaginary fields F , which satisfy in particular that p splits in F , and that the
restriction of ρ on any decomposition group above p is reducible with all the Jordan-Hölder factors
of dimension at most 2. We also show some results on Breuil’s locally analytic socle conjecture in
certain non-trianguline case. The main results are obtained by establishing an R = T-type result
over the GL2(Qp)-ordinary families considered in [7].
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1. Introduction

Let p > 2 be a prime number, F/F+ be a CM imaginary field such that p splits in F and that
F/F+ is unramified. For each place v|p of F+, we fix a place ṽ of F with ṽ|v. Let E be a sufficiently
large finite extension of Qp. In this note, we prove automorphy lifting results for certain essentially
conjugate self-dual p-adic Galois representations ρ of GalF over E. For simplicity, we summarize
our main result for the case where dimE ρ = 3 in the the following theorem (see Theorem 5.7 for
the statement for general n) .

Theorem 1.1. Let ρ : GalF → GL3(E) be a continuous representation satisfying the following
conditions:

1. ρc ∼= ρ∨ε1−n, where ρc(g) = ρ(cgc−1), 1 6= c ∈ Gal(F/F+), and ε denotes the cyclotomic
character.

2. ρ is unramified for all but finitely many primes, and unramified for all the places that do not
split over F+. We denote by S the union of the complement set and the places dividing p.

3. ρ is absolutely irreducible, ρ(GalF (ζp)) ⊆ GL3(kE) is adequate and F
Ker ad ρ

does not contain
F (ζp).

4. For all v|p, ρṽ is reducible, i.e. is of the form

ρṽ ∼=
(
ρṽ,1 ∗
0 ρṽ,2

)
. (1.1)

5. For all v|p, ρṽ is de Rham of distinct Hodge-Tate weights. Suppose moreover one of the
following two conditions holds

(a) for all v|p, and i = 1, 2, ρṽ,i is absolutely irreducible and the Hodge-Tate weights of ρṽ,1
are strictly bigger than those of ρṽ,2

1;

(b) for all v|p, ρṽ is crystalline and generic in the sense of [8]2.

6. Let ρṽ,i be the mod p reduction of ρṽ,i (induced by ρ), ω the modulo p cyclotomic character.
Suppose for all v|p3

(a) HomGalQp
(ρṽ,i, ρṽ,j) = 0 for i 6= j;

(b) HomGalQp
(ρṽ,1, ρṽ,1 ⊗kE ω) = 0;

(c) HomGalQp
(ρṽ, ρṽ,2 ⊗kE ω) = 0.

7. There exist a definite unitary group G/F+ attached to F/F+ such that G is quasi-split at
all finite places of F+, and an automorphic representation π of G with the associated Galois
representation ρπ : GalF → GL3(E) satisfying

(a) ρπ
∼= ρ;

(b) πv is unramified for all v /∈ S;

1Where we use the convention that the Hodge-Tate weight of the cyclotomic character is 1.
2I.e. the eigenvalues (φ1, φ2, φ3) of the crystalline Frobeinus satisfy φiφ

−1
j /∈ {1, p} for i 6= j.

3We need some more technical assumptions when p = 3, that we ignore in the introduction.
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(c) π is B-ordinary (cf. Definition 4.17, see also Lemma 4.19). 4

Then ρ is automorphic, i.e. there exists an automorphic representation π′ of G such that ρ ∼= ρπ′.

We make a few remarks on the assumptions. The assumptions in 1, 2, 3, the first part of 5, and
7(a), 7(b) are standard for automorphy lifting theorems (e.g. see [15], [35], [36], [25], [1],...). The
assumption 4 is crucial for this paper, which gives a necessary condition such that ρ appears in
the GL2(Qp)-ordinary family that we work with (see the discussions below). The assumption that
p splits in F is also crucial because we use some results in p-adic Langlands program, those that
are only known for GL2(Qp). The assumption 5(a) is a non-critical assumption, which is used for
a classicality criterion; when ρṽ is crystalline and generic for all v|p (as in the assumption 5(b)),
we apply the classicality result of Breuil-Hellmann-Schraen [9][8] to remove such non-critical as-
sumption. The assumption 6 is rather technical, and we make this assumption so that the Galois
deformations are easier to study. Finally the assumption 7(c) is to ensure that certain automorphy
lifting of ρ can appear in our GL2(Qp)-ordinary family. One can find analogues of these assump-
tions (except for 5(b) and the generic assumption 6) in [25, Thm. 5.11] in ordinary case. Note
that, since we crucially use p-adic Langlands correspondence for GL2(Qp), any base-change of F
that we can use in this paper has to be split at p.

We sketch the proof of the theorem. The main object that we work with is (a generalization/variation
of) the GL2(Qp)-ordinary families considered in [7]. We fix a compact open subgroup Up ofG(A∞,p

F+ ),

and let Ŝ(Up,OE) := {f : G(F+)\G(A∞F+)/Up → OE | f is continuous}. This OE-module is e-

quipped with a natural action of T̃(Up) × G(F+ ⊗Q Qp) where T̃(Up) is a (semi-local) complete

commutative OE-algebra generated by certain Hecke operators outside p acting on Ŝ(Up,OE). To
ρ, we can associate a maximal ideal mρ ⊂ T̃(Up), and we denote by Ŝ(Up,OE)ρ (resp. T̃(Up)ρ)

the localisation of Ŝ(Up,OE) (resp. T̃(Up)) at mρ. We have a natural surjection Rρ,S � T̃(Up)ρ,
where Rρ,S denotes the universal deformation ring of a certain deformation problem S of ρ.

Applying Emerton’s P -ordinary part functor (see footnote 4 for P ), we obtain an admissible Ba-
nach representation OrdP (Ŝ(Up,OE)ρ) of LP . We can further decompose OrdP (Ŝ(Up,OE)ρ) using
the theory of blocks of [30], in particular, we can associate to the block B (as in the theorem) a
T̃(Up)ρ×LP -equivariant direct summand OrdP (Ŝ(Up,OE)ρ)B of OrdP (Ŝ(Up,OE)ρ). The T̃(Up)ρ-

action on OrdP (Ŝ(Up,OE)ρ)B factors through a certain quotient T̃(Up)P−ord
ρ,B .

On the Galois side, we let RB := ⊗̂v|pRB,ṽ := ⊗̂v|p
(
Rps

tr ρṽ,1
⊗̂Rps

tr ρṽ,2

)
, where Rps

tr ρṽ,i
denotes the

universal deformation ring of the pseudo-character tr ρṽ,i. Let RPṽ−ord,�
ρṽ ,Fṽ

be the framed universal

Pṽ-ordinary deformation ring of ρṽ with respect to the Pṽ-filtration Fṽ on ρṽ induced by (1.1) (see

§ 2 for details). There is a natural morphism RB,ṽ → RPṽ−ord,�
ρṽ ,Fṽ

. Adding the local conditions

{RPṽ−ord,�
ρṽ ,Fṽ

}v|p to the deformation problem S, we obtain a quotient RP−ord
ρ,S,B of Rρ,S . There is

a natural morphism RB → RP−ord
ρ,S,B . One can prove that the composition Rρ,S � T̃(Up)ρ �

4Where B is the block associated to {ρṽ,i} in the category of locally finite length smooth LP (Qp)-representations
(we refer to (4.16) and § 4.2 for details), and where LP is the Levi subgroup (containing the subgroup of diagonal
matrices) of P :=

∏
v|p Pṽ(Qp) with Pṽ ⊆ GL3 the parabolic subgroup corresponding to the filtration (1.1). In

particular, LP is equal, up to the order of the factors, to
∏
v|p(GL2(Qp)×Q×p ).

3



T̃(Up)P−ord
ρ,B factors through

RP−ord
ρ,S,B −→ T̃(Up)P−ord

ρ,B .

This is the “R→ T” map of the paper.

We then prove a local-global compatibility result on OrdP (Ŝ(Up,OE)ρ)B. We use a similar formula-

tion as in [28]. The first key point is that the LP -action on OrdP (Ŝ(Up, E)ρ)B can be parameterized
by RB using p-adic local Langlands correspondence. More precisely, by the theory of Paškūnas,
we can associate to the block B an LP -representation P̃B (which is projective in a certain catego-
ry, see § 4.2), and we have a natural injection (induced by the p-adic Langlands correspondence)
RB ↪→ EndLP (P̃B). Put

m(Up,B) := HomLP

(
P̃B,OrdP (Ŝ(Up,OE)ρ)

d
B

)
where OrdP (Ŝ(Up,OE)ρ)

d
B denotes the Schikhof dual of OrdP (Ŝ(Up,OE)ρ)B (which lies in the

same category as P̃B). The natural action of RB on P̃B induces an RB-action on m(Up,B). One
can moreover show that m(Up,B) is a finitely generated RB-module. We remark that this RB-
action is obtained in a purely local way, and characterizes the LP -action on OrdP (Ŝ(Up,OE)ρ)B.

On the other hand, m(Up,B) inherits from OrdP (Ŝ(Up,OE)ρ)
d
B an action of T̃(Up)P−ord

ρ,B , hence is
equipped with another RB-action via

RB −→ RP−ord
ρ,S,B −→ T̃(Up)P−ord

ρ,B .

Note that this RB-action is obtained in a global way (since it comes from the global Galois defor-
mation ring). Then we show that these two RB-actions on m(Up,B) coincide (up to a certain twist,
that we ignore in the introduction). In summary, we find ourselves in a similar situation as Hida’s
ordinary families (see § 4.3, § 4.4 for details): we have a finite morphism RB → T̃(Up)P−ord

ρ,B and a

finitely generated T̃(Up)P−ord
ρ,B -module m(Up,B) with nice properties as RB-module.

We then apply the Taylor-Wiles-Kisin patching argument ([13] [34] [28]) to our GL2(Qp)-ordinary
families and obtain the following data:

S∞ → R∞ y m∞1 (B),

where S∞ is a formal power series over OE , R∞ is a patched global deformation ring, and m∞1 (B)
is a finitely generated R∞-module, which is flat over S∞. We remark that

dimR∞ = dimS∞ + dim(Bp ∩ LP )

where Bp :=
∏
v|pB(Qp). We also have a closed ideal a1 ⊂ S∞ such that R∞/a1 � RP−ord

S,ρ,B , and
we have an R∞-equivariant isomorphism m∞1 (B)/a1

∼= m(Up,B) (where R∞ acts on m(Up,B) via
the precedent projection). Using Taylor’s Ihara avoidance and arguments on supports of modules,
one can show that ρ appears in the GL2(Qp)-ordinary family, in other words, ρ can be attached to
P -ordinary p-adic automorphic representations. Finally we use the assumption 5 to show that ρ can
be attached to classical automorphic representations. Assuming 5(a), the result follows from the
existence of locally algebraic vectors in GL2(Qp)-representations in de Rham case and an adjunc-
tion property of the functor OrdP (−). For 5(b), we first use p-adic local Langlands correspondence
for GL2(Qp) (the result “trianguline implying finite slope”) to show that ρ appears in the eigen-
variety, and then deduce the theorem from the classicality result of Breuil-Hellmann-Schraen [9] [8].
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Finally, under similar assumptions as in Theorem 1.1 except the assumption 5, and assuming ρ is
automorphic à priori (which implies ρṽ is de Rham of distinct Hodge-Tate weights for v|p), when
the Hodge-Tate weights of ρṽ,1 are not bigger that those of ρṽ,2 (which is contrary to the assumption
5(a), and is often referred to as the critical case), then the automorphy lifting method allows us to
find a non-classical point in the GL2(Qp)-ordinary family Spf T̃(Up)P−ord

ρ,B associated to ρ. We then
deduce from the existence of the non-classical point some results towards Breuil’s locally analytic
socle conjecture (cf. Theorem 5.10, Remark 5.11). Let us mention that when ρṽ is non-trianguline
(i.e. ρṽ,1 or ρṽ,2 is not trianguline), these results provide probably a first known example (to the
author’s knowledge) on the conjecture in the non-trianguline case.
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1.1. Some notations

Throughout the paper, E will be a finite extension of Qp, with OE its ring of integers, $E a
uniformizer of OE , and kE := OE/$E . Let ε : GalQp → E× denote the cyclotomic character,
ω : GalQp → k×E the modulo p cyclotomic character. We use the convention that the Hodge-Tate
weight of ε is 1. We normalize local class field theory by sending a uniformizer to a (lift of the)
geometric Frobenius. In this way, we view characters of GalQp as characters of Q×p without further
mention.

For a torsion OE-module N , let N∨ := HomOE (N,E/OE) be the Pontryagain dual of N . For M
a p-adically complete torsion free OE-module (so M ∼= lim←−nM/$n

E), we let

Md := HomOE (M,OE)

equipped with the point-wise convergence topology, be the Schikhof dual of M . We have

HomOE (M,OE) ∼= lim←−
n

HomOE/$nE (M/$n
E ,OE/$n

E) ∼= lim←−
n

(M/$n
E)∨, (1.2)

where the map (M/$n
E)∨ � (M/$n−1

E )∨ is induced by the injection M/$n−1
E

$E−−→ M/$n
E . We

also have (e.g. see the proof of [33, Thm. 1.2])

M ∼= Homcts
OE (Md,OE) (1.3)

where the right hand side is equipped with the compact-open topology.

2. P -ordinary Galois deformations

In this section, for P a parabolic subgroup of GLn, we study P -ordinary Galois deformations, and
show some (standard) properties of P -ordinary Galois deformation rings.
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Let L be a finite extension over Qp. We enlarge E such that E contains all the embeddings of L
in Qp. Let B be the Borel subgroup of GLn of upper triangular matrices, and let P be a parabolic

subgroup containing B with a Levi subgroup LP given by (where
∑k

i=1 ni = n):
GLn1 0 · · · 0

0 GLn2 · · · 0
...

...
. . . 0

0 0 · · · GLnk

 . (2.1)

Denote by si :=
∑i−1

j=0 nj where we set n0 = 0 (hence s1 = 0).

Let (ρ, VkE ) be an n-dimensional P -ordinary representation of GalL over kE in the sense of [7, Def.
5.1], i.e. there exists an increasing GalL-equivariant filtration

F : 0 = Fil0 VkE ( Fil1 VkE ( · · · ( Filk VkE = VkE

such that dimkE griF := Fili VkE/Fili−1 VkE = ni. Let (ρi, griF) be the GalL-representation given
by the graded piece. We choose a basis {e1, · · · , en} of VkE such that {e1, · · · , esi} is a basis of
Fili−1 VkE for all i. Under this basis, ρ corresponds to a continuous morphism ρ : GalL → P (kE).

Let Art(OE) be the category of local artinianOE-algebras with residue field kE and Def�ρ the functor
of framed deformations of ρ, i.e. the functor from Art(OE) to sets which sends A ∈ Art(OE) to

the set {ρA : GalL → GLn(A) | ρA ≡ ρ (mod mA)}. Let DefP−ord,�
ρ,F be the subfunctor of Def�ρ

which sends A ∈ Art(OE) to the set of ρA ∈ Def�ρ (A) satisfying that the underlying A-module VA
of ρA admits an increasing filtration FA = Fil• VA by GalL invariant free A submodules which are
direct summands as A-modules such that Fili VA ∼= Fili VkE (mod mA). We assume the following
hypothesis.

Hypothesis 2.1. Suppose HomGalL(ρi, ρj) = 0 for all i 6= j.

By the same argument as in the proof of [7, Lem. 5.3], we have:

Lemma 2.2. Assume Hypothesis 2.1 and let ρA ∈ Def�ρ .

(1) ρA ∈ DefP−ord,�
ρ,F if and only if there exists M ∈ GLn(A) such that MρAM

−1 has image in

P (A), and MρAM
−1 ≡ ρ (mod mA).

(2) Suppose there exist M1, M2 ∈ GLn(A) such that MiρAM
−1
i has image in P (A), and MiρAM

−1
i ≡

ρ (mod mA), then M1M
−1
2 ∈ P (A).

In particular, if ρA ∈ DefP−ord,�
ρ,F (A), then the associated increasing filtration Fil• VA is unique.

Recall that Def�ρ is pro-representable by a complete local noetherian OE-algebra R�
ρ of residue

field kE .

Proposition 2.3. Assume Hypothesis 2.1, the functor DefP−ord,�
ρ,F is pro-representable by a com-

plete local noetherian OE-algebra RP−ord,�
ρ,F , which is a quotient of R�

ρ .

Proof. By Schlessinger’s criterion, the fact that DefP−ord,�
ρ,F is a subfunctor of Def�ρ which is pro-

representable, it suffices to show that given morphisms f1 : A → C, f2 : B → C in Art(OE) with
f2 surjective and small, the induced maps

DefP−ord,�
ρ,F (A×C B) −→ DefP−ord,�

ρ,F (A)×
DefP−ord,�

ρ,F (C)
DefP−ord,�

ρ,F (B)
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is surjective. Let (ρA, ρB) ∈ DefP−ord,�
ρ,F (A) ×

DefP−ord,�
ρ,F (C)

DefP−ord,�
ρ,F (B) and let ρ̃ be a lifting

of (ρA, ρB) in Def�ρ (A ×C B). By Lemma 2.2 (1), there exists MA ∈ GLn(A) (resp. MB) such

that MAρAM
−1
A (resp. MBρBM

−1
B ) has image in P (A) (resp. in P (B)) and that MAρAM

−1
1 ≡ ρ

(mod mA) (resp. MBρBM
−1
B ≡ ρ (mod mB)). Denote by MA and MB the image of MA, MB

in GLn(C) respectively. By Lemma 2.2 (2), there exists NC ∈ P (C) such that MB = NCMA.
Let NB ∈ P (B) be a lifting of NC . Then we see NBMBρBM

−1
B N−1

B has image in P (B). Let
M̃ be a lifting of (MA, NBMB) ∈ GLn(A ×C B). It is easy to check that M̃ρ̃M̃−1 has image in
P (A×C B) ∼= P (A)×P (C) P (B). The proposition follows.

Let HomF (VkE , VkE ) be the kE-vector subspace of HomkE (VkE , VkE ) consisting of morphisms of
filtered kE-vector spaces, i.e. f : VkE → VkE lies in HomF (VkE , VkE ) if and only if f |Fili VkE

⊆
Fili VkE for all i. We have the following easy lemma.

Lemma 2.4. dimkE HomF (VkE , VkE ) =
∑k

i=1(ni(n− si)).

Proof. Using the basis {e1, · · · , en} of VkE , we identify the kE-vector space HomkE (VkE , VkE ) (resp.
HomF (VkE , VkE )) with Mn(kE) (resp. p(kE)) (where p denotes the Lie algebra of P ). The lemma
follows.

The kE-vector space HomkE (VkE , VkE ) is equipped with a natural GalL-action given by

(gf)(v) = gf(g−1v), (2.2)

and we denote by Ad ρ the corresponding representation. Since the filtration F on VkE is GalL-
equivariant, one easily check HomF (VkE , VkE ) is GalL-invariant. We denote by AdF ρ the corre-
sponding GalL-representation (which is a subrepresentation of Ad ρ).

Proposition 2.5. Assume Hypothesis 2.1, we have a natural isomorphism of kE vector-spaces

DefP−ord,�
ρ,F (kE [ε]/ε2) ∼= B1(GalL,AdF ρ) + Z1(GalL,Ad ρ),

where we use the standard notation with B1 for the 1-coboundary and Z1 for the 1-cocycle.

Proof. Let ρ̃ ∈ Def�ρ (kE [ε]/ε2), and c ∈ B1(GalL,Ad ρ) be the associated 1-th coboundary, i.e.

ρ̃(g) = ρ(g)(1 + c(g)ε) for g ∈ GalL. It is sufficient to show ρ̃ ∈ DefP−ord,�
ρ,F (kE [ε]/ε2) if and only if

c ∈ B1(GalL,AdF ρ) + Z1(Gal,Ad ρ).

Suppose ρ̃ ∈ DefP−ord,�
ρ,F (kE [ε]/ε2). By Lemma 2.2, there exists M ∈ GLn(kE [ε]/ε2) such that

Mρ̃M−1 has image in P (kE [ε]/ε2), Mρ̃M−1 ≡ ρ (mod ε) and M modulo ε lies in P (kE). There
exist then U ∈ P (kE) and A ∈ Mn(kE) such that M = U(1 + Aε). For any g ∈ GalL, using
(1 +Aε)ρ̃(g)(1−Aε) ∈ P (kE [ε]/ε2), we deduce

c(g) + ρ(g)−1Aρ(g)−A ∈ p(kE), (2.3)

hence c(g) ∈ B1(GalL,AdF ρ) + Z1(Gal,Ad ρ).
Conversely, if c(g) ∈ B1(GalL,AdF ρ) + Z1(Gal,Ad ρ), there exists A ∈ Mn(kE) such that (2.3)
holds, and it is easy to check (1 +Aε)ρ̃(1−Aε) has image in P (kE [ε]/ε2) and is equal to ρ modulo
ε. This concludes the proof.

Lemma 2.6. Assume Hypothesis 2.1, if H2(GalL,AdF ρ) = 0, then RP−ord,�
ρ,F is formally smooth

over OE.
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Proof. Let A� A/I be a small extension (i.e. I = (ε) with εmA = 0). It is sufficient to show that

the natural map DefP−ord,�
ρ,F (A) → DefP−ord,�

ρ,F (A/I) is surjective. Let ρA/I ∈ DefP−ord,�
ρ,F (A/I),

replacing ρA/I be a certain conjugate of ρA/I , we assume ρA/I has image in P (A/I), and it is
sufficient to show there exists ρA : GalL → P (A) such that ρA ≡ ρA/I (mod ε). Let ρA : GalL →
P (A) be a set theoretic lift of ρA/I . By standard arguments in Galois deformation theory, the
obstruction for ρA being a group homomorphism corresponds to an element c ∈ H2(GalL,AdF ρ)
given by ρA(g1, g2)ρA(g2)−1ρA(g1)−1 = 1+ c(g1, g2)ε for g1, g2 ∈ GalL. Since H2(GalL,AdF ρ) = 0,
the existence of a homomorphism ρA follows, from which we deduce the lemma.

For 1 ≤ i < j ≤ k, we denote by ρji := Filj ρ/Fili−1 ρ.

Lemma 2.7. Suppose that for any i, HomGalL(ρi1, ρi ⊗kE ω) = 0, then H2(GalL,AdF ρ) = 0.

Proof. We have a natural GalL-equivariant exact sequence

0 −→ HomkE (ρk, ρ) −→ HomF (ρ, ρ) −→ HomF (Filk−1 ρ,Filk−1 ρ) −→ 0,

where Filk−1 ρ is equipped with the induced filtration. By assumption, Ext2
GalL

(ρk, ρ) = 0. The
lemma follows then by an easy dévissage/induction argument.

Corollary 2.8. Assume Hypothesis 2.1, and keep the assumption in Lemma 2.7. Then RP−ord,�
ρ,F

is formally smooth of relative dimension n2 + [L : Qp]
∑k

i=1(ni(n− si)) over OE.

Proof. It is not difficult to see that HomkE (ρ, ρ)/HomF (ρ, ρ) is isomorphic (as a GalL-representation)
to a successive extension of HomkE (ρi, ρj) with i 6= j. By Hypothesis 2.1 and dévissage, we deduce

that H0(GalL,AdF ρ)
∼−→ H0(GalL,Ad ρ) and

H1(GalL,AdF ρ) ↪−→ H1(GalL,Ad ρ).

Consequently, we deduce Z1(GalL,Ad ρ) ∩B1(GalL,AdF ρ) = Z1(GalL,AdF ρ). Hence

dimkE (B1(GalL,AdF ρ) + Z1(GalL,Ad ρ))

= dimkE H
1(GalL,AdF ρ) + dimkE Z

1(GalL,Ad ρ)

= dimkE H
1(GalL,AdF ρ) + n2 − dimkE H

0(GalL,Ad ρ)

= n2 + [L : Qp]
k∑
i=1

(ni(n− si)),

where the last equation follows from the Euler characteristic formula, Lemma 2.4 and Lemma 2.7.
Together with Lemma 2.6, the corollary follows.

3. P -ordinary automorphic representations

In this section, we recall (and generalize) some results of [7, § 6] on P -ordinary automorphic
representations.
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3.1. Global setup

We fix field embeddings ι∞ : Q ↪→ C, ιp : Q ↪→ Qp. We also fix F+ a totally real number field,
F a quadratic totally imaginary extension of F+ such that any place of F+ above p is split in F ,
and G/F+ a unitary group attached to the quadratic extension F/F+ as in [3, § 6.2.2] such that
G×F+ F ∼= GLn (n ≥ 2) and G(F+ ⊗Q R) is compact. For a finite place v of F+ which is totally
split in F , we fix a place ṽ of F dividing v, and we have an isomorphism iG,ṽ : G(F+

v )
∼−→ GLn(Fṽ).

We let Sp denote the set of places of F+ dividing p. For an open compact subgroup Up =
∏
v-p Uv

of G(Ap,∞
F+ ), we put

Ŝ(Up, E) :=
{
f : G(F+) \G(A∞F+)/Up −→ E, f is continuous

}
.

Since G(F+ ⊗Q R) is compact, G(F+) \G(A∞F+)/Up is a profinite set, and we see that Ŝ(Up, E) is
a Banach space over E with the norm defined by the (complete) OE-lattice:

Ŝ(Up,OE) :=
{
f : G(F+) \G(A∞F+)/Up −→ OE , f is continuous

}
.

Moreover, Ŝ(Up, E) is equipped with a continuous action of G(F+⊗QQp) given by (g′f)(g) = f(gg′)

for f ∈ Ŝ(Up, E), g′ ∈ G(F+ ⊗Q Qp), g ∈ G(A∞F+). The lattice Ŝ(Up,OE) is obviously stable by

this action, so the Banach representation Ŝ(Up, E) of G(F+ ⊗Q Qp) is unitary.

Let S be a finite set of finite places of F+ consisting of those v such that v|p, or v ramifies in F , or

v is unramified and Uv is not maximal hyperspecial. Let T(Up) := OE [T
(j)
ṽ ] be the commutative

polynomial OE-algebra generated by the formal variables T
(j)
ṽ where j ∈ {1, · · · , n} and v /∈ S

splits in F . The OE-algebra T(Up) acts on Ŝ(Up, E) and Ŝ(Up,OE) by making T
(j)
ṽ act by the

double coset operator:

T
(j)
ṽ :=

[
Uvgvi

−1
G,ṽ

(
1n−j 0

0 $ṽ 1j

)
g−1
v Uv

]
(3.1)

where $ṽ is a uniformizer of Fṽ, and where gv ∈ G(F+
v ) is such that iG,ṽ(g

−1
v Uvgv) = GLn(OFṽ).

This action commutes with that of G(F+ ⊗Q Qp).

Recall that the automorphic representations of G(AF+) are the irreducible constituents of the
C-vector space of functions f : G(F+)\G(AF+) −→ C which are:

• C∞ when restricted to G(F+ ⊗Q R)

• locally constant when restricted to G(A∞F+)

• G(F+ ⊗Q R)-finite,

where G(AF+) acts on this space via right translation. An automorphic representation π is isomor-
phic to π∞⊗C π∞ where π∞ = W∞ is an irreducible algebraic representation of (ResF+/QG)(R) =
G(F+ ⊗Q R) over C and π∞ ∼= HomG(F+⊗QR)(W∞, π) ∼= ⊗′vπv is an irreducible smooth represen-

tation of G(A∞F+). The algebraic representation W∞|(ResF+/QG)(Q) is defined over Q via ι∞ and we

denote by Wp its base change to Qp via ιp, which is thus an irreducible algebraic representation of
(ResF+/QG)(Qp) = G(F+⊗QQp) over Qp. Via the decomposition G(F+⊗QQp)

∼−→
∏
v∈Sp G(F+

v ),

one has Wp
∼= ⊗v∈SpWv where Wv is an irreducible algebraic representation of G(F+

v ) over Qp.
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One can also prove π∞ is defined over a number field via ι∞ (e.g. see [3, § 6.2.3]). Denote by
π∞,p := ⊗′v-pπv, so that we have π∞ ∼= π∞,p ⊗Q πp (seen over Q via ι∞), and by m(π) ∈ Z≥1 the

multiplicity of π in the above space of functions f : G(F+)\G(AF+)→ C. Denote by Ŝ(Up, E)lalg

the subspace of Ŝ(Up, E) of locally algebraic vectors for the (ResF+/QG)(Qp) = G(F+ ⊗Q Qp)-
action, which is stable by T(Up). We have an isomorphism which is equivariant under the action
of G(F+ ⊗Q Qp)× T(Up) (see e.g. [5, Prop. 5.1] and the references in [5, § 5]):

Ŝ(Up, E)lalg ⊗E Qp ∼=
⊕
π

(
(π∞,p)U

p ⊗Q (πp ⊗QWp)
)⊕m(π)

(3.2)

where π ∼= π∞⊗Qπ
∞ runs through the automorphic representations of G(AF+) and Wp is associated

to π∞ = W∞ as above, and where T
(j)
ṽ ∈ T(Up) acts on (π∞,p)U

p
by the double coset operator (3.1).

Following [15, § 3.3], we say that Up is sufficiently small if there is a place v - p such that 1 is the
only element of finite order in Uv. We have (e.g. see [7, Lem. 6.1])

Lemma 3.1. Assume Up sufficiently small, then for any compact open subgroup Up of G(F+⊗QQp)
there is an integer r ≥ 1 such that Ŝ(Up,OE)|Up is isomorphic to C(Up,OE)⊕r.

In the following, we assume Up sufficiently small.

3.2. Galois deformations

Let Gn be the group scheme over Z which is the semi-direct product of {1, } acting on GL1×GLn
via

(µ, g)−1 = (µ, (gt)−1µ).

Denote by ν : Gn → GL1 the morphism given by (µ, g) 7→ −µ. Let ρ : GalF+ → Gn(kE) be a
continuous representation such that

• ρ(GalF ) ⊆ GL1(kE)×GLn(kE),

• ρ is unramified outside S,

• ρ(c) ∈ Gn(kE) \GLn(kE) (where c denote the complex conjugation),

• the composition GalF+
ρ−→ Gn(kE)

ν−→ k×E is equal to ω1−nδnF/F+ , where δF/F+ is the unique

non-trivial character of Gal(F/F+).

Denote by ρF the composition GalF
ρ−→ GL1×GLn � GLn(kE) (where the second the map denotes

the natural projection), then we have ρcF
∼= ρ∨F ⊗kE χ1−n

cyc . For a place v of F+ such that v = ṽṽc in
F , denote by ρṽ := ρF |Fṽ .

Denote by S the following deformation problem (cf. [15, § 2.3] [36, § 3])

(F/F+, S, S̃,OE , ρ, ε1−nδF/F+ , {R�̄
ρṽ
}v∈S),

where R�̄
ρṽ

denotes the reduced quotient of the universal framed deformation ring of ρṽ, and S̃ =
{ṽ | v ∈ S}. Suppose ρ is absolutely irreducible. By [15, Prop. 2.2.9], the deformation problem S
is pro-represented by a complete local noetherian OE-algebra Rρ,S . Denote by R�

ρ,S the S-framed
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deformation ring of S-deformations (cf. [36, Def. 3.1]). By definition, R�
ρ,S is formally smooth over

Rρ,S of relative dimension n2|S|. Let Rloc := ⊗̂v∈SR�̄
v , where the tensor product is taken over OE .

We have by definition a natural morphism

Rloc −→ R�
ρ,S .

3.3. Hecke operators
We recall the definition of some useful pro-p-Hecke algebras and of their localisations.

For s ∈ Z>0 and a compact open subgroup Up of G(F+ ⊗Q Qp) ∼=
∏
v∈Sp GLn(Fṽ), we let

T(UpUp,OE/$s
E) (resp. T(UpUp,OE)) be the OE/$s

E-subalgebra (resp. OE-subalgebra) of the
endomorphism ring of S(UpUp,OE/$s

E) (resp. S(UpUp,OE)) generated by the operators in T(Up).
Then T(UpUp,OE/$s

E) is a finite OE/$s
E algebra

(
resp. T(UpUp,OE) is an OE-algebra which is

finite free as OE-module
)
. We have

T(UpUp,OE)
∼−−→ lim←−

s

T(UpUp,OE/$s
E), (3.3)

T̃(Up) := lim←−
s

lim←−
Up

T(UpUp,OE/$
s
E) ∼= lim←−

Up

lim←−
s

T(UpUp,OE/$
s
E) ∼= lim←−

Up

T(UpUp,OE). (3.4)

We have as in [7, Lem. 6.3]:

Lemma 3.2. The OE-algebra T̃(Up) is reduced and acts faithfully on Ŝ(Up, E).

To ρ (as in § 3.2), we associate a maximal ideal mρ of residue field kE of T(Up) such that for v /∈ S
splitting in F , the characteristic polynomial of ρṽ(Frobṽ), where Frobṽ is a geometric Frobenius at
ṽ, is given by:

Xn + · · ·+ (−1)j(Nm ṽ)
j(j−1)

2 θρ(T
(j)
ṽ )Xn−j + · · ·+ (−1)n(Nm ṽ)

n(n−1)
2 θρ(T

(n)
ṽ ) (3.5)

where Nm ṽ is the cardinality of the residue field at ṽ and θρ : T(Up)/mρ
∼−→ kE . For a T(Up)-

module M , denote by Mρ the localisation of M at m(ρ). Recall a maximal ideal m(ρ) of T(Up) is
called Up-automorphic if there exist s, Up as above such that the localisation S(UpUp,OE/$s

E)ρ is
nonzero. Suppose m(ρ) is Up-automorphic, then m(ρ) corresponds to a maximal ideal, still denoted
by m(ρ), of T̃(Up). The localisation T̃(Up)ρ is a direct factor of T̃(Up) (e.g. by [7, Lem. 6.5]), and
there is a natural isomorphism

T̃(Up)ρ ∼= lim←−
s

lim←−
Up

T(UpUp,OE/$s
E)ρ ∼= lim←−

Up

T(UpUp,OE)ρ. (3.6)

Put Ŝ(Up,OE)ρ := lim←−s lim−→Up
S(UpUp,OE/$s

E)ρ. We have as in [7, § 6.2]:

Lemma 3.3. Suppose ρ is Up-automorphic.
(1) Ŝ(Up,OE)ρ is a T̃(Up)×G(F ⊗Q Qp)-equivariant direct summand of Ŝ(Up,OE).

(2) The action of T̃(Up) on Ŝ(Up,OE)ρ factors through T̃(Up)ρ.

(3) The OE-algebra T̃(Up)ρ is reduced and acts faithfully on Ŝ(Up,OE)ρ.

We assume the following hypothesis:

Hypothesis 3.4. We have p > 2, F/F+ is unramified and G is quasi-split at all finite places of
F+.

Under the hypothesis, by [36, Prop. 6.7], there exists a natural surjection of complete OE-algebras

Rρ,S −� T̃(Up)ρ.

In particular, T̃(Up)ρ is a noetherian (local complete) OE-algebra.
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3.4. P -ordinary part

We fix a parabolic subgroup

P ∼=
∏
v∈Sp

ResFṽQp Pṽ

of
∏
v∈Sp ResFṽQp GLn, such that Pṽ is a parabolic subgroup of GLn containing the Borel subgroup B

of upper triangular matrices. Let Lṽ ∼= GLnṽ,1 × · · ·×GLnṽ,kṽ
be the Levi subgroup of Pṽ containing

the diagonal subgroup T , P ṽ be the parabolic subgroup of GLn opposite to Pṽ, NPṽ (resp. NP ṽ
)

be the unipotent radical of Pṽ (resp. P ṽ), and ZLṽ be the center of Lṽ. For i = 1, · · · , kṽ, let

sṽ,i :=
∑i−1

j=0 nṽ,j , where nṽ,0 := 0. Put

LP :=
∏
v∈Sp

ResFṽQp Lṽ, P :=
∏
σ∈Sp

ResFṽQp P ṽ,

NP :=
∏
v∈Sp

ResFṽQp NPṽ , NP :=
∏
v∈Sp

ResFṽQp NP ṽ
, ZLP :=

∏
v∈Sp

ResFṽQp ZLṽ .

Thus LP is the Levi subgroup of P containing
∏
v∈Sp ResFṽQp T , P is the parabolic subgroup opposite

to P , ZLP is the center of LP , and NP (resp. NP ) is the unipotent radical of P (resp. of P ).

For v ∈ Sp, i ∈ Z≥0, let

Ki,ṽ := {g ∈ GLn(OFṽ) | g ≡ 1 (mod $i
ṽ)},

Ni,ṽ := NPṽ(Fṽ) ∩Ki,ṽ, Li,ṽ := Lṽ(Fṽ) ∩Ki,ṽ, N i,ṽ := NP ṽ
(Fṽ) ∩Ki,ṽ.

For i ≥ j ≥ 0, put Ki,j,ṽ := N i,ṽLj,ṽN0,ṽ. Let

Z+
Lṽ

:= {(a1, · · · , akṽ) ∈ ZLṽ(Fṽ) | valp(a1) ≥ · · · ≥ valp(akṽ)}.

Finally, we put Ki :=
∏
v∈Sp Ki,ṽ, Ni :=

∏
v∈Sp Ni,ṽ, Li :=

∏
v∈Sp Li,ṽ, N i :=

∏
v∈Sp N i,ṽ,

Ki,j :=
∏
v∈Sp Ki,j,ṽ

∼= N iLjN0, and Z+
LP

:=
∏
v∈Sp Z

+
Lṽ

. The proof of the following lemma is

straightforward (and we omit).

Lemma 3.5. (1) For i ∈ Z≥0, Ki is a normal subgroup of K0, and N i × Li ×Ni
∼−→ Ki.

(2) For i ≥ j ≥ 0, we have N i × Lj ×N0
∼−→ Ki,j.

(3) For z ∈ Z+
LP

, i ∈ Z≥0, we have N i ⊆ zN iz
−1.

Applying Emerton’s ordinary part functor ([21, § 3]), we obtain a unitary admissible Banach
representation of LP (Qp):

OrdP (Ŝ(Up, E)ρ) ∼= OrdP (Ŝ(Up,OE)ρ)⊗OE E.

Let M be a finitely generated OE-module, equipped with an OE-linear action of Z+
LP

. Consider the

OE-subalgebra B of EndOE (M) generated by the image of ι : Z+
LP
→ EndOE (M). It is clear that

B is a finite OE-algebra. Recall that a maximal ideal n of B is called ordinary if n ∩ ι(Z+
LP

) = ∅.
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Denote by Mord :=
∏

n ordinaryMn, which is a direct summand of M . The induced action of Z+
LP

on Mord is invertible and hence extends naturally to an action of ZLP . We have then

OrdP (Ŝ(Up,OE)ρ) ∼= lim←−
k

OrdP (S(Up,OE/$k
E)ρ) ∼= lim←−

k

lim−→
i

OrdP (S(Up,OE/$k
E)ρ)

Li

∼= lim←−
k

lim−→
i

(S(Up,OE/$k
E)Ki,i)ord

∼= lim←−
k

lim−→
i

(S(UpKi,i,OE/$k
E)ρ)ord, (3.7)

where the first isomorphism is by definition, the second from the fact that OrdP (S(Up,OE/$k
E)ρ)

is a smooth representation of LP (L) over OE/$k
E , the third isomorphism from step (c) in the proof

of [7, Thm. 4.4], and the last isomorphism from S(Up,OE/$k
E)

Ki,i
ρ

∼−→ S(UpKi,i,OE/$k
E)ρ.

We define as in [7, (4.15)]:

OrdP (S(Up,OE)ρ) ∼= lim−→
i

(
S(Up,OE)

Ki,i
ρ

)
ord
,

which is equipped with a natural smooth action of LP (Qp). As in the proof of [7, Lem. 6.8 (1)],
we have for k ≥ 1:

OrdP (S(Up,OE)ρ)/$
k
E
∼−−→ OrdP (S(Up,OE/$k

E)ρ). (3.8)

In particular, OrdP (S(Up,OE)ρ is dense in OrdP (Ŝ(Up,OE)ρ). Finally, by [7, Cor. 4.6], we have

Lemma 3.6. The representation OrdP (Ŝ(Up,OE)ρ)|LP (Zp) is isomorphic to a direct summand of
C(LP (Zp),OE)⊕r for some r ≥ 0.

3.5. P -ordinary Hecke algebra

Assume OrdP (Ŝ(Up,OE)ρ) 6= 0. Note that by (3.8), this implies OrdP (S(Up,OE)ρ) 6= 0. By the
local-global compatibility for classical local Langlands correspondence (see [36, Thm. 6.5 (v)], [12])
and using [7, Prop. 5.10], we can deduce that ρṽ is Pṽ-ordinary, for v ∈ Sp.

For any i ≥ 0, ∗ ∈ {OE ,OE/$s
E}, (S(Up, ∗)Ki,iρ )ord = (S(UpKi,i, ∗)ρ)ord is stable by T(Up) (since

the action of T(Up) on S(Up, ∗)Ki,iρ commutes with that of L+
P ), and we denote by T(UpKi,i, ∗)P−ord

ρ

the OE-subalgebra of the endomorphism ring of (S(Up, ∗)Ki,iρ )ord generated by the operators in
T(Up). From the natural T(Up)-equivariant injection(

S(Up, ∗)Ki,iρ

)
ord

↪−→ S(Up, ∗)Ki,iρ
∼= S(UpKi,i, ∗)ρ,

we have a natural surjection of localOE-algebras (finite overOE): T(UpKi,i, ∗)ρ � T(UpKi,i, ∗)P−ord
ρ .

We have T(UpKi,i,OE)P−ord
ρ

∼= lim←−s T(UpKi,i,OE/$s
E)P−ord

ρ . We set:

T̃(Up)P−ord
ρ := lim←−

i

T(UpKi,i,OE)P−ord
ρ

which is thus easily checked to be a quotient of T̃(Up)ρ and is also a complete local OE-algebra of
residue field kE . We have as in [7, Lem. 6.7, 6.8 (1)]:

Lemma 3.7. The OE-algebra T̃(Up)P−ord
ρ is reduced and the natural action of T̃(Up)P−ord

ρ on

OrdP (S(Up, E)ρ) is faithful, and extends to a faithful action on OrdP (Ŝ(Up,OE)ρ).
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Let m be a maximal ideal of T̃(Up)P−ord
ρ [1/p] such that OrdP (Ŝ(Up, E)ρ)[m] 6= 0. Using the natural

composition
Rρ,S −� T̃(Up)ρ −� T̃(Up)P−ord

ρ ,

we associate to m a continuous representation ρm : GalF+ → Gn(E). Let ρm,F : GalF
ρm−→ GLn(E)×

GL1(E)→ GLn(E), and ρm,ṽ := ρm,F |GalFṽ
.

Conjecture 3.8. ρm,ṽ is Pṽ-ordinary for all v|p.

Proposition 3.9. Suppose that for all v|p, any Pṽ-filtration on ρṽ satisfies Hypothesis 2.1, then
Conjecture 3.8 holds.

Proof. For v|p, and a Pṽ-filtration Fṽ on ρṽ, by Hypothesis 2.1, (the proof of) Proposition 2.3, the

reduced quotient RP−ord,�̄
ρṽ ,Fṽ

of RPṽ−ord,�
ρṽ ,Fṽ

is a local deformation problem (cf. [36, Def. 3.2]). Denote

by IFṽ the kernel of R�
ρ � RPṽ−ord,�̄

ρṽ ,Fṽ
, and put Iṽ := ∩FṽIFṽ where Fṽ runs through all the (finitely

many) Pṽ-filtrations on ρṽ. Let RPṽ−ord,�̄
ρṽ

:= R�
ρ /Iṽ, which, by [2, Lem. 3.2], is a local deformation

problem at the place ṽ. Let RP−ord
ρ,S be the universal deformation ring of the deformation problem

(F/F+, S, S̃,OE , ρ, ε1−nδF/F+ , {R�̄
ρṽ
}v∈S\Sp , {R

Pṽ−ord,�̄
ρṽ

}v∈Sp).

Denote by I the kernel of the natural surjection Rρ,S � RP−ord
ρ,S . By the same argument as

in the proof of [7, Thm. 6.12 (1)] (which relies on [7, Prop. 5.10], noting also that since ρ
is absolutely irreducible, for any continuous GalF -representation ρ with modulo $E reduction
isomorphic to ρ, any Pṽ-filtration on ρṽ := ρ|GalFṽ

naturally induces a Pṽ-filtration on ρṽ), we have

I
(

OrdP (Ŝ(Up, E)ρ)
)

= 0. The proposition then follows by the same argument as for [7, Thm. 6.12
(2)].

4. GL2(Qp)-ordinary families

Keep the notation and assumptions in § 3, in particular, we assume OrdP (Ŝ(Up,OE)ρ) 6= 0 and
hence ρṽ is Pṽ-ordinary for all v|p. Assume moreover for all v ∈ Sp, F+

v
∼= Qp and nṽ,i ≤ 2 for

i = 1, · · · , kṽ. In this section, using p-adic Langlands correspondence for GL2(Qp), we construct

GL2(Qp)-ordinary families from OrdP (Ŝ(Up, E)ρ). We also show a local-global compatibility result
of these families, formulated in a similar way as in [28] (in particular, by using the theory of
Paškūnas [30]). Under more restrictive assumptions, similar results were essentially obtained in [7],
but were stated in a different formulation, due to Emerton [22] (using deformations).

4.1. Benign points

As in [7, § 7.1.1], we put

OrdP (Ŝ(Up, E)ρ)
LP (Zp)−alg
+ :=

⊕
σ

HomLP (Zp)(σ,OrdP (Ŝ(Up, E)ρ))⊗E σ

∼=
⊕
σ

(OrdP (Ŝ(Up, E)ρ)⊗E σ∨)LP (Zp) ⊗E σ (4.1)

where σ runs through algebraic representations of LP (Qp) ∼=
∏
v∈Sp LPṽ(Qp) of highest weight

(λṽ,1, · · · , λṽ,n)v∈Sp satisfying λṽ,i ≥ λṽ,i+1 for all i ∈ {1, · · · , n − 1}, v ∈ Sp. We have as in [7,
Prop. 7.2]:
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Proposition 4.1. OrdP (Ŝ(Up, E)ρ)
LP (Zp)−alg
+ is dense in OrdP (Ŝ(Up, E)ρ).

Definition 4.2. (1) A closed point x ∈ Spec T̃(Up)P−ord
ρ [1/p] is benign if:

OrdP
(
Ŝ(Up, E

)
ρ
[mx]

)LP (Zp)−alg

+
6= 0.

(2) A closed point x ∈ Spec T̃(Up)ρ[1/p] is classical if Ŝ(Up, E)ρ[mx]lalg 6= 0.

By the same argument as in the proof of [7, Prop. 7.5], we have

Proposition 4.3. (1) A benign point is classical.
(2) The benign points are Zariski-sense in Spec T̃(Up)P−ord

ρ [1/p].

Let x be a benign point, we can attach to x a dominant weight (i.e. λṽ,1 ≥ · · · ≥ λṽ,n)

λ =
∏
v∈Sp

λṽ =
∏
v∈Sp

(λṽ,1, · · · , λṽ,n)

such that ρx,ṽ is de Rham of Hodge-Tate weights (λṽ,1, λṽ,2 − 1, · · · , λṽ,n − n + 1) for v ∈ Sp (e.g.
by Proposition 4.3 and [36, Thm. 6.5(v)]). We have

Proposition 4.4. Let x be a benign point.
(1) ρx,ṽ is semi-stable for all v ∈ Sp.
(2) ρx,ṽ is Pṽ-ordinary with a Pṽ-filtration Fx,ṽ satisfying that ρx,ṽ,i := griFx,ṽ (of dimension nṽ,i)
is crystalline of Hodge-Tate weights (λṽ,sṽ,i+1 − sṽ,i, λṽ,sṽ,i+nṽ,i − (sṽ,i + nṽ,i − 1)). Moreover, let

αṽ,sṽ,i+1, αṽ,sṽ,i+nṽ,i be the eigenvalues of ϕ on Dcris(ρx,ṽ,i), then αṽ,sṽ,i+1α
−1
ṽ,sṽ,i+nṽ,i

6= p±1.

(3) There exists an LP (Qp)-equivariant injection

⊗v∈Sp
(
⊗i=1,··· ,kṽ π̂(ρx,ṽ,i)

lalg ⊗k(x) ε
sṽ,i+1−1 ◦ det

)
↪−→ OrdP

(
Ŝ(Up, E

)
ρ
[mx]

)
, (4.2)

where π̂(ρx,ṽ,i) denotes the continuous finite length representation of GLnṽ,i(Qp) over k(x) (the
residue field at x) associated to ρx,ṽ,i via the p-adic local Langlands correspondence for GL2(Qp)
([16]) normalized as in loc. cit. and [30] 5 (so that the central character of π̂(ρx,ṽ,i) is equal
to (∧2ρx,ṽ,i)ε

−1) when nṽ,i = 2, via local class filed theory normalized by sending p to a (lift of)
geometric Frobenius when nṽ,i = 1.

Proof. The proposition follows by verbatim of the proof of [7, Prop. 7.6, Cor. 7.10]. Note that
the strict P -ordinary assumption of loc. cit. is only used to compare ρx,ṽ,i with a representation
obtained by another way (which we don’t use here).

Proposition 4.5. (1) If x is benign, then there exists r(x) ≥ 1 such that(
⊗v∈Sp

(
⊗i=1,··· ,kṽ π̂(ρx,ṽ,i)

lalg ⊗k(x) ε
sṽ,i+1−1 ◦ det

))⊕r(x) ∼−−→ OrdP
(
Ŝ(Up, E

)
ρ
[mx]lalg

)
,

where we refer to [7, § 4.3] for the definition of OrdP
(
Ŝ(Up, E

)
ρ
[mx]lalg

)
.

(2) The action of T̃(Up)ρ[1/p] on OrdP (Ŝ(Up, E)ρ)
LP (Zp)−alg
+ is semi-simple.

Proof. (1) follows from the same argument as in [7, Lem. 7.8, Prop. 7.9, Cor. 7.10]. (2) follows

from the proof of [7, Prop. 7.5] (which proves that all the vectors in OrdP (Ŝ(Up, E)ρ)
LP (Zp)−alg
+

come from locally algebraic vectors in Ŝ(Up, E)ρ via the adjunction property [7, Prop. 4.21], on

which the action of T̃(Up)ρ[1/p] is semi-simple by (3.2)).

5note that the normalization is slightly different from that in [7].
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4.2. Paškūnas’ theory

We recall Paškūnas’ theory of blocks ([30]), which we will use to construct our GL2(Qp)-ordinary
families.

Let H be a p-adic analytic group. Denote by Modsm
H (OE) the category of smooth representations

of H over OE in the sense of [21, Def. 2.2.1], and Modlfin
H (OE) the full subcategoy of Modsm

H (OE)
consisting of those objects which are locally of finite length. For an irreducible representation π ∈
Modlfin

H (OE), denote by Jπ the injective enveloppe of π in Modlfin
H (OE). A block B of Modlfin

H (OE)
is a set of irreducible representations, such that if τ ∈ B, then τ ′ ∈ B if and only if there exists a
sequence of irreducible representaitons τ = τ0, τ1, · · · , τm = τ ′ such that τi = τi+1, Ext1

H(τi, τi+1) 6=
0 or Ext1

H(τi+1, τi) = 0. We have a decomposition

Modlfin
H (OE) ∼=

∏
B

Modlfin
H (OE)B,

where B runs through the blocks of Modlfin
H (OE), and Modlfin

H (OE)B denotes the full subcategory
of Modlfin

H (OE) consisting of those objects such that all the irreducible subquotients lie in B. In
particular, for any τ ∈ Modlfin

H (OE), τ ∼= ⊕BτB with τB ∈ Modlfin
H (OE). If τ is moreover admissible,

then there exists a finite set I of blocks such that

τ ∼= ⊕B∈IτB.

For a block B, denote by πB := ⊕π∈Bπ. Denote by JB ∼= ⊕π∈BJπ the injective envelope of πB in
Modlfin

H (OE), and ẼB := EndH(JB).

By [21, (2.2.8)], taking Pontryagain dual induces an anti-equivalence of categories between the
category Modsm

H (OE) and the category Modpro aug
H (OE) of profinite augmented H-representations

over OE (cf. [21, Def. 2.1.6]). Denote by CH(OE) the full subcategory of Modpro aug
H (OE) consisting

of those objects that are the Pontryagain duals of the representations in Modlfin
H (OE). For a block

B of Modlfin
H (OE), we see

P̃B := J ∨B ∼= ⊕π∈BJ ∨π ∼= ⊕π∈BP̃π∨

is a projective envelope of π∨B in CH(OE), where P̃π∨ denotes the projective enveloppe of π∨ in

CH(OE). And we have EndCH(OE)(P̃B) ∼= ẼB. Denote by CH(OE)B the full subcategory of CH(OE)

consisting of those objects whose Pontryagain dual lies in Modlfin
H (OE)B. The functor sending

M ∈ CH(OE)B to HomCH(OE)(P̃B,M) induces an anti-equivalence of categories between CH(OE)B

and the category of pseudo-compact ẼB-modules, with the inverse given by M 7→ M⊗̂
ẼB
P̃B

(
cf.

[30, Lem. 2.9, 2.10], note that a similar argument as in the proof of [30, Lem. 2.10] also shows that
HomCH(OE)(P̃B,M)⊗̂

ẼB
P̃B

∼−→M for M ∈ CH(OE)B
)
.

By [30, § 3.2], the blocks of Modlfin
Q×p

(OE) that contain an absolutely irreducible representation are

given by B = {χ : Q×p → k×E}. For such B, we have ẼB
∼= OE [[x, y]], and that P̃B is a free ẼB-

module of rank 1. Actually, let Defχ : Art(OE)→ {Sets} denote the standard deformation functor

of χ, then Defχ is pro-represented by ẼB and P̃B is isomorphic to the universal deformation of χ

over ẼB. We denote by 1univ the universal deformation of the trivial character over Λ := OE [[x, y]].
By the local class field theory, we have an isomorphism between Def1 and the deformation functor
of the trivial character of GalQp , which we also denote by Def1. The Q×p action on 1univ naturally
extends to a GalQp-action, and the resulting GalQp-representation over Λ is actually the universal
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deformation of 1.

By [31, Cor. 1.2], the blocks of Modlfin
GL2(Qp)(OE) that contain an absolutely irreducible representa-

tion are given by (when p > 2)

(1) B = {π}, supersingular,

(2) B = {Ind
GL2(Qp)

B(Qp)
(χ1ω

−1 ⊗ χ2), Ind
GL2(Qp)

B(Qp)
(χ2ω

−1 ⊗ χ1)}, χ1χ
−1
2 6= 1, ω±1,

(3) B = {Ind
GL2(Qp)

B(Qp)
(χω−1 ⊗ χ)},

(4) B = {η ◦ det,Sp⊗kEη ◦ det, (Ind
GL2(Qp)

B(Qp)
ω−1 ⊗ ω)⊗kE η ◦ det} if p ≥ 5,

(4’) B = {η ◦ det,Sp⊗kEη ◦ det, (ηω) ◦ det, Sp⊗kE (ηω) ◦ det} if p = 3.

For each B as above, we can attach a 2-dimensional semi-simple representation ρB of GalQp over
kE such that

• if π ∈ B supersingular, then ρB = V(π), where V is the Colmez’s functor normalized as in
[30, § 5.7];

• if Ind
GL2(Qp)

B(Qp)
(χ1ω

−1 ⊗ χ2) ∈ B with χ1χ
−1
2 6= ω±1, then ρB = χ1 ⊕ χ2,

• if η ◦ det ∈ B, then ρB = η ⊕ ηω.

Note that under this normalization, if π ∈ B has central character ζ : Q×p → k×E , then ∧2ρB = ζω.
Suppose p ≥ 3. Denote by Rps

B the universal deformation ring which parametrizes all 2-dimensional
pseudo-representations of GalQp lifting tr ρB (cf. [26, Lem. 1.4.2]).

Theorem 4.6 (Paškūnas). Suppose the block B of Modlfin
GL2(Qp)(OE) lies in case (1) (2) (3) (4).

(1) There exists a natural isomorphism between the centre of ẼB and Rps
B .

(2) ẼB is a finitely generated module over Rps
B .

Proof. Let ζ : Q×p → O×E be a continuous character, let Modlfin
GL2(Qp),ζ(OE) be the full subcat-

egory of Modlfin
GL2(Qp)(OE) consisting of those representations that have central character ζ, and

CGL2(Qp),ζ(OE) be the full subcategory of CGL2(Qp)(OE) consisting of the objects whose dual lies

in Modlfin
GL2(Qp),ζ(OE). We denote by P̃B,ζ the projective enveloppe of π∨B in CGL2(Qp),ζ(OE) (recall

πB = ⊕π∈Bπ), and put ẼB,ζ := EndCGL2(Qp),ζ(OE)(P̃B,ζ). For π ∈ B, denote by P̃π∨,ζ the projective

enveloppe of π∨ in CGL2(Qp),ζ(OE), thus P̃B,ζ
∼= ⊕π∈BP̃π∨,ζ .

Suppose B is in case (1) (2) (4):

Let π be an arbitrary representation in B if B is in the case (1) or (2), and let π := (Ind
GL2(Qp)

B(Qp)
ω−1⊗

ω)⊗kE η ◦ det ∈ B if B is in the case (4). By [14, Prop. 6.18], we have P̃π∨ ∼= P̃π∨,ζ⊗̂OE1univ ◦ det.
Denote by ρπ the (unique) two dimensional representation of GalQp over kE satisfying that ρss

π
∼= ρB

and that if B is moreover in the case (2) or (4), then V(π)−1ωζ ∼= cosocGalQp
ρπ. By [14, Cor.

6.23], we have a natural isomorphism (see also Remark 4.7)

EndCGL2(Qp)(OE)(P̃π∨) ∼= Rρπ , (4.3)

where Rρπ denotes the universal deformation ring of ρπ (note that by the assumption on π,
EndGalQp

(ρπ) ∼= kE hence Rρπ exists).
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• If B is in case (1), then P̃B
∼= P̃π∨ , and ẼB

∼= Rρπ
∼= Rps

ρB
.

• If B is in case (2), we write B = {π1, π2}. The statement follows by the same argument as
in [30, Cor. 8.11] replacing the isomorphism in [30, Cor. 8.7] by (4.3) applied to π1 and π2.

• If B is in case (4). The statement follows by the same arguments as for [30, Thm. 10.87]
replacing the isomorphism in [30, Thm. 10.71] by (4.3).

Suppose B is in case (3). The statement in this case follows by a similar argument. We include a
proof (with several steps) for the convenience of the reader.

(a) Let π ∈ B. We first show P̃π∨ ∼= P̃π∨,ζ⊗̂OE1univ ◦det. Put P̃ ′ := P̃π∨,ζ⊗OE 1univ, equipped with
the diagonal action of GL2(Qp), where GL2(Qp) acts on the second factor via det : GL2(Qp)→ Q×p .

It is not difficult to see P̃ ′ ∈ CGL2(Qp)(OE). Indeed, we can write P̃π∨,ζ ∼= lim←−n P̃π∨,ζ,n(resp. Λ ∼=
lim−→n

Λn) such that the Pontryagain dual of each P̃π∨,ζ,n (resp. Λn) is a finite length representation

of GL2(Qp) (resp. of Q×p ), and hence P̃ ′ ∼= lim←−n(P̃π∨,ζ,n ⊗OE Λn) ∈ CGL2(Qp)(OE). By [30, Thm.

3.26], P̃π∨,ζ is a deformation of π∨ over ẼB,ζ . We see by definition that P̃ ′ is a deformation of π∨

over Ẽ′ := ẼB,ζ⊗̂OEΛ.

We show cosocGL2(Qp) P̃
′ ∼= π∨. By the proof of [24, Lem. B.8], we know

HomCGL2(Qp),ζ(OE)×CQ×p
(OE)(P̃π∨,ζ⊗̂OE1univ, π

∨ ⊗kE kE) ∼= kE .

We deduce then HomCGL2(Qp)(OE)(P̃
′, π∨) ↪→ kE . Since any irreducible constituent of P̃ ′ is isomor-

phic to π∨, we deduce then cosocGL2(Qp) P̃
′ ∼= π∨.

We have thus a projection P̃π∨ � P̃ ′. Applying HomCGL2(Qp)(OE)(P̃π∨ ,−), we obtain a surjection

ẼB −� HomCGL2(Qp)(OE)(P̃π∨ , P̃
′). (4.4)

By the same argument as in [30, Lem. 3.25], we have an isomorphism of Ẽ′-module:

HomCGL2(Qp)(OE)(P̃π∨ , P̃
′) ∼= ẼB,ζ⊗̂OEΛ. (4.5)

such that the composition of (4.4) with (4.5) gives a surjective homomorphism of OE-algebra

δ : ẼB � Ẽ′, and P̃ ′ ∼= P̃π∨⊗̂ẼB
Ẽ′. By the same argument as in [30, § 9.1] and using

dimkE Ext1
GL2(Qp)(π, π) = 4

(which for example follows from the fact dimkE Ext1
GL2(Qp),Z(π, π) = 2 ([30, Prop. 9.1]), and the

same argument as in the proof of [7, Lem. A.3]), we have ẼB � Ẽab
B
∼= OE [[x1, x2, x3, x4]] (where

Ẽab
B is the maximal commutative quotient of Ẽ). Moreover, one can check that [30, Lem. 9.2, Lem.

9.3] hold with Ẽ of loc. cit. replaced by ẼB, and O[[x, y]] replaced by OE [[x1, x2, x3, x4]]. By [30,
Lem. 9.2], there exists t ∈ ẼB,ζ such that

0→ ẼB,ζ
t−−→ ẼB,ζ → (ẼB,ζ)

ab → 0,

which then induces (noting Λ is flat over OE , and ẼB,ζ is OE-torsion free)

0→ Ẽ′
t−−→ Ẽ′ → (ẼB,ζ)

ab⊗̂OEΛ→ 0. (4.6)
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Using the same argument as in the proof of [30, Lem. 9.3], we deduce then δ is an isomorphism,
and P̃π∨ ∼= P̃ ′ ∼= P̃π∨,ζ⊗̂OEΛ.

(b) Let χ : Q×p → k×E be such that π ∼= Ind
GL2(Qp)

B(Qp)
(χω−1 ⊗ χ) (hence ζ = χ2ω−1). Thus Rps

B =

Rps
2χ, the universal deformation ring of the pseudo-character 2χ. Denote by Rps,ζε

2χ the universal
deformation ring parameterizing 2-dimensional pseudo-characters of GalQp with determinant ζε

lifting 2χ. We show there is a natural isomorphism Rps
2χ
∼−→ Rps,ζε

2χ ⊗̂OEΛ. Let T univ,ζε : GalQp →
Rps,ζε

2χ be the universal deformation with determinant ζε of 2χ, and put T ′ : GalQp → Rps,ζε
2χ ⊗̂OEΛ

be the pseudo-character sending g to T univ,ζε(g) ⊗ 1univ(g). By the universal property of Rps
2χ, we

obtain a morphism of complete OE-algebras:

Rps
2χ −→ Rps,ζε

2χ ⊗̂OEΛ. (4.7)

By [30, Cor. 9.13], Rps,ζε
2χ

∼= OE [[x1, x2, x3]]. Using the fact that taking determinant induces a sur-

jective map Rps
2χ(k[ε]/ε2) � Λ(k[ε]/ε2) (since it is easy to construct a section of this map), it is not

difficult to see the tangent map of (4.7) is bijective, from which we deduce (4.7) is an isomorphism.

(c) By [30, Cor. 9.27], we have a natural isomorphism (which is unique up to conjugation by Ẽ×B,ζ)(
Rps,ζε

2χ [[G]]/Jζε
)op ∼−−→ ẼB,ζ , (4.8)

where G denotes the maximal pro-p quotient of GalQp , which is a free pro-p group generated by 2
elements γ, δ, and where Jζε denotes the closed two-sided ideal generated by g2−T univ,ζε(g)g+ζε(g),
for all g ∈ G. By (a) and (b), we have

ẼB
∼= ẼB,ζ⊗̂OEΛ ∼=

(
Rps,ζε

2χ [[G]]/Jζε
)op⊗̂OEΛ ∼=

(
Rps

2χ[[G]]/Jζε
)op

. (4.9)

In particular, we see by [30, Cor. 9.25] that ẼB is a free Rps
2χ-module of rank 4. Composing

with an automorphism of Λ if needed, we assume 1univ(γ) = 1 + x, and 1univ(δ) = 1 + y (recall
1univ : Gab → Λ, and where we use γ, δ to denote their images in Gab). The induced isomorphism
1univ : OE [[Gab]]

∼−→ OE [[x, y]] lifts to an isomorphism OE [[G]]
∼−→ OE [[x, y]]nc sending γ to 1 + x

and δ to 1 + y (“nc” means non-commutative). Let J̃ be the closed two-sided ideal of Rps
2χ[[G]]

generated by g2 − T univ(g)g + det(T univ)(g). Consider the following isomorphism of Rps
2χ-algebras

Rps
2χ[[G]]

∼−−→
(
Rps,ζε

2χ ⊗̂OEOE [[x, y]]
)
[[G]]

which sends γ to γ(1 + x) and δ to δ(1 + y). One can check (using T univ = T univ,ζε ⊗ 1univ) that
this isomorphism induces an isomorphism

Rps
2χ[[G]]/J̃

∼−−→ Rps,ζε
2χ [[G]]/Jζε⊗̂OEΛ.

Using the same argument as in [30, Cor. 9.24], we have that the center of Rps
2χ[[G]]/J̃ (hence of ẼB)

is equal to Rps
2χ.

(d) We show the injection Rps
2χ ↪→ ẼB is independent of the choice of ζ, by unwinding a little

the isomorphism in (4.8). Let η : Q×p → O×E be such that η ≡ 1 (mod $E). We have a natural

GL2(Qp)-equivariant isomorphism P̃π∨,ζη2
∼= P̃π∨,ζ ⊗OE (η−1 ◦ det), which induces an isomorphism
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twη : ẼB,ζη2
∼−→ ẼB,ζ . Twisting η also induces an isomorphism twη : Rps,ζη2

2χ
∼−→ Rps,ζ

2χ . Denote by V̌ζ

(resp. V̌ζη2) the functor V of [30, § 5.7] on CGL2(Qp),ζ(OE) (resp. on CGL2(Qp),ζη2(OE)) associated

to ζ (resp. to ζη2). By definition (cf. loc. cit.), we have a GalQp-equivariant isomorphism

V̌ζη2(P̃π∨,ζη2) ∼= V̌ζ(P̃π∨,ζ)⊗OE η. (4.10)

As in the discussion below [30, Lem. 9.3], we can deduce from (4.10) a commutative diagram

OE [[G]]op id−−−−→ OE [[G]]op

ϕV̌
ζη2

y η⊗ϕV̌ζ

y
ẼB,ζη2

twη−−−−→ ẼB,ζ ,

(4.11)

where “η” in the right vertical map denotes the composition OE [[G]]op η−→ OE ↪→ ẼB,ζ , and where

ϕV̌ζη2
(resp. ϕV̌ζ

) is the map ϕV̌ of [30, § 9.1] (which is unique up to conjugation by Ẽ×
B,ζη2

(resp. Ẽ×B,ζ), but we can choose the maps so that (4.11) commutes). Hence ϕV̌ζη2
is equal to the

composition

OE [[G]]op η⊗id−−−→ OE [[G]]op
ϕV̌ζ−−−→ ẼB,ζ

twη−1

−−−−→
∼

ẼB,ζη2 .

We deduce that the following diagram commutes

OE [[G]]
η⊗id−−−−→ OE [[G]]y y

Rps,ζη2

2χ [[G]]/Jζη2ε −−−−→ Rps,ζ
2χ [[G]]/Jζε

∼
y ∼

y(
ẼB,ζη2

)op twη−−−−→
(
ẼB,ζ

)op

where the middle horizontal map sends g to η(g)g for g ∈ G, and sends a to twη(a) for a ∈ Rps,ζη2

2χ ,
where the vertical maps in the top square are the surjections given as in [30, (150)], and where the
vertical maps in the bottom square are given as in (4.8), induced by ϕV̌ζη2

, ϕV̌ζ
respectively (see

[30, § 9.2] for details). In particular, the following diagram commutes

Rps,ζη2

2χ

twη−−−−→ Rps,ζ
2χy y(

ẼB,ζη2

)op twη−−−−→
(
ẼB,ζ

)op
.

Together with similar commutative diagrams as in [14, (6.4)] replacing “Rp” by ẼB and Rps
2χ, we

deduce that the composition

Rps
2χ
∼= Rps,ζη2

2χ ⊗̂OEΛ ↪−→
(
ẼB,ζη2

)op⊗̂OEΛ ∼= Ẽop
B

coincides with the one induced by (4.9). This concludes the proof.
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Remark 4.7. Let π be the GL2(Qp)-representation in the proof of Theorem 4.6 for the case
(1)(2)(4). Let ζ : Q×p → O×E be such that ζ is equal to the central character of π. Let V̌ζ be

the functor V̌ of [30, § 5.7] on CGL2(Qp),ζ(OE) (which depends on the choice of ζ). As in [30, Prop.

6.3, Cor. 8.7, Thm. 10.71], the functor V̌ζ induces an isomorphism

Rζερπ
∼−−→ EndCGL2(Qp)(OE)(P̃π∨)

where Rζερπ denotes the universal deformation over ρ of deformations with determinant equal to ζε.
The isomorphism in (4.3) is given by the composition

Rρπ
∼= Rζερπ⊗̂OEΛ

∼−−→ EndCGL2(Qp),ζ(OE)(P̃π∨)⊗̂OEΛ ∼= EndCGL2(Qp),ζ(OE)(P̃π∨).

We deduce by [14, (6.4)] and the diagram in the proof of [14, Lem. 6.9] that the isomorphism in
(4.3) is (also) independent of the choice of ζ.

For m a maximal ideal of Rps
B [1/p] with p := m∩Rps

B , we denote by π̂B,m the multiplicity free direct
sum of the irreducible constituents of the finite length Banach representation

Homcts
OE
(
P̃B⊗̂Rps

B
(Rps

B/p), E
)
.

Let H =
∏
iHi be a finite product with Hi

∼= Q×p or GL2(Qp). By [28, Lem. 3.4.10, Cor. 3.4.11]
(and the proof), we have

Proposition 4.8. Any block B of Modlfin
H (OE) is of the form

B = ⊗iBi := {⊗πi∈Biπi}

where Bi is a block of Modlfin
Hi

(OE). And we have P̃B
∼= ⊗̂iP̃Bi, ẼB

∼= ⊗̂iẼBi.

4.3. GL2(Qp)-ordinary families

We apply Paškūnas’ theory to construct GL2(Qp)-ordinary families.

Let C := CLP (Qp)(OE). We decompose the space of P -ordinary automorphic representations using
the theory of blocks. We have

OrdP (Ŝ(Up,OE)ρ)
d = HomOE (OrdP (Ŝ(Up,OE)ρ),OE) ∈ C.

For k ∈ Z≥1, the Pontryagain dual OrdP (Ŝ(Up,OE/$k
E)ρ)

∨ is also an onject in C. We have an

T̃(Up)P−ord
ρ -equivariant isomorphism in C (cf. (1.2)):

OrdP (Ŝ(Up,OE)ρ)
d ∼= lim←−

k

OrdP (Ŝ(Up,OE/$k
E)ρ)

∨. (4.12)

For M ∈ Modlfin
LP (Qp)(OE) (resp. in C), and B a block of Modlfin

LP (Qp)(OE) (hence can also be viewed

as a block of C), we denote by MB the maximal direct summand of M such that all the irreducible
subquotients π of MB satisfy π ∈ B (resp. π∨ ∈ B). We have thus decompositions (cf. [30, Prop.
5.36])

OrdP (Ŝ(Up,OE)ρ)
d ∼= ⊕B OrdP (Ŝ(Up,OE)ρ)

d
B, (4.13)

OrdP (Ŝ(Up,OE/$k
E)ρ) ∼= ⊕B OrdP (Ŝ(Up,OE/$k

E)ρ)B,

OrdP (Ŝ(Up,OE/$k
E)ρ)

∨ ∼= ⊕B OrdP (Ŝ(Up,OE/$k
E)ρ)

∨
B.
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It is also clear that the isomorphism in (4.12) respects the decompositions.

Recall that OrdP (Ŝ(Up,OE)ρ) is admissible, hence OrdP (Ŝ(Up,OE)ρ)
d is finitely generated over

OE [[LP (Zp)]]. By [21, (2.2.12)], the Pontryagain dual of OrdP (Ŝ(Up,OE)ρ)
d is a smooth admissible

representation of LP (Qp) over OE . Hence there are finitely many blocks B of Modlfin
LP (Qp)(OE) such

that OrdP (Ŝ(Up,OE)ρ)
d
B 6= 0

(
which is equivalent to OrdP (Ŝ(Up,OE/$k

E)ρ)
∨
B 6= 0, by (4.12)

)
.

Put

OrdP (Ŝ(Up,OE)ρ)B := Homcts
OE (OrdP (Ŝ(Up,OE)ρ)

d
B,OE),

OrdP (Ŝ(Up, E)ρ)B := OrdP (Ŝ(Up,OE)ρ)B ⊗OE E,

which are equipped with the supreme norm. For ∗ ∈ {OE , E,OE/$k
E}, OrdP (Ŝ(Up, ∗)ρ)B is a

direct summand of OrdP (Ŝ(Up, ∗)ρ) (e.g. using 4.13 and (1.3)), and we have

OrdP (Ŝ(Up,OE)ρ)B ∼= lim←−
n

OrdP (S(Up,OE/$n
E)ρ)B. (4.14)

The following lemma follows easily from Lemma 3.6 and [7, Cor. 7.7].

Lemma 4.9. Let B be a block of Modlfin
LP (Qp)(OE) such that OrdP (Ŝ(Up,OE)ρ)B 6= 0.

(1) OrdP (Ŝ(Up,OE)ρ)B|LP (Zp) is isomorphic to a direct summand of C(LP (Zp),OE)⊕r for some
r > 1.
(2)

(
OrdP (Ŝ(Up,OE)ρ)B

)LP (Zp)−alg

+
is dense in OrdP (Ŝ(Up,OE)ρ)B.

We have

OrdP (Ŝ(Up,OE)ρ)
d
B
∼= P̃B⊗̂ẼB

HomC

(
P̃B,OrdP (Ŝ(Up,OE)ρ)

d
B

)
∼= P̃B⊗̂ẼB

HomC

(
P̃B,OrdP (Ŝ(Up,OE)ρ)

d
)
↪−→ OrdP (Ŝ(Up,OE)ρ)

d (4.15)

where the first isomorphism follows from [30, Lem. 2.10] (applying HomC(P̃B,−) to [30, (6)]
with M = OrdP (Ŝ(Up,OE)ρ)

d
B, we easily deduce that the kernel is zero), the second isomor-

phism follows from (4.13) and HomC

(
P̃B,OrdP (Ŝ(Up,OE)ρ)

d
B′) = 0 for B′ 6= B, and where the

last injection is the evaluation map (indeed, applying HomC(P̃B′ ,−) to the kernel of this map,
we get zero for all B′, from which we deduce that the kernel has to be zero). We see that
OrdP (Ŝ(Up,OE)ρ)

d
B inherits a natural T̃(Up)P−ord

ρ -action from OrdP (Ŝ(Up,OE)ρ)
d (via the first

two isomorphisms in (4.15)), so that the decomposition (4.13) is in fact T̃(Up)P−ord
ρ -equivariant.

Similarly, for all k ≥ 1, OrdP (S(Up,OE/$k
E)ρ)B is also a T̃(Up)P−ord

ρ -equivariant direct sum-

mand of OrdP (S(Up,OE/$k
E)ρ). For i ≥ 0,

(
OrdP (S(Up,OE/$k

E)ρ)B
)Li is hence a T̃(Up)P−ord

ρ -
equivariant direct summand of (cf. (3.7))

OrdP (S(Up,OE/$k
E)ρ)

Li ∼= S(UpKi,i,OE/$k
E)ρ,ord.

Denote by T(UpKi,i,OE/$k
E)P−ord

ρ,B the image of

T(Up)ρ −→ EndOE
((

OrdP (S(Up,OE/$k
E)ρ)B

)Li),
and put

T̃(Up)P−ord
ρ,B := lim←−

k

lim←−
i

T(UpKi,i,OE/$k
E)P−ord

ρ,B .

It is clear that T̃(Up)P−ord
ρ,B is a quotient of T̃(Up)P−ord

ρ hence is also a complete local noetherian
OE-algebra of residue field kE . Similarly as in Lemma 3.7, we have
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Lemma 4.10. The OE-algebra T̃(Up)P−ord
ρ,B is reduced and the natural action of T̃(Up)P−ord

ρ,B on

OrdP (Ŝ(Up,OE)ρ,B) and OrdP (Ŝ(Up, E)ρ,B) is faithful.

Since OrdP (Ŝ(Up, E)ρ)B is an LP (Qp)×T̃(Up)P−ord
ρ,B -equivariant direct summand of OrdP (Ŝ(Up, E)ρ),

by the same argument, we have as in Proposition 4.3, 4.4:

Proposition 4.11. (1) The benign points are Zariski-dense in Spec T̃(Up)P−ord
ρ,B [1/p].

(2) Let x be a benign point of Spec T̃(Up)P−ord
ρ,B [1/p], the statements in Proposition 4.3 (2), Propo-

sition 4.4 hold with OrdP
(
Ŝ(Up, E

)
ρ
[mx]

)
replaced by OrdP

(
Ŝ(Up, E

)
ρ
[mx]

)
B

.

By Proposition 4.8, there exist blocks Bṽ,i for v ∈ Sp, i = 1, · · · , kṽ such that

B = ⊗v∈Sp(⊗i=1,··· ,kṽBṽ,i(sṽ,i+1 − 1)) =: ⊗v∈SpBṽ, (4.16)

where B(r) denotes the block {π⊗kEωr◦det | π ∈ B} for a block B. If p = 3, we assume that Bṽ,i is
not in case (4’) for all v, i with nṽ,i = 2. For v ∈ Sp, i = 1, · · · , kṽ, twisting ε1−sṽ,i+1 : GalQp → O×E
induces an isomorphism twṽ,i : Rps

Bṽ,i

∼−→ Rps
Bṽ,i(sṽ,i+1−1). Put

Rp,B := ⊗̂v∈Sp
(
⊗̂i=1,··· ,kṽR

ps
Bṽ,i

)
. (4.17)

Denote by
m(Up,B) := HomC

(
P̃B,OrdP (Ŝ(Up,OE)ρ)

d
B

)
,

which is a compact ẼB-module. By Theorem 4.6, Proposition 4.8 and the fact OrdP (Ŝ(Up,OE)ρ)B
is admissible, m(Up,B) is finitely generated over Rp,B where the action of Rp,B is induced from the

natural action of ẼB via

Rp,B
(twṽ,i)−−−−→
∼

⊗̂v∈Sp
(
⊗̂i=1,··· ,kṽR

ps
Bṽ,i(sṽ,i+1−1)

)
↪−→ ẼB.

The (faithful) T̃(Up)P−ord
ρ,B -action on OrdP (Ŝ(Up,OE)ρ)

d
B (commuting with LP (Qp)) induces a

faithful ẼB-linear action of T̃(Up)P−ord
ρ,B on m(Up,B). We denote by A the Rp,B-subalgebra of

EndRp,B
(
m(Up,B)

)
generated by the image of the composition

T̃(Up)P−ord
ρ,B ↪−→ End

ẼB

(
m(Up,B)

)
↪−→ EndRp,B

(
m(Up,B)

)
. (4.18)

By definition, A is commutative and finite over Rp,B, and it is not difficult to see that A is OE-

torsion free and ∩j≥0$
j
EA = 0 (using similar properties for m(Up,B), and the fact that the A-action

on m(Up,B) is faithful). We also have a surjective map

T̃(Up)P−ord
ρ,B ⊗̂OERp,B −� A,

and hence a natural embedding:

(Spf A)rig ↪−→ (Spf T̃(Up)P−ord
ρ,B )rig × (Spf Rp,B)rig

such that the composition (which one can view as an analogue of the weight map of Hida families)

κ : (Spf A)rig ↪−→ (Spf T̃(Up)P−ord
ρ,B )rig × (Spf Rp,B)rig −→ (Spf Rp,B)rig

is finite. For each point zṽ,i of (Spf Rps
Bṽ,i

)rig, we can attach a representation π̂zṽ,i of GLnṽ,i(Qp) such

that if nṽ,i = 1, π̂zṽ,i is the corresponding continuous (unitary) character of Q×p , and if nṽ,i = 2,
π̂zṽ,i := π̂Bṽ,i,mzṽ,i (see the discussion below Remark 4.7).
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Proposition 4.12. Let y = (x, z) = (x, (zṽ,i)) ∈ (Spf T̃(Up)P−ord
ρ,B )rig × (Spf Rp,B)rig. Then y ∈

(Spf A)rig if and only if

HomLP (Qp)

(
⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗k(y) ε
sṽ,i+1−1 ◦ det),OrdP

(
Ŝ(Up, E)ρ

)
B

[mx]
)
6= 0. (4.19)

Proof. Without loss of generality, we assume k(y) = E. Denote by px ⊂ T̃(Up)P−ord
ρ,B (resp. pz ⊂

Rp,B, resp. pzṽ,i ⊂ R
ps
Bṽ,i

) the prime ideal associated to x (resp. z, resp. zṽ,i). By definition of π̂zṽ,i ,

we see (4.19) is equivalent to

HomC

(
OrdP (Ŝ(Up,OE)ρ[px])dB, ⊗̂ v∈Sp

i=1,··· ,kṽ

(
P̃Bṽ,i⊗̂ẼBṽ,i

(ẼBṽ,i/pzṽ,i)tf

))
6= 0, (4.20)

where “tf” denotes the OE-torsion free quotient. Suppose (4.20) holds. Let f be a non-zero
morphism in (4.20), and consider the composition

OrdP (Ŝ(Up,OE)ρ)
d
B −� OrdP (Ŝ(Up,OE)ρ[px])dB

f−−→ ⊗̂ v∈Sp
i=1,··· ,kṽ

(
P̃Bṽ,i⊗̂ẼBṽ,i

(ẼBṽ,i/pzṽ,i)tf

)
.

Applying HomC(P̃B,−), we obtain a non-zero T̃(Up)P−ord
ρ,B ×Rp,B-equivariant map

m(Up,B)/px −→ HomC

(
P̃B, ⊗̂ v∈Sp

i=1,··· ,kṽ

(
P̃Bṽ,i⊗̂ẼBṽ,i

(ẼBṽ,i/pzṽ,i)tf

)) ∼= ⊗ v∈Sp
i=1,··· ,kṽ

(ẼBṽ,i/pzṽ,i)tf ,

(4.21)
where the tensor product on the right hand side is over OE and the second isomorphism follows
from [30, Lem. 2.9] and the proof of [24, Lem. B.8]. Note also the Rp,B-action on the right hand
side of (4.21) factors through Rp,B/pz. In particular, m(Up,B) admits an OE-torsion free quotien-

t on which T̃(Up)P−ord
ρ,B (resp. Rp,B) acts via T̃(Up)P−ord

ρ,B /px (resp. Rp,B/pz). We deduce then

y = (x, z) ∈ (Spf A)rig.

Conversely, suppose y = (x, z) ∈ (Spf A)rig, and let py ⊂ A be the prime ideal associated to y. We
have

m(Up,B) −� (m(Up,B)⊗A A/py)tf 6= 0.

From which we deduce

OrdP (Ŝ(Up,OE)ρ)
d
B
∼= P̃B⊗̂ẼB

m(Up,B) −� P̃B⊗̂ẼB
(m(Up,B)⊗A A/py)tf .

Considering the T̃(Up)P−ord
ρ,B -action, we see the above map factors through

OrdP (Ŝ(Up,OE)ρ[px])dB −� P̃B⊗̂ẼB
(m(Up,B)⊗A A/py)tf . (4.22)

Applying Homcts
OE (−, E) to (4.22), we obtain an injection

Homcts
OE (P̃B⊗̂ẼB

(m(Up,B)⊗A A/py)tf , E) ↪−→ OrdP (Ŝ(Up, E)ρ[mx])B. (4.23)

Since the Rp,B-action on m(Up,B)⊗A A/py factors through Rp,B/pz, we see the right hand side of

(4.22) is a quotient of P̃B⊗̂ẼB
(ẼB/pz)

⊕r
tf for certain r. Together with the fact that π̂zṽ,i is semi-

simple for all v, i, we see the right hand side of (4.23) contains a direct summand of a copy of
⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗E εsṽ,i+1−1 ◦ det). This concludes the proof.
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Let x be a benign point of Spec T̃(Up)P−ord
ρ,B [1/p]. By Proposition 4.4, for v ∈ Sp, and i =

1, · · · , kṽ, ρx,ṽ,i is crystalline. We denote by π̂(ρx,ṽ,i)1 the universal completion of π̂(ρx,ṽ,i)
lalg

(see [4] [29], noting that by Proposition 4.4(2), π̂(ρx,ṽ,i)
lalg is isomorphic to the tensor product

of an irreducible algebraic representation of GL2(Qp) with a smooth irreducible principal series).
By [10, Lem. 3.4(i)], ⊗̂v∈Sp

(
⊗̂i=1,··· ,kṽ π̂(ρx,ṽ,i)1 ⊗E εsṽ,i+1−1 ◦ det

)
is the universal completion of

⊗ v∈Sp
i=1,··· ,kṽ

(π̂(ρzṽ,i)
lalg⊗k(y) ε

sṽ,i+1−1 ◦det). The injection (4.2) (see Corollary 4.11 (2)) induces hence

a non-zero morphism of LP (Qp)-representations

⊗̂v∈Sp
(
⊗̂i=1,··· ,kṽ π̂(ρx,ṽ,i)1 ⊗E εsṽ,i+1−1 ◦ det

)
−→ OrdP

(
Ŝ(Up, E

)
ρ
[mx]

)
B
. (4.24)

Let Λ be a GalF -equivariant lattice of ρx,F = ρmx,F (where mx denotes the associated maximal

ideal of T̃(Up)P−ord
ρ,B [1/p]). Since ρF is absolutely irreducible, Λ is unique up to scalar, and we have

Λ/$k(x)
∼= ρF and hence Λ/$k(x)|GalFṽ

∼= ρṽ. The Pṽ-filtration on ρx,ṽ induces a Pṽ-filtration on
Λ, and hence induces a Pṽ-filtration on ρṽ:

F̄x,ṽ : 0 = Fil0x ρṽ ( Fil1x ρṽ ( · · · ( Filkṽx ρṽ = ρṽ (4.25)

such that the graded piece gri F̄x is a reduction of ρx,ṽ,i.

Proposition 4.13. (1) For v ∈ Sp, i = 1, · · · , kṽ, we have ρss
x,ṽ,i
∼= ρBṽ,i, where ρss

x,ṽ,i denotes the
semi-simplification of one (or any) modulo $k(x) reduction of ρx,ṽ,i.
(2) We have (x, {zṽ,i}) ∈ (Spf A)rig where zṽ,i is the point associated to tr ρx,ṽ,i.

Proof. We have π̂(ρx,ṽ,i)1 ↪→ π̂(ρx,ṽ,i). Let Θx,ṽ,i be a GLnṽ,i(Qp)-invariant lattice of π̂(ρx,ṽ,i), thus

Θd
x,ṽ,i ∈ CGLnṽ,i (Qp)(OE)Bx,ṽ,i where Bx,ṽ,i is the block corresponding to ρss

x,ṽ,i. Let Θx,ṽ,i,1 := Θx,ṽ,i∩
π̂(ρx,ṽ,i)1. Let Θx be the preimage of OrdP

(
Ŝ(Up,OE

)
ρ
[px]
)
B

via (4.24) (px = mx ∩ T̃(Up)P−ord
ρ,B ).

By (4.24), we deduce HomC(P̃B,Θ
d
x) 6= 0. Since Θx and Θ′x := ⊗̂ v∈Sp

i=1,··· ,kṽ
(Θx,ṽ,i,1⊗OE εsṽ,i+1−1 ◦det)

are commensurable, we see HomC(P̃B, (Θ
′
x)d) 6= 0. We have a natural projection

HomC

(
P̃B,

(
⊗̂ v∈Sp
i=1,··· ,kṽ

(Θx,ṽ,i ⊗OE ε
sṽ,i+1−1 ◦ det)

)d)
−� HomC

(
P̃B, (Θ

′
x)d
)

( 6= 0). (4.26)

By [28, Lem. 3.4.9] (see also [24, Lem. B.8]) and the fact (e.g. using (1.2), and noting that “⊗̂”
on the left hand side is the p-adic completion of the tensor product, while “⊗̂” on the right hand
side is defined in the following way: M1⊗̂M2 = lim←−(M1/U1 ⊗OE M2/U2) for compact OE-modules
Mi, where Ui runs through open OE-submodules of Mi):(

⊗̂ v∈Sp
i=1,··· ,kṽ

(Θx,ṽ,i ⊗OE ε
sṽ,i+1−1 ◦ det)

)d ∼= ⊗̂ v∈Sp
i=1,··· ,kṽ

(Θx,ṽ,i ⊗OE ε
sṽ,i+1−1 ◦ det)d

we deduce HomCGLnṽ,i
(Qp)

(
P̃Bṽ,i ,Θ

d
x,ṽ,i

)
6= 0, and hence Bṽ,i = Bx,ṽ,i for all v ∈ Sp, i = 1, · · · , kṽ.

(1) follows. Part (2) of the proposition follows from part (1), (4.24) and Proposition 4.12.

Corollary 4.14. The set Y of points y = (x, z) = (x, {zṽ,i}) as in Proposition 4.13 (2) is Zariski-
dense in SpecA[1/p].
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Proof. For y ∈ Y, we denote by my ⊂ A[1/p] (resp. py ⊂ A) the maximal ideal (resp. the
prime ideal) associated to y. To show ∩y∈Ymy = 0, it is sufficient to show ∩y∈Ypy = 0. Let

f ∈ ∩y∈Ypy, which by definition (see (4.18)) corresponds to an ẼB-equivariant morphism f :

m(Up,B) → m(Up,B) such that the composition m(Up,B)
f−→ m(Up,B) � m(Up,B)/py is equal to

zero for all y ∈ Y. Using the first isomorphism in (4.15), the morphism f induces a continuous
LP (Qp)-equivariant morphism

f : OrdP (Ŝ(Up,OE)ρ)B −→ OrdP (Ŝ(Up,OE)ρ)B. (4.27)

For y = (x, z) ∈ Y, let ix be an injection as in (4.2), which induces a non-zero LP (Qp)-equivariant

morphism as in (4.24), still denoted by ix. Let Θx be the preimage of OrdP
(
Ŝ(Up,OE

)
ρ
[px]
)
B

via ix. We use the notation of the proof of Proposition 4.13. Since the Rp,B-action on the left
hand side of (4.26) factors through Rp,B/pz (where pz is the prime ideal of Rp,B associated to z),

the same holds for the Rp,B-action on HomC(P̃B, (Θ
′
x)d). Since Θx and Θ′x are commensurable, we

deduce that the Rp,B-action on m := HomC(P̃B,Θ
d
x) factors through Rp,B/pz as well. It is also clear

that the T̃(Up)P−ord
ρ,B -action on m (as a quotient of m(Up, p) via the projection induced by ix) factors

through T̃(Up)P−ord
ρ,B /px. Hence the A-action on m factors through A/py, and m is thus a quotient

of m(Up, p)/py. So the following composition is zero:

P̃B⊗̂ẼB
m(Up,B)

f−−→ P̃B⊗̂ẼB
m(Up,B) −� P̃B⊗̂ẼB

m.

Applying Homcts
OE (−, E), we deduce that the composition of f with ix is zero. Consequently, we

deduce that the image of any injection as in (4.2) is annihilated by (4.27) (for any benign point x).
By the same argument as in the proof of [7, Prop. 7.5 (2)], we deduce then the map (4.27) is zero,
and hence f = 0. This concludes the proof.

We have the following classicality criterion.

Proposition 4.15 (Classicality). Let y = (x, {zṽ,i}) ∈ (Spf A)rig. Suppose

• for all v ∈ Sp, i = 1, · · · , kṽ, the pseudo-character associated to zṽ,i is absolutely irreducible,
and let ρzṽ,i : GalQp → GLnṽ,i(k(y)) be the associated absolutely irreducible representation
(enlarging k(y) if necessary);

• ρzṽ,i is de Rham of distinct Hodge-Tate weights, and any Hodge-Tate weight of ρzṽ,i is strictly
bigger than that of ρzṽ,j for j > i.

Then x is classical.

Proof. The proposition follows by the same argument of the proof of [7, Cor. 7.34]. We give a
sketch for the convenience of the reader. By Proposition 4.12, we have a non-zero map

⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗k(y) ε
sṽ,i+1−1 ◦ det) −→ OrdP

(
Ŝ(Up, E)ρ

)
B

[mx]. (4.28)

By assumption, π̂zṽ,i
∼= π̂(ρzṽ,i) is absolutely irreducible. Consider the restriction of (4.28):

⊗ v∈Sp
i=1,··· ,kṽ

(π̂(ρzṽ,i)
lalg ⊗k(y) ε

sṽ,i+1−1 ◦ det) −→ OrdP
(
Ŝ(Up, E)ρ

)
B

[mx]. (4.29)
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If (4.29) is zero, there exists u = ⊗ v∈Sp
i=1,··· ,kṽ

ui ∈ ⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗k(y) ε
sṽ,i+1−1 ◦ det) which is sent

to zero via (4.28). Since π̂(ρzṽ,i) is absolutely irreducible, it is easy to see that the left hand side
of (4.28) can be topologically generated by u under the action of LP (Qp), which contradicts to
that (4.28) is non-zero. So (4.29) is non-zero (and is actually injective). Using the assumption on
the Hodge-Tate weights and the adjunction property [7, Prop. 4.21], the proposition follows from
(3.2).

By Lemma 4.9 (2) and the same argument of the proof of [28, Thm. 3.6.1] (one can also use an
infinite fern argument as in [7, § 7.1.3] for the part on dimension), we have

Theorem 4.16. Each irreducible component of A is of characteristic zero and of dimension at
least

1 +
∑
v∈Sp

(
|{i|nṽ,i = 1}|+ 3|{i|nṽ,i = 2}|

)
= 1 +

∑
v∈Sp

(2n− kṽ).

We end this section by some discussions on criterions of OrdP (Ŝ(Up,OE)ρ)B 6= 0. .

Definition 4.17. Let π = π∞ ⊗ π∞ = (⊗′v-∞πv) ⊗ π∞ be an automorphic representation of G

(where π is defined over Qp, and πv is defined over E for v -∞) with Wp = ⊗v∈SpWv the associated
algebraic representation of G(F+ ⊗Q Qp) ∼=

∏
v∈Sp GLn(Qp). Let Up ⊆ G(A∞,p

F+ ) be a sufficiently

small compact open subgroup such that (π∞)U
p 6= 0. Then π is called B-ordinary if there is an

injection ι : ⊗v∈Sp(πv ⊗E Wv) ↪−→ Ŝ(Up, E)ρ[mπ] such that

OrdP
(
⊗v∈Sp (πv ⊗E Wv)

)∨
B
6= 0

where mπ is the maximal idea of T̃(Up)ρ[1/p] attached to π, and OrdP
(
⊗v∈Sp (πv ⊗E Wv)

)
∈

Modlfin
LP (Qp)(OE) denotes the modulo $E reduction of (where we also use ι to denote the induced

morphism on Ord(−), cf. [7, Lem. 4.18])

ι
(
⊗v∈Sp OrdPṽ(πv ⊗E Wv)

)
∩OrdP (Ŝ(Up,OE))ρ.

Remark 4.18. Note that the definition is independent of the choice of Up (e.g. by using an
isomorphism induced by (5.4) below via taking inverse limit on r). However, it is not clear to the
author if the definition depends only on the p-factor ⊗v∈Spπv of π (unless under further assumptions,
see Remark 4.20 below). Hence it is not clear to the author if a p-split base-change of a B-ordinary
automorphic representation is still B-ordinary.

Lemma 4.19. For a block B of Modlfin
LP (Qp)(OE) and a sufficiently small subgroup Up ⊂ G(A∞,p

F+ ),
the followings are equivalent:

(1) there exists a B-ordinary automorphic representation π = π∞ ⊗ π∞ such that (π∞)U
p 6= 0,

(2) OrdP (Ŝ(Up,OE)ρ)B 6= 0,

(3) there exists a benign point of x of Spec T̃(Up)P−ord
ρ [1/p] such that ρss

x,ṽ,i
∼= ρBṽ,i for v ∈ Sp,

i = 1, · · · , kṽ.
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Proof. (1) ⇒ (2) is clear. (2) ⇒ (3) follows from Proposition 4.13 (1). We show (3) ⇒ (1). By
the decomposition (4.13), there exists a block B′ such that the following composition is non-zero
(hence injective since the left hand side is irreducible)

⊗v∈Sp
(
⊗i=1,··· ,kṽ π̂(ρx,ṽ,i)

lalg ⊗k(x) ε
sṽ,i+1−1 ◦ det

) (4.2)−−−→ OrdP
(
Ŝ(Up, E

)
ρ
[mx]

)
−� OrdP

(
Ŝ(Up, E

)
ρ
[mx]

)
B′
. (4.30)

We deduce hence a similar non-zero map as in (4.24) with B replaced by B′. Using the same
argument as in the proof of Proposition 4.13 (1), we deduce ρss

x,ṽ,i
∼= ρB′

ṽ,i
for all v ∈ Sp and i, and

hence B′ = B (by the statement in (3)). By (4.30) (with B′ = B), it is easy to deduce that any
automorphic representation π associated to the point x is B-ordinary and satisfies πU

p 6= 0. This
concludes the proof.

Remark 4.20. The condition (3) is equivalent to that there exists an automorphic representation

π = (⊗′v-∞πv)⊗π∞ such that
(
where (−)

LP (Zp)−alg
+ , (−)

LPṽ (Zp)−alg

+ are defined similarly as in (4.1),

and the first equality easily holds by definition
)

(a) OrdP (⊗v∈Sp(πv ⊗E Wv))
LP (Zp)−alg
+ = ⊗v∈Sp OrdPṽ(πv ⊗E Wv)

LPṽ (Zp)−alg

+ 6= 0,

(b) the unique Hodge-Tate weights descending Pṽ-filtration on ρπ,ṽ (where the existence follows

from Proposition 4.4 (2)) satisfies griFṽ
ss ∼= ρBṽ,i, where ρπ denotes the GalF -representation

associated to π,

(c) (⊗′v-p,∞πv)
Up 6= 0.

Note that the conditions (a) and (b) depend only on the p-factor of π and {ρπ,ṽ}v∈Sp.

4.4. Local-global compatibility

We show a local-global compatibility result for our GL2(Qp)-ordinary families under certain generic
assumptions.

Definition 4.21. We call ρ is B-generic if for all v ∈ Sp,

(1) ρṽ admits a unique filtration FBṽ such that (griFBṽ)
ss ∼= ρBṽ,i for i = 1, · · · , kṽ;

(2) the filtration FBṽ satisfies Hypothesis 2.1.

We assume ρ is B-generic. By Proposition 4.13 (1), we see F̄x,ṽ = FBṽ (cf. (4.25)) for all benign

points x. Consider the deformation problem (where RPṽ−ord,�̄
ρṽ ,FBṽ

denotes the reduced quotient of

RPṽ−ord,�
ρṽ ,FBṽ

, cf. § 2)

(
F/F+, S, S̃,OE , ρ, ε1−nδF/F+ , {RPṽ−ord,�̄

ρṽ ,FBṽ
}v∈Sp ∪ {R�̄

ρṽ
}v∈S\Sp

)
. (4.31)

By [36, Prop. 3.4], the corresponding deformation functor is represented by a complete local
noetherian OE-algebra, denoted by RP−ord

ρ,S,B , which is a quotient of Rρ,S . By Proposition 4.11 (2)

and Proposition 4.13(1), for any benign point x ∈ Spec T̃(Up)P−ord
ρ,B [1/p], the action of Rρ,S on

OrdP (Ŝ(Up, E)ρ)B[mx] factors through RP−ord
ρ,S,B . Since (OrdP (Ŝ(Up, E)ρ)B)

LP (Zp)−alg
+ is dense in

OrdP (Ŝ(Up, E)ρ)B (Proposition 4.1), we deduce by the same argument as in [7, Thm. 6.12]:
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Proposition 4.22. (1) The action of Rρ,S on OrdP (Ŝ(Up, E)ρ)B factors through RP−ord
ρ,S,B .

(2) Let x be a closed point of Spec T̃(Up)ρ[1/p] such that OrdP (Ŝ(Up, E)ρ[mx])B 6= 0, then for
v ∈ Sp, ρx,ṽ admits a Pṽ-filtration with the induced Pṽ-filtration on ρṽ equal to FBṽ .

Let A be an artinian local OE-algebra A, and ρA ∈ RP−ord
ρ,S,B (A). For v ∈ Sp, by definition ρA,ṽ :=

pr2 ◦ρA|GalFṽ
(with pr2 : GL1×GLn � GLn) admits a Pṽ-filtration Fṽ such that tr(griFṽ) is a

deformation of tr(griFBṽ) over A for i = 1, · · · , kṽ. We obtain thus a natural morphism

Rp,B −→ RP−ord
ρ,S,B . (4.32)

The composition
Rp,B −→ RP−ord

ρ,S,B −→ T̃(Up)P−ord
ρ,B . (4.33)

equips with m(Up,B) another Rp,B-action. The following theorem follows by the same argument as
in the proof of [28, Thm. 3.5.5] [32, Prop. 5.5]. Indeed, one can easily obtain an analogue of [28,
Lem. 3.5.6] with p of loc. cit. replaced by the benign points, using Lemma 4.9 (2), Corollary 4.11
(2). Note also that an analogue of [28, Lem. 3.5.7] is already contained in Proposition 4.5 (1) (whose
proof builds upon the local-global compatibility result in classical local Langlands correspondence,
see the proof of [7, Prop. 7.6 (2)]).

Theorem 4.23 (local-global compatibility). The two actions of Rp,B on m(Up,B) coincide, i.e.
the composition

Rp,B −→ T̃(Up)P−ord
ρ,B ↪−→ EndRp,B(m(Up,B))

coincides with the structure map.

Remark 4.24. One might prove (e.g. by putting more hypothesis on ρp) a stronger local-global
compatibility result (e.g. by replacing the universal pseudo-deformation rings by the universal de-
formation rings of certain Galois representations) as in [7, § 7.1.4] (where the formulation is more
close to [22]), but we don’t need such result in this note.

By definition, Theorem 4.23 and Theorem 4.16, we have

Corollary 4.25. We have T̃(Up)P−ord
ρ,B

∼−→ A, and each irreducible component of T̃(Up)P−ord
ρ,B is of

characteristic zero and of dimension at least 1 +
∑

v∈Sp(2n− kṽ).

We end this section by a B-generic criterion, which is easier to check in certain cases.

Lemma 4.26. For v ∈ Sp, let Fṽ be a Pṽ-filtration on ρṽ satisfying Hypothesis 2.1 and that
(griFṽ)ss ∼= ρBṽ,i for all i. Suppose moreover Bṽ,i 6= Bṽ,j for all i 6= j and v ∈ Sp. Then ρ is
B-generic.

Proof. Suppose we have another filtration F ′ṽ satisfying the same property.

(1) We show first gr1F ′ṽ ∼= gr1Fṽ. If ρBṽ,1 is irreducible, then it is clear. Suppose ρBṽ,1
∼= χ1 ⊕ χ2,

and we prove the statement case by case.
(a) If gr1F ′ṽ ∼= χ1 ⊕ χ2, and if gr1Fṽ is not isomorphic to gr1F ′ṽ. Without loss of generality, we
assume gr1Fṽ is a non-split extension of χ2 by χ1. We see

HomGalFṽ
(χ2, ρṽ) −→ HomGalFṽ

(χ2, ρṽ/ gr1Fṽ) ↪−→ HomGalFṽ
(gr1Fṽ, , ρṽ/ gr1Fṽ), (4.34)
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where the first map is non-zero by assumption (using gr1F ′ṽ ↪→ ρṽ).We deduce thus the right hand
side of (4.34) is non-zero, which leads to a contradiction with Hypothesis 2.1.
(b) Suppose gr1F ′ṽ is a non-split extension of χ2 by χ1, and suppose gr1Fṽ is an extension of χ1 by
χ2 (e.g. if gr1Fṽ is a direct sum of χ1 and χ2). If χ1 = χ2 = χ, the sum gr1F ′ṽ + gr1Fṽ will be a
subrepresentation of ρṽ of dimension bigger than 3. We deduce that HomGalQp

(χ, gr1F ′ṽ/(gr1F ′ṽ ∩
gr1Fṽ)) 6= 0, and hence HomGalQp

(gr1Fṽ, ρṽ/ gr1Fṽ) 6= 0, a contradiction with Hypothesis 2.1. If
χ1 6= χ2, then we have

HomGalFṽ
(χ2, gr1Fṽ) ↪−→ HomGalFṽ

(χ2, ρṽ) −→ HomGalFṽ
(χ2, ρṽ/ gr1F ′ṽ)

with the second map non-zero. There exists thus i > 1 such that χ2 ↪→ griF ′ṽ, thus

HomGalFṽ
(gr1F ′ṽ, griF ′ṽ) 6= 0,

which (again) contradicts with Hypothesis 2.1.
(c) Consider the last case where both of gr1F ′ṽ and gr1Fṽ are isomorphic to a non-split extension
of χ2 by χ1, and gr1F ′ṽ � gr1Fṽ. In this case, χ1χ

−1
2 = 1 or ω.

If χ1 = χ2 = χ. It is easy to see gr1Fṽ + gr1F ′ṽ is isomorphic to a successive extension of χ of
dimension bigger three. Using the same argument in (b) (in the case χ1 = χ2 = χ), we easily
deduce a contradiction.
Suppose χ1 = χ2ω. Denote by ι : χ1 ↪→ gr1Fṽ ↪→ ρṽ, and ι′ : χ1 ↪→ gr1F ′ṽ ↪→ ρṽ.
If Im(ι) = Im(ι′), since gr1F ′ṽ � gr1Fṽ, we deduce the composition

χ2
∼= gr1Fṽ/ Im(ι) ↪→ ρṽ/ Im(ι′) −→ ρṽ/ gr1F ′ṽ

is non-zero. Hence there exists i > 1 such that χ2 ↪→ griF ′ṽ, thus HomGalFṽ
(gr1F ′ṽ, griF ′ṽ) 6= 0, a

contradiction with Hypothesis 2.1.

If Im(ι′) 6= Im(ι). Let i > 1 be maximal such that χ1
ι′−→ ρṽ → ρṽ/Fili−1

Fṽ ρṽ is non-zero. Thus χ1

is an irreducible sub of griFṽ. Since Fṽ satisfies Hypothesis 2.1, we deduce dimkE griFṽ = 2 and
socGalFṽ

griFṽ ∼= χ1 (otherwise, HomGalFṽ
(griFṽ, gr1Fṽ) 6= 0). Consider

χ2
∼= gr1F ′ṽ/χ1 ↪−→ ρṽ/ Im(ι′) −� ρṽ/(Im(ι)⊕ Im(ι′)). (4.35)

If the image of (4.35) lies in gr1Fṽ/χ1, then it is not difficult to see the first injection in (4.35) has
image in gr1Fṽ/ Im(ι′) ∼= gr1Fṽ. But if so, gr1Fṽ is split, a contradiction. So there exists j > 1
such that

χ2
∼= gr1F ′ṽ/χ1 −→ ρṽ/

(
Im(ι′) + Filj−1

Fṽ ρṽ
)

is non-zero. We let j be the maximal integer satisfying this property. Then χ2 is an irreducible
constituent of grj Fṽ. Using (again) Hypothesis 2.1, we easily deduce dimkE grj Fṽ = 2 and
cosocGalFṽ

grj Fṽ ∼= χ2 (otherwise, HomGalFṽ
(grj Fṽ, gr1Fṽ) 6= 0). If j < i, let Vj be the kernel

of Filj−1
Fṽ � grj Fṽ � χ2, then we see

gr1F ′ṽ −→ ρṽ/Vj

is injective, and the injection χ2 ↪→ ρṽ/Vj induces a section of gr1F ′ṽ � χ2, a contradiction. If

j > i, since χ2 ↪→ ρχ̃/ Im(ι′) � ρχ̃/Filj−1
Fṽ , we deduce grj Fṽ splits, a contradiction. Finally if j = i,

then Bv,i = Bv,1 a contradiction.
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(2) We show Fil1Fṽ = Fil1F ′
ṽ

(as subrepresentation of ρṽ), from which the lemma follows by an easy

induction argument. Suppose Fil1Fṽ 6= Fil1F ′
ṽ
, consider V := (Fil1Fṽ + Fil1F ′

ṽ
)/Fil1Fṽ , which is thus a

non-zero subrepresentation of ρṽ/Fil1Fṽ , and whose irreducible constituents appear in gr1Fṽ. If V

is irreducible, it has to be a sub of grj Fṽ for certain j > 1. However, we have

gr1Fṽ ∼= Fil1F ′
ṽ
� (Fil1Fṽ + Fil1F ′

ṽ
)/Fil1Fṽ = V.

Thus HomGalFṽ
(gr1Fṽ, grj Fṽ) 6= 0, a contradiction with Hypothesis 2.1. If V is isomorphic to a

direct sum of characters, we similarly obtain a contradiction. Suppose there exist characters χ1, χ2

such that V is a non-split extension of χ2 by χ1. In this case we see V ∼= gr1Fṽ. Using the same
argument as in (c) for the case Im(ι) 6= Im(ι′), we can also obtain a contradiction. This concludes
the proof.

5. Patching and automorphy lifting

We apply the Taylor-Wiles-Kisin patching argument to our GL2(Qp)-ordinary families, and prove
our main result on automorphy lifting.

5.1. Varying levels outside p

Let B be a block of Modlfin
LP (Qp)(OE) such that OrdP (Ŝ(Up,OE)ρ)B 6= 0.

Lemma 5.1. Let H be a finite group, r ≥ 1, M be a finitely generated flat OE/$r
E [H]-module.

Then M∨ is also a finitely generated flat OE/$r
E [H]-modules.

Proof. It is easy to check that if M is a finite free OE/$r
E [H]-module, then M∨ ∼= M , and hence

is also a finite free OE/$r
E [H]-module. The lemma follows.

Let Y p =
∏
v-p Yv be a compact open normal subgroup of Up (which is thus also sufficiently small).

For any compact open subgroup Up of
∏
v∈Sp GLn(Zp), by [15, Lem. 3.3.1], S(Y pUp,OE/$r

E) is a

finite free OE/$r
E [Up/Y p]-module.

Lemma 5.2. Let i ∈ Z≥0, r ∈ Z≥1.
(1) OrdP (S(Y p,OE/$r

E)ρ)
Li
B and

(
OrdP (S(Y p,OE/$r

E)ρ)
Li
B

)∨
are finite flat OE/$r

E [Up/Y p]-modules.
(2) We have a natural isomorphism(

OrdP (S(Y p,OE/$r
E)ρ)

Li
B

)∨
Up/Y p

∼−−→
(

OrdP (S(Up,OE/$r
E)ρ)

Li
B

)∨
.

Proof. Recall (cf. (3.7))

OrdP (S(Y p,OE/$r
E)ρ)

Li ∼= S(Y pKi,i,OE/$r
E)ρ,ord

∼= ⊕m ordinaryS(Y pKi,i,OE/$r
E)ρ,m,

where m runs through the ordinary maximal ideals of the OE/$r
E-subalgebra B(Y p) of

EndOE/$rE

(
S(Y pKi,i,OE/$r

E)ρ
)

generated by the operators in ZL+
P

. The same statement holds with Y p replaced by Up. Note also

that the natural inclusion

S(UpKi,i,OE/$r
E)ρ ∼= S(Y pKi,i,OE/$r

E)
Up/Y p

ρ ↪−→ S(Y pKi,i,OE/$r
E)ρ
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induces a projection pr : B(Y p) � B(Up). By definition, it is straightforward to see that for a max-
imal ideal m of B(Up), m is ordinary if and only if pr−1(m) is ordinary. Since the action of B(Y p)
and Up/Y p commute, we deduce that OrdP (S(Y p,OE/$r

E)ρ)
Li is an OE/$r

E [Up/Y p]-equivariant
direct summand of S(Y pKi,i,OE/$r

E)ρ, and hence is a finite flat OE/$r
E [Up/Y p]-module.

Using the isomorphism (which follows by the same argument as for (4.15))

OrdP (S(Y p,OE/$r
E)ρ)

∨
B
∼= P̃B⊗̂ẼB

HomC

(
P̃B,OrdP (S(Y p,OE/$r

E)ρ)
∨),

we see that OrdP (S(Y p,OE/$r
E)ρ)

∨
B inherits a natural Up/Y p-action from OrdP (S(Y p,OE/$r

E)ρ)
∨

satisfying that the natural injection (given by the evaluation map)

OrdP (S(Y p,OE/$r
E)ρ)

∨
B
∼= P̃B⊗̂ẼB

HomC

(
P̃B,OrdP (S(Y p,OE/$r

E)ρ)
∨)

↪−→ OrdP (S(Y p,OE/$r
E)ρ)

∨

is Up/Y p-equivariant. Hence, the decomposition

OrdP (S(Y p,OE/$r
E)ρ) ∼= ⊕B OrdP (S(Y p,OE/$r

E)ρ)B

is Up/Y p-equivariant. This implies that OrdP (S(Y p,OE/$r
E)ρ)

Li
B is a Up/Y p-equivariant direct

summand of OrdP (S(Y p,OE/$r
E)ρ)

Li , hence is also a finite flat OE/$r
E [Up/Y p]-module. Together

with Lemma 5.1, (1) follows.

For each i ≥ 1, we have a natural isomorphism

S(UpKi,i,OE/$r
E)ρ

∼−−→ S(Y pKi,i,OE/$r
E)

Up/Y p

ρ . (5.1)

By the discussion in the first paragraph, we deduce that (5.1) induces an isomorphism

OrdP (S(Up,OE/$r
E)Liρ )

∼−−→ OrdP (S(Y p,OE/$r
E)Liρ )U

p/V p . (5.2)

Indeed, for all maximal ideals of B(Up), we have

S(UpKi,i,OE/$r
E)ρ,m ↪−→

(
S(Y pKi,i,OE/$r

E)ρ,pr−1(m)

)Up/Y p
, (5.3)

hence

⊕mS(UpKi,i,OE/$r
E)ρ,m ↪→ ⊕m

(
S(Y pKi,i,OE/$r

E)ρ,pr−1(m)

)Up/Y p
↪→ S(Y pKi,i,OE/$r

E)
Up/Y p

ρ .

By (5.1), the above composition is surjective, hence each map in (5.3) has to be bijective. The
isomorphism (5.2) follows. Taking direct limit on i, (5.2) induces an isomorphism

OrdP (S(Up,OE/$r
E)ρ)

∼−−→ OrdP (S(Y p,OE/$r
E)ρ)

Up/V p . (5.4)

Which together with the obvious injections (with the composition bijective)

⊕B OrdP (S(Up,OE/$r
E)ρ)B ↪−→ ⊕B

(
OrdP (S(Y p,OE/$r

E)ρ)B
)Up/V p

↪−→ OrdP (S(Y p,OE/$r
E)ρ)

Up/V p

imply OrdP (S(Up,OE/$r
E)ρ)B ∼=

(
OrdP (S(Y p,OE/$r

E)ρ)B
)Up/V p

for all B. Hence

OrdP (S(Up,OE/$r
E)ρ)

Li
B

∼−−→
(

OrdP (S(Y p,OE/$r
E)ρ)

Li
B

)Up/Y p
. (5.5)

By taking Pontryagain dual, (2) follows.
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5.2. Auxiliary primes

Choose q ≥ [F+ : Q]n(n−1)
2 . By [36, Prop. 4.4] (see also the proof of [36, Thm. 6.8]), for all N ≥ 1,

there exists a set QN (resp. Q̃N ) of primes of F+ (resp. of F ) such that

• |QN | = q, QN is disjoint from S, and any primes in QN is split in F ;

• Q̃N = {ṽ|v | v ∈ QN};

• Nm(v) ≡ 1 (mod pN ) for v ∈ QN ;

• for ṽ ∈ Q̃N , ρṽ
∼= sṽ ⊕ ψṽ, where ψṽ is the (generalized) eigenspace of Frobenius of an

eigenvalue αṽ on which Frobenius acts semisimply.

For ṽ ∈ Q̃N , denote by Dṽ the local deformation problem such that for A ∈ Art(OE), Dṽ(A)
consists of all lifts which are 1 + Mn(mA)-conjugate to one of the form sṽ ⊕ ψṽ where sṽ is an
unramified lift of sṽ and where ψṽ is a (possibly ramified) lift of ψṽ satisfying that the image of
inertial under ψṽ is contained in the set of scalar matrices. The deformation problem Dṽ is pro-

represented by a quotient of R�̄
ρṽ

, denoted dy R
ψṽ
ρṽ

. Let ψṽ be as above, then the restriction of ψṽ

to the inertial subgroup Iṽ of GalFṽ gives a character χṽ : Iṽ → 1 + mA (noting χṽ ≡ ψṽ|Iṽ = 1

(mod mA)). We can prove (e.g. using χ
|Fṽ |
ṽ = χṽ since Frob−1

ṽ σ Frobṽ = σ|Fṽ | for all σ ∈ Iṽ/Pṽ,
and using the fact that 1 + mA is a p-group) that χṽ factors through

Iṽ/Pṽ −� F×ṽ −� Fṽ(p) ∼= Z/pNZ

where Fṽ(p) denotes the maximal p-power order quotient of F×ṽ , and Fṽ denotes the residue field of
F at ṽ. We deduce thus a natural morphism

χuniv
ṽ : Z/pNZ −→ (Rψṽρṽ )×. (5.6)

Denote by SQN the following deformation problem(
F/F+, S ∪QN , S̃ ∪ Q̃N ,OE , ρ, ε1−nδF/F+ , {R�̄

ρṽ
}v∈S ∪ {Dṽ}v∈QN

)
.

Let Rρ,SQN be the corresponding universal deformation ring, and R�S
ρ,SQN

the S-framed universal

deformation ring. By [36, Prop. 4.4], we can and do choose QN , Q̃N satisfying moreover (recall
Rloc = ⊗̂v∈SR�̄

ṽ )

R�S
ρ,SQN

is topologically generated over Rloc by g := q − [F+ : Q]
n(n− 1)

2
elements. (5.7)

Denote by ∆QN :=
∏
v∈QN Fṽ(p)

∼= (Z/pNZ)⊕q. We deduce from (5.6) a natural morphism ∆QN →
(R�S

ρ,SQN
)×. Using the fact χuniv

ṽ does not depend on the choice of basis, it is not difficult to see this

morphism factors through (Rρ,SQN )×. We have thus morphisms of OE-algebras

OE [∆QN ] −→ Rρ,SQN −→ R�S
ρ,SQN

.

Denote by aQN the augmentation ideal of OE [∆QN ]. Then we have

Rρ,SQN /aQN
∼= Rρ,S , R

�S
ρ,SQN

/aQN
∼= R�

ρ,S .
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For v ∈ QN , denote by pṽN :=

{
g ∈ GLn(OFṽ) | g (mod $Fṽ) ∈

(
GLn−dṽN

∗
0 GLdṽN

)}
, where

dṽN := dimkE ψṽ. Denote by pṽN,1 the kernel of the following composition

pṽN −� GLdṽN
(Fṽ)

det−−→ F×ṽ −� Fṽ(p),

where the first map is given by the composition of the modulo $Fṽ map and the natural projection.
Put

U0(QN )ṽ := i−1
ṽ (pṽN ), U1(QN )ṽ := i−1

ṽ (pṽN,1),

Ui(QN )p :=
( ∏

v-p
v/∈QN

Uv
)( ∏

v∈QN

Ui(QN )ṽ
)
⊂ Up, i = 0, 1.

We have U0(QN )p/U1(QN )p ∼= ∆QN .

We have by definition (cf. § 3.1) T(Ui(QN )p) ↪→ T(Up), and we use m(ρ) to denote m(ρ) ∩
T(Ui(QN )p) which is the maximal ideal of T(Ui(QN )p) associated to ρ via the relations (3.5). As be-
fore, we also use the subscript ρ to denote the localizations at the maximal ideal m(ρ) ⊂ T(Ui(QN )p).

Let i ∈ {0, 1}. For a compact open subgroup Up of G(F+ ⊗Q Qp), and for a uniformiser $ṽ of OFṽ
for v ∈ QN , we have as in [36, Prop. 5.9] (see also [23, § 5.5][13, § 2.6]) a projection operator

pr$ṽ ∈ EndOE
(
S(Ui(QN )pUp,OE/$r

E)ρ
)

(defined using Hecke operators at ṽ). We denote by prN :=
∏
v∈QN pr$ṽ . By [36, Prop. 5.9], the

following composition

S(UpUp,OE/$r
E)ρ ↪−→ S(U0(QN )pUp,OE/$r

E)ρ
prN−−→ prN (S(U0(QN )pUp,OE/$r

E)ρ) (5.8)

is an isomorphism. Since prN is defined using Hecke operators for ṽ ∈ Q̃N , (5.8) is T(U0(QN )p)-
equivariant. We also have

prN
(
S(Ui(QN )p,OE/$r

E)ρ
) ∼= lim−→

Up

prN
(
S(Ui(QN )pUp,OE/$r

E)ρ
)
,

as a T̃(Ui(QN )p)ρ × G(F+ ⊗Q Qp)-equivariant direct summand of S(Ui(QN )p,OE/$r
E)ρ (see [13,

§ 2.6]). Similarly, we deduce from (3.7) isomorphisms

prN
(

OrdP
(
S(Ui(QN )p,OE/$r

E)ρ
)) ∼= lim−→

j

prN
(
S(Ui(QN )pKj,j ,OE/$r

E)ρ,ord

)
∼= OrdP

(
prN

(
S(Ui(QN )p,OE/$r

E)ρ
))
, (5.9)

and we see that the object in (5.9) is a T̃(Ui(QN )p)P−ord
ρ ×LP (Qp)-equivariant direct summand of

OrdP
(
S(Ui(QN )p,OE/$r

E)ρ
)
.

It is also clear (e.g. by a similar argument as in the proof of Lemma 5.2) that the decomposition

OrdP
(
S(Ui(QN )p,OE/$r

E)ρ
) ∼= ⊕B OrdP

(
S(Ui(QN )p,OE/$r

E)ρ
)
B
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commutes with prN , and hence we have that

Vi(N,B, r) := prN
(

OrdP
(
S(Ui(QN )p,OE/$r

E)ρ
)
B

)
∼= lim−→

j

prN
(

OrdP (S(Ui(QN )p,OE/$r
E)ρ)

Lj
B

)
is a T̃(Ui(QN )p)P−ord

ρ,B × LP (Qp)-equivariant direct summand of OrdP
(
S(Ui(QN )p,OE/$r

E)ρ
)
B

.
The isomorphism (5.8) induces a T(U0(QN )p)× LP (Qp)-equivariant isomorphism

OrdP (S(Up,OE/$r
E)ρ)B

∼−−→ V0(N,B, r). (5.10)

Note that V1(N,B, r) is naturally equipped with a U0(QN )p/U1(QN )p ∼= ∆QN -action, which com-

mutes with T̃(U1(QN )p)P−ord
ρ,B × LP (Qp).

Lemma 5.3. Let j ∈ Z≥0.
(1) V1(N,B, r)Lj and (V1(N,B, r)Lj )∨ are finite flat OE/$r

E [∆QN ]-modules.
(2) There is a natural isomorphism (V1(N,B, r)Lj )∨∆QN

∼−−→ V0(N,B, r)Lj .

Proof. (1) follows from Lemma 5.2 and the fact that

V1(N,B, r)Lj ∼= prN
(

OrdP (S(U1(QN )p,OE/$r
E)ρ)

Lj
B

)
is a ∆QN -equivariant direct summand of OrdP (S(U1(QN )p,OE/$r

E)ρ)
Lj
B . We have (e.g. see [13,

§ 2.6])

prN
(
S(U1(QN )pKj,j ,OE/$r

E)ρ
)∆QN

∼−−→ prN
(
S(U0(QN )pKj,j ,OE/$r

E)ρ
)
.

Using the same argument as for (5.2), we deduce an isomorphism

prN
(

OrdP
(
S(U1(QN )p,OE/$r

E)ρ
)Lj)∆QN

∼−−→ prN
(

OrdP
(
S(U0(QN )p,OE/$r

E)ρ
)Lj).

(2) follows then by the same argument as for (5.5) (and Pontryagain duality).

Put Vi(N,B) := lim←−r Vi(N,B, r), and we have a natural isomorphism

Vi(N,B) ∼= prN
(

OrdP (Ŝ(Ui(QN )p,OE)ρ,B
)
.

Put Mi(N,B, r, Lj) :=
(
Vi(N,B, r)

Lj
)∨

, and Mi(N,B) := lim←−j,rMi(N,B, r, Lj) ∼= Vi(N,B)d. By

Lemma 5.3(1), M1(N,B, r, Lj) is a finite flat OE/$r
E [∆QN ]-module. By [28, Lem. 4.4.4], we deduce

(where the conditions of loc. cit. are easy to verify in our case)

Proposition 5.4. M1(N,B) is a flat OE [∆QN ]-module, and

M1(N,B)/aQNM1(N,B)
∼−−→M0(N,B).
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5.3. Patching I

By [23, Prop. 5.3.2] (see also the proof [36, Thm. 6.8]), we have a natural surjection

Rρ,S(QN ) −� T̃(U1(QN )p)ρ.

By the local-global compatibility in classical local Langlands correspondance, for any compact open
subgroup Up of

∏
v|p GLn(OFṽ), the induced action of OE [∆QN ] on S(U1(QN )pUp,OE/$r

E)ρ via

OE [∆QN ] −→ Rρ,S(QN ) −→ T̃(U1(QN )p)ρ, (5.11)

coincides with the OE [∆QN ]-action coming from the natural ∆QN
∼= U0(QN )p/U1(QN )p-action.

We assume henceforth ρ is B-generic (cf. Definition 4.21). By Proposition 4.22 (applied with
Up = U1(QN )), we can deduce that the morphism

Rρ,S(QN ) −� T̃(U1(QN )p)P−ord
ρ,B

factors through RP−ord
ρ,S(QN ),B := Rρ,S(QN ) ⊗Rρ,S R

P−ord
ρ,S,B , which is also the universal deformation ring

of the deformation problem(
F/F+, S, S̃,OE , ρ, ε1−nδF/F+ , {RPṽ−ord,�̄

ρṽ ,FBṽ
}v∈Sp ∪ {R�̄

ρṽ
}v∈S\Sp ∪ {Dṽ}v∈QN

)
. (5.12)

Since V1(N,B, r)Lj is a T̃(U1(QN )p)ρ × U0(QN )p/U1(QN )p-equivariant direct summand of

S(U1(QN )pKj,j ,OE/$r
E)ρ,

the two OE [∆QN ]-actions on V1(N,B, r)Lj , obtained by the following two ways (noting the first
composition is compatible with (5.11))

OE [∆QN ] −→ RP−ord
ρ,S(QN ),B −→ T̃(U1(QN )p)P−ord

ρ,B ,

OE [∆QN ] ∼= OE [U0(QN )p/U1(QN )p],

coincide. By taking limit, we obtain a similar statement for V1(N,B) and M1(N,B).

Denote by R�S ,P−ord
ρ,S,B

(
resp. by R�S ,P−ord

ρ,S(QN ),B

)
the S-framed deformation ring of the deformation

problem (4.31) (resp. of (5.12)). For ∗ ∈ {S,S(QN )}, the composition Rloc → R�S
ρ,∗ → R�S ,P−ord

ρ,∗,B
thus factors through

Rloc,P−ord
B :=

(
⊗̂v∈S\SpR

�̄
ρṽ

)
⊗̂OE

(
⊗̂v∈SpR

�̄,Pṽ−ord
ρṽ,Bṽ

)
.

For v ∈ Sp, we have a natural morphism ⊗̂i=1,··· ,kṽR
ps
Bṽ,i
→ R�̄,Pṽ−ord

ρṽ,Bṽ
, which induces (see (4.17) for

Rp,B)

Rp,B ↪−→ RB −→ Rloc,P−ord
B −→ R�S ,P−ord

ρ,S(QN ),B, (5.13)

where RB := Rp,B⊗̂OE
(
⊗̂v∈S\SpR�̄

ρṽ

)
. It is clear that (5.13) factors through RP−ord

ρ,S(QN ),B (e.g. see

the argument above (4.32)). Note that we have

RP−ord
ρ,S(QN ),B/aQN

∼= RP−ord
ρ,S,B , R�S ,P−ord

ρ,S(QN ),B/aQN
∼= R�S ,P−ord

ρ,S,B .

36



Let O∞ := OE [[z1, · · · , zn2|S|]] with the maximal ideal b, S∞ := OE [[y1, · · · , yq, z1, · · · , zn2|S|]] with

the maximal ideal a, and R∞ := Rloc,P−ord
B [[x1, · · · , xg]]. Denote by a0 = (y1, · · · , yq) the kernel of

S∞ � O∞, and a1 := (z1, · · · , zn2|S|, y1, · · · , yq). For an open ideal c of S∞, we denote by s(c) be

the integer such that S∞/c ∼= OE/$s(c)
E .

For each N ≥ 1, we fix a surjection OE [[y1, · · · , yq]] � OE [∆QN ] with kernel cN = ((1 + y1)p
N −

1, · · · , (1 + yq)
pN − 1), which, together with the morphism OE [∆QN ]→ RP−ord

ρ,S(QN ),B, induce

OE [[y1, · · · , yq]] −→ RP−ord
ρ,S(QN ),B.

Together with the isomorphism R�S ,P−ord
ρ,S(QN ),B

∼= RP−ord
ρ,S(QN ),B⊗̂OEO∞, we obtain a morphism of com-

plete noetherian OE-algebras
S∞ −→ R�S ,P−ord

ρ,S(QN ),B. (5.14)

By (5.7), R�S ,P−ord
ρ,S(QN ),B can be topologically generated by g elements over Rloc,P−ord

B , hence there
exists a surjective map

R∞ = Rloc,P−ord
B [[x1, · · · , xg]] −� R�S ,P−ord

ρ,S(QN ),B
∼= RP−ord

ρ,S(QN ),B[[z1, · · · , zn2|S|]]. (5.15)

We lift the morphism (5.14) to a morphism S∞ → R∞. For i ∈ {0, 1}, j ≥ 0 and k > 0, we put

M�
i (N,B, k, Lj) := Mi(N,B, k, Lj)⊗OE O∞.

Since Mi(N,B, k, Lj) is equipped with a natural RP−ord
ρ,S(QN ),B-action via

RP−ord
ρ,S(QN ),B −→ T̃(U1(QN )p)P−ord

ρ,B ,

we see M�
i (N,B, k, Lj) is equipped with a natural R�S ,P−ord

ρ,S(QN ),B(∼= RP−ord
ρ,S(QN ),B⊗̂OEO∞)-action, and

hence with an S∞-action via (5.14). Moreover, for any open ideal of S∞ containing cN and $k
E ,

by Lemma 5.3, we deduce that M�
1 (N,B, k, Lj)/I is a finite flat S∞/I-module of rank equal to

rkOE/$kE
M0(N,B, k, Lj) (and hence has finite cardinality).

We use the language of ultrafilters for the patching argument (cf. [34, § 8]). Let F be a non-
principal ultrafilter of I := Z≥0, R :=

∏
I OE . Let SF ⊂ R be the multiplicative set consisting of all

idempotents eI with I ∈ F where eI(i) = 1 if i ∈ I, and eI(i) = 0 otherwise. Denote by RF := S−1
F R.

For k ∈ Z≥1, put (noting that the cardinality of M�
1 (N,B, k, Lj)/a

k and M�
0 (N,B, k, Lj)/b

k is
finite and bounded by a certain integer independent of N)

M∞1 (B, k) := lim←−
j

M∞1 (B, k, Lj) := lim←−
j

(
(
∏
N∈I

M�
1 (N,B, k, Lj)/a

k)⊗R RF

)
,

M∞0 (B, k) := lim←−
j

(
(
∏
N∈I

M�
0 (N,B, k, Lj)/b

k)⊗R RF

)
.

The diagonal S∞-action (resp. O∞-action) on∏
N∈I

M�
1 (N,B, k, Lj)/a

k
(
resp.

∏
N∈I

M�
0 (N,B, k, Lj)/b

k
)

induces an S∞-module (resp. an O∞-module) structure on M∞1 (B, k) (resp. on M∞0 (B, k)).
Moreover, M∞1 (B, k) (resp. M∞0 (B, k)) is equipped with a natural S∞-linear (resp. O∞-linear)
LP (Qp)-action. By similar (and easier) arguments as in [28, § 4.5.5], we have:

37



Proposition 5.5. (1) M∞0 (B, k) ∼= M0(N,B)⊗OE O∞/bk ∼= OrdP (Ŝ(Up,OE)ρ)
d
B ⊗OE O∞/bk.

(2) M∞1 (B, k) is a flat S∞/a
k-module, M∞1 (B, k)/a0

∼= M∞0 (B, k) and

M∞1 (B, k)/a1
∼= OrdP (Ŝ(Up,OE/$s(ak+a1)

E )ρ)
∨
B. (5.16)

(3) M∞i (B, k) is a finitely generated OE [[LP (Zp)]]-module, and in particular, M∞i (B, k) ∈ C.

For j ≥ 0, k ≥ 1, there exists d(j, k) > 0 (independent of N) such that the R�S ,P−ord
ρ,S(QN ),B-action

on M�
1 (N,B, k, Lj)/a

k factors through R�S ,P−ord
ρ,S(QN ),B/m

d(j,k)
N where mN denotes the maximal ideal of

R�S ,P−ord
ρ,S(QN ),B. Actually, when k = 1, it follows easily from the fact (by (5.10) and Proposition 5.4):

M�
1 (N,B, 1, Lj)/a ∼=

(
OrdP (S(Up,OE/$E)ρ)

Lj
B

)∨
;

the general case then follows by considering the a-adic filtration on M�
1 (N,B, k, Lj)/a

k. Note that
d(j, k) → +∞ when k → +∞, and we choose d(j, k) such that d(j′, k′) ≥ d(j, k) if j′ ≥ j and

k′ ≥ k. Denote by R(N, k, d(j, k)) := R�S ,P−ord
ρ,S(QN ),B/m

d(j,k)
N ⊗S∞ S∞/a

k. When N is sufficiently large

(satisfying cN ⊂ ak), then we have

R(N, k, d(j, k))/a1
∼=
(
R�S ,P−ord
ρ,S(QN ),B/m

d(j,k)
N ⊗O∞[∆QN

] O∞[∆QN ]/ak
)
/a1

∼= RP−ord
ρ,S,B /(md(j,k), $

s(ak+a1)
E ), (5.17)

where m denotes the maximal ideal of RP−ord
ρ,S,B . In particular, we see R(N, k, d(j, k)) is an S∞/a

k-
module of bounded rank (with N varying). Put

R(∞, k, d(j, k)) := (
∏
N∈I

R(N, k, d(j, k)))⊗R RF,

which naturally acts on M∞1 (B, k, j). We have a natural injection S∞/a
k ↪→ R(∞, k, d(j, k)) (since

S∞/a
k ↪→ R(N, k, d(j, k)) for all N). By [24, Lem. 2.2.4], we deduce from (5.17) an isomorphism

R(∞, k, d(j, k))/a1
∼= RP−ord

ρ,S,B /(md(j,k), $
s(ak+a1)
E ).

For N sufficiently large, we have

M�
1 (N,B, k, Lj)/a1

∼=
(

OrdP (S(Up,OE/$s(a1+ak)
E )ρ)

Lj
B

)∨
, (5.18)

and the isomorphism is R(N, k, d(j, k))-equivariant, where R(N, k, d(j, k)) acts on the right hand
side via the isomorphism (5.17). We deduce then the isomorphism (which is obtained via the same
way as in Proposition 5.5 (2))

M∞1 (B, k, Lj)/a1
∼=
(

OrdP (Ŝ(Up,OE/$s(ak+a1)
E )ρ)

Lj
B

)∨
is R(∞, k, d(j, k))-equivariant. The map R∞ � R(N, k, d(j, k)) induces a natural projection R∞ �
R(∞, k, d(j, k)), and equips M∞1 (B, k, Lj) with a natural R∞-action. Taking inverse limit on j, we
see M∞1 (B, k) is equipped with a natural R∞-action via

R∞ −� lim←−
j

R(∞, k, d(j, k)), (5.19)
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satisfying that the isomorphism in (5.16) is R∞-equivariant, where the R∞-action on the right hand
side is induced from the natural action of RP−ord

ρ,S,B via

R∞/a1 −� lim←−
j

R(∞, k, d(j, k))/a1
∼= lim←−

j

RP−ord
ρ,S,B /(md(j,k), $

s(ak+a1)
E ). (5.20)

Note also we have S∞/a
k ↪→ lim←−j R(∞, k, d(j, k)).

Let M∞i (B) := lim←−kM
∞
i (B, k). By Proposition 5.5 (3), M∞i (B) ∈ C. Using

M�
1 (N,B, k, Lj)/a

k ∼=
(
M�

1 (N,B, k + 1, Lj)/a
k+1
)
/ak

for all N , we see M∞1 (B, k, Lj) ∼= M∞1 (B, k + 1, Lj)/a
k. By [28, Lem. 4.4.4 (1)], we have thus

M∞1 (B, k) ∼= M∞1 (B, k + 1)/ak for k > 0. By [28, Lem. 4.4.4 (2)], we see M∞1 (B) is a flat S∞-
module. By Proposition 5.5 (1) (2) and [28, Lem. 4.4.4 (1)], we also have M∞1 (B)/a0

∼= M∞0 (B),
and

M∞1 (B)/a1
∼= OrdP (Ŝ(Up,OE)ρ)

d
B. (5.21)

We have a natural injection

S∞ ∼= lim←−
k

S∞/a
k ↪−→ lim←−

k

lim←−
j

R(∞, k, d(j, k)), (5.22)

and M∞1 (B) is equipped with a natural S∞-linear action of lim←−k lim←−j R(∞, k, d(j, k)). The mor-

phism (5.19) induces
R∞ −� lim←−

k

lim←−
j

R(∞, k, d(j, k)). (5.23)

We can hence lift (5.22) to an injection S∞ ↪→ R∞. The R∞-action on M∞1 (B) (induced by (5.23))
is then S∞-linear. By (5.20) (and taking inverse limit over k), we have a projection

R∞/a1 −� RP−ord
ρ,S,B , (5.24)

and the isomorphism (5.21) is equivariant under the R∞-action, where the R∞-action on the right
hand side of (5.21) is induced from the natural RP−ord

ρ,S,B -action via (5.24).

We apply Paškūnas’ theory. Put

m∞i (B, k) := HomC

(
P̃B,M

∞
i (B, k)

)
,

m∞i (B) := HomC

(
P̃B,M

∞
i (B)

)
.

We have m∞i (B) ∼= lim←−k m
∞
i (B, k). By the same argument as in [28, Lem. 4.7.4], m∞1 (B) is a flat

S∞-module. By the same argument as in the proof of [28, Prop. 4.7.7 (1)], m∞1 (B) is a finitely
generated R∞-module. Denote by b1 := (z1, · · · , zn2|S|) ⊂ O∞. We have by (5.21)

m∞1 (B)/a1
∼= m∞0 (B)/b1

∼= m(Up,B). (5.25)

It is clear that y1, · · · , yq, z1, · · · , zn2|S| form a regular sequence of m∞1 (B). Hence by [11, Prop.
1.2.12], they can extend to a system of parameters of m∞1 (B). By [11, Prop. A.4], we have
dimR∞ m∞1 (B) = dimR∞ m(Up,B)+q+n2|S|. Note that the R∞-action on m(Up,B) factors through
RP−ord
ρ,S,B . By Corollary 4.25 (and the fact A is finite over RP−ord

ρ,S,B ), we deduce:
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Proposition 5.6. We have

dimR∞ m∞1 (B) ≥ 1 + q + n2|S|+
∑
v∈Sp

(2n− kṽ)

= 1 + g + n2|S|+
∑
v∈Sp

(
|{i|nṽ,i = 1}|+ 3|{i|nṽ,i = 2}|+ n(n− 1)

2

)
= 1 + g + n2|S|+

∑
v∈Sp

( kṽ∑
i=1

nṽ,i(n− sṽ,i)
)
.

5.4. Patching II

We construct certain patched modules to apply Taylor’s Ihara avoidance.

Let Ω be a finite set of finite places v of F+ satisfying that

• v = ṽṽc in F ,

• p | (Nm(ṽ)− 1), and if pm ‖ (Nm(ṽ)− 1) then n ≤ pm.

Let UΩ :=
∏
v∈Ω Iw(ṽ), YΩ :=

∏
v∈Ω Iw1(ṽ), where Iw(ṽ) (resp. Iw1(ṽ)) is the standard Iwahori

subgroup (resp. pro-` Iwahori subgroup with ṽ|`) of G(Fṽ), i.e. the preimage via i−1
G,ṽ of the

matrices in GLn(OFṽ) (recalling that we assume G quasi-split at all finite places of F+) that are
upper triangular (resp. upper triangular unipotent) modulo $ṽ. We have thus

∆Ω :=
∏
v∈Ω

(F×ṽ )n
∼−−→ UΩ/YΩ.

Enlarging E if necessary, we assume E contains pm-th roots of unity if pm ‖ (Nm(ṽ)− 1) for v ∈ Ω.

Let Up = UΩ ×
∏
v/∈Sp∪Ω Uv, and Y p = YΩ ×

∏
v/∈Sp∪Ω Uv, and suppose UΩ,p :=

∏
v/∈Sp∪Ω Uv is

sufficiently small. For any compact open subgroup Up of G(F+ ⊗Q Qp), S(Y pUp,OE/$k
E)ρ is

equipped with a natural action of ∆Ω. For a continuous character χ : ∆Ω → O×E , we denote by
Sχ(UpUp,OE/$k

E) the sub OE/$k
E-module of S(Y pUp,OE/$k

E) on which ∆Ω acts via χ. Using
the fact UΩ,p is sufficiently small, we have 6

Sχ(UpUp,OE/$k
E) ∼= Sχ(UpUp,OE/$k+1

E )⊗OE/$k+1
E
OE/$k

E . (5.26)

Consequently, we see
Ŝχ(Up,OE) := lim←−

k

lim−→
Up

Sχ(UpUp,OE/$k
E)

is also the subspace of Ŝ(Up,OE) on which ∆S acts via χ. By the same argument as in [7, Lem.
6.1], one can show that Ŝχ(Up,OE) is a finite projective OE [[G(Zp)]]-module.7 Let S be a finite

6Using that UΩ,p is sufficiently small, we can reduce to the following fact: let H be a finite cyclic group, then
OE/$k

E [H] ∼= OE/$k
E [x]/(xm − 1) (using a generator σ of H); let χ be a character of H, then OE/$k

E [H]χ ∼=
xm−1
x−χ(σ)

OE/$k
E [H], and hence OE/$k

E [H]χ ∼= OE/$k+1
E [H]χ ⊗OE/$

k+1
E
OE/$k

E .
7Actually, by loc. cit., we can show Ŝ(Up,OE) is a finite projective OE [∆Ω][[G(Zp)]]-module, from which we

deduce the statement.
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set containing Ω, Sp and the places v such that Uv is not hyperspecial. We define Tχ(UpUp, ∗)ρ in
the same way as T(UpUp, ∗)ρ with S(UpUp, ∗)ρ replaced by Sχ(UpUp, ∗)ρ for ∗ ∈ {OE ,OE/$k

E},
and T̃χ(Up)ρ := lim←−Up Tχ(Up,OE)ρ (where ρ is as in § 3.1). Similarly, we can define T̃χ(Up)P−ord

ρ,B

which acts faithfully on OrdP (Ŝχ(Up,OE)ρ)B. We have natural projections

Rρ,S −� T̃χ(Up)ρ −� T̃χ(Up)P−ord
ρ,B (5.27)

satisfying that the composition factors through RP−ord
ρ,S,B (assuming ρ is B-generic). We have thus

a natural morphism Rp,B → T̃χ(Up)P−ord
ρ,B . By the same arguments, we have a similar local-global

compatibility result as in Theorem 4.23 for the T̃χ(Up)P−ord
ρ,B -action on

m(Up,B)χ := HomC(P̃B,OrdP (Ŝχ(Up,OE)ρ)
d
B), (5.28)

and we have dim T̃χ(Up)P−ord
ρ,B [1/p] ≥ 1 +

∑
v∈Sp(2n − kṽ) (noting that OrdP (Ŝχ(Up,OE)ρ)B is a

finite projective OE [[LP (Zp)]]-module by [7, Cor. 4.6]).

Suppose for v ∈ Ω, ρṽ is trivial. Let χṽ = (χṽ,i) : ∆v := (F×ṽ )n → O×E . We view χṽ,i as a character
of Iṽ via

Iṽ −� Iṽ/Pṽ −� F×ṽ
χṽ,i−−→ O×E .

Denote by Dχṽ the deformation problem consisting of liftings ρ (over artinian OE-algebras) of
ρṽ such that for all σ ∈ Iṽ the characteristic polynomial of ρ(σ) is given by

∏n
i=1(X − χṽ,i(σ)).

Denote by R�̄
ρṽ ,χṽ

the reduced universal deformation ring of Dχṽ , which is a quotient of R�̄
ρṽ

. Let
χ :=

∏
v∈Ω χṽ. For the global Galois deformation rings considered in the previous sections, we add χ

in the subscript to denote the corresponding universal deformation ring with the local deformation
problem R�̄

ρṽ
replaced by Dχṽ for v ∈ Ω(⊂ S). For example, we have deformation rings Rρ,S,χ,

R�
ρ,S,χ, RP−ord

ρ,S,B,χ, RP−ord,�S
ρ,S,B,χ etc. By [36, Prop. 8.5], the morphism Rρ,S � T̃χ(Up)ρ (resp. the

composition in (5.27)) factors through Rρ,S,χ (resp. through RP−ord
ρ,S,B,χ).

We are particularly interested in the following setting. Let v1 is a finite place of F+ split in F
(with v1 = ṽ1ṽ

c
1) such that p - (Nm(ṽ1)− 1), and suppose Up has the following form

Up = UΩ × Iw(ṽ1)×
∏

v/∈Ω∪Sp∪{v1}

Uv (5.29)

where Uv is hyperspecial for all v /∈ Ω∪Sp∪{v1} (hence S = Ω∪Sp∪{v1}). By the assumption on v1,

one can check that Up is sufficiently small. For i = 0, 1, k ≥ 1, j ≥ 0, N ≥ 1, we define Vi(N,B, k)
Lj
χ

by the same way as Vi(N,B, k)Lj with S(Ui(Qn)p,OE/$k
E) replaced by Sχ(Ui(QN )p,OE/$k

E). Put

Mi(N,B, k, Lj)χ := (Vi(N,B, k)
Lj
χ )∨. Let

Rloc,P−ord
B,χ :=

(
⊗̂v∈ΩR

�̄
ρṽ ,χṽ

)
⊗̂OER

�̄
ρṽ1
⊗̂OE

(
⊗̂v∈SpR

Pṽ−ord,�̄
ρṽ ,Bṽ

)
.

The morphisms (5.14), (5.15), and S∞ → R∞ (lifting (5.14)) induce morphisms

S∞ −→ R�S ,P−ord
ρ,S(QN ),B,χ,

R∞,χ := Rloc,P−ord
B,χ [[x1, · · · , xg]] −� R�S ,P−ord

ρ,S(QN ),B,χ,
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and S∞ → R∞,χ respectively. The module

M�
i (N,B, r, Lj)χ := Mi(N,B, r, Lj)χ ⊗OE O∞

is equipped with a natural S∞-linear action of R∞,χ. We can run the patching argument as in
§ 5.3 with {S∞, R∞, {M�

i (N,B, k, Lj)}} replaced by {S∞, R∞,χ, {M�
i (N,B, k, Lj)χ}}, to obtain

R∞,χ-modules m∞i (B)χ replacing the R∞-modules m∞i (B). By the same arguments, we have that
m∞1 (B)χ is flat over S∞ and (cf. (5.28))

m∞1 (B)χ/a1
∼= m(Up,B)χ. (5.30)

As in Proposition 5.6, we have (if m∞1 (B)χ 6= 0)

dimR∞,χ m
∞
1 (B)χ ≥ 1 + g + n2|S|+

∑
v∈Sp

( kṽ∑
i

nṽ,i(n− sṽ,i)
)
. (5.31)

Let χ′ : ∆R → O×E be another character such that χ′ ≡ χ (mod $E). We have natural isomor-
phisms

Rρ,S,χ/$E
∼= Rρ,S,χ′/$E , (5.32)

R∞,χ/$E
∼= R∞,χ′/$E . (5.33)

We have natural isomorphisms (compatible with (5.32))

Mi(N,B, 1, Lj)χ ∼= Mi(N,B, 1, Lj)χ′

for all N ∈ Z≥1, i ∈ {0, 1}, j ∈ Z≥0, from which we deduce (using (5.26)) natural isomorphisms
M�
i (N,B, k, Lj)χ/$E

∼= M�
i (N,B, k, Lj)χ′/$E which are compatible with (5.33). These isomor-

phisms finally induce an isomorphism

m∞1 (B)χ/$E
∼−−→ m∞1 (B)χ′/$E (5.34)

which is compatible with (5.33).

5.5. Automorphy lifting

In this section, we prove our main results on automorphy lifting. Recall that S ⊃ Sp is a finite set
of finite places of F+ which split in F , and for all v ∈ S, we fix a place ṽ of F above v, and that
we assume Hypothesis 3.4.

Theorem 5.7. Let ρ : GalF → GLn(E) be a continuous representation satisfying the following
conditions:

1. ρc ∼= ρ∨ε1−n.

2. ρ is unramified outside S.

3. ρ absolutely irreducible, ρ(GalF (ζp)) ⊆ GLn(kE) is adequate and F
Ker ad ρ

does not contain
F (ζp).
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4. For all v ∈ Sp, ρṽ is Pṽ-ordinary, i.e.

ρṽ ∼=


ρṽ,1 ∗ · · · ∗
0 ρṽ,2 · · · ∗
...

...
. . .

...
0 0 · · · ρṽ,kṽ

 (5.35)

with dimE ρṽ,i = nṽ,i(≤ 2).

5. For all v ∈ Sp, ρṽ is de Rham of distinct Hodge-Tate weights. Suppose moreover one of the
following two conditions holds

(a) for all v ∈ Sp, and i = 1, · · · , kṽ, ρṽ,i is absolutely irreducible and the Hodge-Tate weights
of ρṽ,i are strictly bigger than those of ρṽ,i−1;

(b) for all v|p, ρṽ is crystalline with the eigenvalues (φ1, · · · , φn) of the crystalline Frobenius
satisfying φiφ

−1
j 6= 1, p±1 for i 6= j.

6. Let F̄ṽ be Pṽ-filtration on ρṽ induced by (5.35), Bṽ,i be the block associated to tr(gri F̄ṽ) (cf.
§ 4.2) and B := ⊗ v∈Sp

i=1,··· ,kṽ
Bṽ,i(sṽ,i+1 − 1) (which is a block of Modlfin

LP (Qp)(OE)). Suppose:

(a) ρ is B-generic (Definition 4.21, see also Lemma 4.26);

(b) HomGalQp
(FiliF̄ṽ

ρṽ, ρṽ,i ⊗kE ω) = 0 for all v|p, i = 1, · · · , kṽ.

7. There is an automorphic representation π of G with the associated representation ρπ : GalF →
GLn(E) satisfying

(a) ρπ
∼= ρ;

(b) πv is unramified for all v /∈ S;

(c) π is B-ordinary (cf. Definition 4.17, see also Lemma 4.19).

Then ρ is automorphic, i.e. there exists an automorphic representation π′ of G such that ρ ∼= ρπ′.

Proof. Step (1): Let Up =
∏
v/∈Sp Uv be a sufficiently small compact open subgroup of G(A∞,p

F+ )

such that Uv is hyperspecial for all v /∈ S (enlarging S if necessary). By Lemma 4.19, the condition
7 is equivalent to the following condition

7’. there exists an automorphic representation π′′ such that 7(a), 7(b) hold for π′′ and that the
conditions (a) (b) in Remark 4.20 hold for π′′.

We replace π by π′′, and hence assume π satisfies the condition 7’. By solvable base change, we
can reduce to the case where

• S = Ω ∪ Sp ∪ {v1} is as in § 5.4 (in particular, p - (|Fṽ1
| − 1)),

• for v ∈ Ω, ρṽ is trivial, and ρṽ|ssIṽ
∼= ρπ,ṽ|ssIṽ

∼= 1⊕n,

• ad ρ(Frobṽ1
) = 1 (hence ρṽ1

and ρπ,ṽ1
are unramified, e.g. by [15, Lem. 2.4.9, Cor. 2.4.21]),

• the conditions stay unchanged (with the condition 7 replaced by 7’).
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Actually, for v such that ρṽ or ρπ,ṽ is ramified (we denote by S1 the set of such places, thus S1 ⊆ S),
there exists a finite extension Mv of F+

v such that ρ|GalMv
is trivial, and ρṽ|ssIMv

∼= ρπ,ṽ|ssIMv
∼= 1⊕n. If

p - (|Fṽ| − 1), then we can enlarge Mv such that ρṽ|GalMv
and ρπ,ṽ|GalMv

are unramified; otherwise,

we enlarge Mv such that if pm ‖ (|Fṽ|− 1) for m ≥ 1, then n ≤ pm. Since F
Ker ad ρ

does not contain
F (ζp), we choose a finite place v′1 /∈ S of F+, split in F (with v′1 = ṽ′1(ṽ′1)c) such that ṽ′1 does not
split completely in F (ζp) (hence p - (|Fṽ| − 1)) and that ad ρ(Frobṽ′1) = 1. By [35, Lem. 4.1.2],

we let L+/F+ be a solvable totally real extension linearly disjoint from F
Ker(ρ)

(ζp), and that for a
finite place w of L+, and v the place of F+ with w|v, we have

• if v ∈ S1, then L+
w
∼= Mv,

• if v ∈ Sp, then L+
w
∼= F+

v (∼= Qp),

• if v = v′1, then L+
w
∼= F+

v′1
.

Let v1 be a place of L+ above v′1. We replace P by
∏
w|p Pw̃ where Pw̃ = Pṽ for a p-adic place w

of L+ with v the place of F+ such that w|v (and where w̃ is a place of L above w that we fix as
we have done for places in F , cf. § 3.1), and we replace F/F+ by L/L+. Using [25, Prop. 2.7] [15,
Lem. 4.2.2], we reduce to the situation below the condition 7’ (noting that the base change of π to
L+ still satisfies the condition 7’).

Step (2): Let Up be as in (5.29), and let χ =
∏
v∈Ω χṽ : ∆Ω → O×E with χṽ = (χṽ,i)i=1,··· ,n satisfying

that χṽ,i ≡ 1 (mod $E) and that the χṽ,i’s are distinct for i = 1, · · · , n. We have as in § 5.4 an
R∞,1-module m∞1 (B)1, and an R∞,χ-module m∞1 (B)χ. By the assumptions (i.e. π is unramified

for places not in Sp ∪Ω, and for v ∈ Ω, we have π
Iw(ṽ)
ṽ 6= 0 (since ρπ,ṽ|ssIṽ

∼= 1⊕n)), πU
p 6= 0. By the

condition 7’ and Lemma 4.19, we have thus

OrdP (Ŝ1(Up,OE)ρ)B = OrdP (Ŝ(Up,OE)ρ)B 6= 0.

Hence m(Up,B)1 = m(Up,B) 6= 0, and m∞1 (B)1 6= 0. Let mx be the maximal ideal of RP−ord
ρ,S,B,1[1/p]

associated to (ρ, {ρṽ,i}), m∞x be the preimage of mx via the projection R∞,1[1/p] � RP−ord
ρ,S,B,1[1/p]

(cf. (5.24)). Let x ∈ SpecRP−ord
ρ,S,B,1[1/p], x∞ ∈ SpecR∞,1[1/p] be the closed points associated to mx,

m∞x respectively.

By Corollary 2.8 and Condition 6(b) (for places in Sp), [35, Prop. 3.1] (for places in Ω) and [15,
Lem. 2.4.9, Cor. 2.4.21] (for v1), R∞,1, R∞,χ are both equidimensional of relative dimension

g + n2|S|+
∑
v∈Sp

( kṽ∑
i=1

nṽ,i(n− sṽ,i)
)

over OE . By (5.31), we see m∞1 (B)1 is supported on a union of irreducible components of SpecR∞,1.
Giving an irreducible component C of SpecR∞,1 or SpecR∞,χ is the same as giving an irreducible
component Cv of each v ∈ S. However, Cv is unique if v ∈ Sp by Condition 6(b) and Corollary

2.8 or v = v1 (noting R�̄
ρṽ1

is formally smooth over OE). So giving C (as above) is the same as

giving an irreducible component Cv of each v ∈ Ω, and we denote by C = ⊗v∈ΩCv. By (5.25),
Proposition 4.12 (and the fact m∞1 (B)1 6= 0), there is an irreducible component C = ⊗v∈ΩCv of
SpecR∞,1 contained in the support of m∞1 (B)1. Denote by C the modulo $E reduction of C. We
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see C is contained in the support of m∞1 (B)1/$E . Using the isomorphism in (5.34), we deduce that
C is contained in the support of m∞1 (B)χ/$E . Thus SuppR∞,χ m

∞
1 (B)χ contains an irreducible

component C′ = ⊗v∈ΩC′v. Since R�̄
ρṽ ,χṽ

is irreducible for v ∈ Ω (cf. [35, Prop. 3.1 (1)]), we see

C′v = R�̄
ρṽ ,χṽ

for v ∈ Ω. Using again the isomorphism in (5.34), SuppR∞,1/$E m∞1 (B)1/$E contains

the modulo $E reduction C′ of C′. However, by [35, Prop. 3.1 (2)], we deduce that the modulo
$E reduction of any irreducible component of SpecR∞,1 is contained in C′. Together with [35,
Prop. 3.1 (3)], we deduce any irreducible component SpecR∞,1 is contained in SuppR∞,1 m

∞
1 (B)1.

In particular x∞ ∈ SuppR∞,1[1/p] m
∞
1 (B)1[1/p]. And we have thus m∞1 (B)1[1/p]/m∞x 6= 0. Using

(5.30), we deduce then m(Up,B)[1/p]/mx 6= 0 (noting m(Up,B)1 = m(Up,B)). The RP−ord
ρ,S,B,1-action

on m(Up,B) factors through T̃(Up)P−ord
ρ,B = T̃1(Up)P−ord

ρ,B , we deduce there exists a maximal idea mT
x

of T̃(Up)P−ord
ρ,B [1/p] (which is actually equal to the image of mx) such that m(Up,B)[1/p]/mT

x 6= 0.
By Theorem 4.23, we obtain a closed point z = (xT , {zṽ,i}) ∈ SpecA[1/p] where xT is the point
associated to mT

x , and zṽ,i = tr ρṽ,i (noting that the preimage of mx of the first morphism in (4.33)
is the prime ideal corresponding to {tr ρṽ,i}).

Step (3): Suppose the condition 5 (a), then by Proposition 4.15, xT is classical, and the theorem
follows.
Suppose now the condition 5 (b). By Proposition 4.12, we have a non-zero map

⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗E ε
sṽ,i+1−1 ◦ det) −→ OrdP

(
Ŝ(Up, E)ρ

)
B

[mT
x ].

Since ρṽ,i is crystalline, by the p-adic Langlands correspondence for GL2(Qp), the irreducible con-
stituents of π̂an

zṽ,i
are all subquotients of locally analytic principal series (induced from locally alge-

braic characters of T (Qp)). We deduce then there exist locally algebraic characters χṽ of T (Qp) for
v ∈ Sp such that

⊗v∈Sp χṽ ↪−→ JB∩LP
(

OrdP
(
Ŝ(Up, E)ρ

)
B

[mT
x ]an

)
, (5.36)

where JB∩LP (−) denotes the Jacquet-Emerton functor ([18]). From the locally analytic representa-

tion JB∩LP (OrdP
(
Ŝ(Up, E)ρ

)an

B
), using Emerton’s machinery [19], we can construct an eigenvariety

EP−ord
B as in [7, §7.1.3], such that

• any point of EP−ord
B can be parameterized as (mz, χ) where χ is a character of T (F+ ⊗Q Qp)

(∼=
∏
v∈Sp T (Qp)) and mz is a maximal ideal of T̃(Up)P−ord

ρ,B [1/p];

• (mz, χ) ∈ EP−ord
B if and only if

JB∩LP
(

OrdP
(
Ŝ(Up, E)ρ

)an

B

)
[mz, T (F+ ⊗Q Qp) = χ] 6= 0.

In particular, by (5.36), we see x := (mT
x ,⊗v∈Spχṽ) ∈ EP−ord

B . By the same argument as for

[7, (7.28)], one can show there exists a natural injection (EP−ord
B )red ↪→ E where E denotes the

eigenvariety associated to G with the tame level Up (constructed from JB(Ŝ(Up, E)an
ρ )). Hence we

get a point x = (mT
x ,⊗v∈Spχṽ) ∈ E . Since ρx,ṽ is crystalline and generic for all v ∈ Sp, by [8, Thm.

5.1.3, Rem. 5.1.4], mT
x is classical. This concludes the proof.
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5.6. Locally analytic socle

We use the (patched) GL2(Qp)-ordinary families to show some results towards Breuil’s locally
analytic socle conjecture [6] for certain non-trianguline case. We begin with some preliminaries on
representations.

Lemma 5.8. Let U be a unitary admissible Banach representation of LP (Qp) over E, Uan be the
subrepresentation of locally analytic vectors. Then the following diagram commutes

Uan −−−−→ (Ind
Gp

P (Qp)
Uan)any y

U −−−−→ (Ind
Gp

P (Qp)
U)C ,

(5.37)

where (Ind−)an (resp. (Ind−)C) denotes the locally analytic (resp. the continuous) parabolic in-

duction, where the top horizontal map sends u to fu ∈ Cla(N0, U
an) ↪→ (Ind

Gp

P (Qp)
Uan)an via [20,

(2.3.7)] (see § 3.4 for N0) with fu the constant function of value u, and where the bottom horizontal
map is given by the composition (see [20, Cor. 4.3.5] for the first isomorphism, and see [20, (3.4.7)]
for the second map, which is the canonical lifting map of loc. cit. with respect to N0)

U
∼−−→ OrdP

(
(Ind

Gp

P (Qp)
U)C

)
−→ (Ind

Gp

P (Qp)
U)C .

Proof. The lemma follows by the same argument as in [7, Lem. 4.20].

Lemma 5.9. Let V be a unitary admissible Banach representation of Gp := G(F+⊗QQp) over E,
and U be a unitary admissible Banach representation of LP (Qp) over E. Suppose that we have an
LP (Qp)-equivariant non-zero map U → OrdP (V ), such that the following composition is non-zero:

U lalg ↪−→ U −→ OrdP (V ). (5.38)

Then the composition (where the second map is induced by the second map of (5.38) by [21, Thm.
4.4.6])

(Ind
Gp

P (Qp)
U lalg)an ↪−→ (Ind

Gp

P (Qp)
U)C −→ V (5.39)

is non-zero. Moreover, the following diagram commutes

U lalg −−−−→ (Ind
Gp

P (Qp)
U lalg)an

(5.38)

y (5.39)

y
OrdP (V ) −−−−→ V

(5.40)

where the top horizontal map is given as in the horizontal map of (5.37) with Uan replaced by U lalg,
and the bottom horizontal map is the canonical lifting with respect to N0.

Proof. It is sufficient to show (5.40) is commutative. However, by [21, Thm. 4.4.6], the following
diagram commutes

U −−−−→ (Ind
Gp

P (Qp)
U)C

(5.38)

y (5.39)

y
OrdP (V ) −−−−→ V

.
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The lemma then follows from Lemma 5.8 (noting that as an easy consequence of Lemma 5.8, the
statement of Lemma 5.8 holds also with Uan replaced by any closed subrepresentation of Uan, and
in particular holds for U lalg).

For a weight λ = (λ1, · · · , λn) of GLn, let L(λ) be the unique simple quotient of U(gln) ⊗U(b) λ

with b the Lie algebra of the Borel subgroup B of lower triangular matrices. If λ is integral and is
dominant for a parabolic P ⊇ B, then L(λ) lies in the BGG category Op

alg (cf. [27, § 2], where p is

the Lie algebra of P ).

Theorem 5.10. Suppose that all the assumptions, except the assumption 5, of Theorem 5.7 hold
and suppose that we are in the situation of Step (1) of the proof of Theorem 5.7. Suppose the
followings (as a replacement of the assumption 5 of Theorem 5.7) hold

• for all v|p, ρṽ is Hodge-Tate of distinct Hodge-Tate weights hṽ,1 > · · · > hṽ,n;

• for all v|p, i = 1, · · · , kṽ, ρṽ,i is de Rham and absolutely irreducible.

Then there exists a non-zero morphism of locally analytic Gp-representations:

⊗̂v|pFGLn
P ṽ

(L(−sṽ · λṽ), π∞ṽ ) −→ Ŝ(Up, E)[mρ]
an, (5.41)

where

• “−[mρ]” denotes the subspace annihilated by the maximal ideal mρ ⊆ Rρ,S [1/p] associated to
ρ,

• FGLn
P ṽ

(−,−) is the Orlik-Strauch functor ([27]),

• λṽ := (λṽ,1, · · · , λṽ,n) with λṽ,i := hṽ,i + i− 1 (so λṽ is dominant for B),

• π∞ṽ = ⊗kṽi=1π
∞
ṽ,i(sṽ,i+1 − 1) with “−(sṽ,i+1 − 1)” the twist unr(p−(sṽ,i+1−1)) ◦ det and with

π∞ṽ,i the smooth GLnṽ,i(Qp) representation corresponding to WD(ρṽ,i) (normalized in the way

that π̂(ρṽ,i)
lalg is isomorphic to the tensor product of π∞ṽ,i with an algebraic representation of

GLnṽ,i(Qp)),

• sṽ ∈ Sn satisfies that we have an equality of ordered sets(
hṽ,s−1

ṽ
(1), · · · , hṽ,s−1

ṽ
(n)

)
=
(
hρṽ,1,1, hρṽ,1,nṽ,1 , · · · , hρṽ,kṽ ,1, hρṽ,kṽ ,nṽ,kṽ

)
,

{hρṽ,i,1, hρṽ,i,nṽ,i} being the set of the Hodge-Tate weights of ρṽ,i with hρṽ,i,1 ≥ hρṽ,i,nṽ,i (so

−sṽ · λṽ is dominant for P ṽ).

Proof. By Step (2) of the proof of Theorem 5.7 (and we use the notation there), we have z =
(xT , {zṽ,i}) ∈ SpecA[1/p]. By Proposition 4.12, there exists a non-zero LP (Qp)-equivariant mor-
phism (without loss of generality, we assume the residue field at x is equal to E)

⊗̂ v∈Sp
i=1,··· ,kṽ

(π̂zṽ,i ⊗E ε
sṽ,i+1−1 ◦ det) −→ OrdP

(
Ŝ(Up, E)ρ

)
B

[mT
x ]. (5.42)

Note that OrdP
(
Ŝ(Up, E)ρ

)
B

[mT
x ] = OrdP

(
Ŝ(Up, E)ρ

)
B

[mρ]. Since ρṽ,i is absolutely irreducible,
we have π̂zṽ,i

∼= π̂(ρṽ,i). Also by the same argument as in the proof of Proposition 4.15, (5.42)
induces a non-zero LP (Qp)-equivariant morphism

⊗ v∈Sp
i=1,··· ,kṽ

(π̂(ρṽ,i)
lalg ⊗E εsṽ,i+1−1 ◦ det) −→ OrdP

(
Ŝ(Up, E)ρ

)
B

[mρ].
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By Lemma 5.9, we deduce hence a non-zero Gp-equivariant morphism

⊗̂v∈Sp
(

Ind
GLn(Qp)

P ṽ
⊗kṽi=1(π̂(ρṽ,i)

lalg ⊗E εsṽ,i+1−1 ◦ det)
)an

∼=
(

Ind
Gp

P
⊗ v∈Sp
i=1,··· ,kṽ

(π̂(ρṽ,i)
lalg ⊗E εsṽ,i+1−1 ◦ det)

)an −→ Ŝ(Up, E)ρ[mρ].

For v ∈ Sp, we have

⊗kṽi=1(π̂(ρṽ,i)
lalg ⊗E εsṽ,i+1−1 ◦ det) ∼= π∞ṽ ⊗E L(sṽ · λṽ)Pṽ

where L(sṽ · λṽ)Pṽ denotes the algebraic representation of the Levi subgroup of Pṽ (containing the
diagonal subgroup) of highest weight sṽ ·λṽ (with respect to the Borel subgroup of upper triangular
matrices). By [6, Cor. 2.5] and [10, Lem. 2.10], we have

⊗̂v|pFGLn
P ṽ

(L(−sṽ · λṽ), π∞ṽ ) ∼= FGp
P

(⊗v∈SpL(−sṽ · λṽ),⊗v∈Spπ∞ṽ )

∼= socGp
(

Ind
Gp

P
⊗v∈Sp(π∞ṽ ⊗E L(sṽ · λṽ)Pṽ)

)an −→ Ŝ(Up, E)ρ[mρ]
an. (5.43)

We show the composition is non-zero. By Lemma 5.9, the composition

⊗v∈Sp(π∞ṽ ⊗E L(sṽ · λṽ)Pṽ) −→
(

Ind
Gp

P
⊗v∈Sp(π∞ṽ ⊗E L(sṽ · λṽ)Pṽ)

)an −→ Ŝ(Up, E)ρ[mρ]
an

is non-zero. By [5, Prop. 3.4 (i)], the first map actually factors through FGp
P

(⊗v∈SpL(−sṽ ·
λṽ),⊗v∈Spπ∞ṽ ). We deduce thus (5.43) is non-zero, and this concludes the proof.

Remark 5.11. Keep the assumptions and notation in Theorem 5.10, and assume ρ is automorphic

such that Ŝ(Up, E)[mρ]
lalg 6= 0. Let Π∞ṽ be the unique generic subquotient of (Ind

GLn(Qp)

P ṽ(Qp)
π∞ṽ )∞. By

the local-global compatibility in classical local Langlands correspondence, we have

⊗v∈Sp
(
Π∞ṽ ⊗E L(λṽ)

)
↪−→ Ŝ(Up, E)[mρ]

an, (5.44)

where L(λṽ) denotes the algebraic representation of GLn(Qp) of highest weight λṽ (with respect to
B). Let Qṽ ⊇ Pṽ be the maximal parabolic subgroup such that sṽ · λṽ is dominant for Qṽ, and LQṽ

be the Levi subgroup of Qṽ containing the torus. Assume (Ind
LQṽ (Qp)

P ṽ(Qp)∩LQṽ (Qp)
π∞ṽ )∞ is irreducible

for v ∈ Sp. By [10, Lem. 2.10] [27, Thm. (iv)] (and the fact ⊗v∈Sp(Ind
LQṽ (Qp)

P ṽ(Qp)∩LQṽ (Qp)
π∞ṽ )∞

is irreducible as smooth
∏
v∈Sp LQṽ(Qp)-representation), we see ⊗̂v∈SpFGLn

P ṽ
(L(−sṽ · λṽ), π∞ṽ ) is

topologically irreducible. When there exists v ∈ Sp such that sṽ 6= 1, then FGLn
P ṽ

(L(−sṽ · λṽ), π∞ṽ ) is

not locally algebraic, and the morphism (5.41) provides an injection (other than (5.44)):

⊗̂v∈SpFGLn
P ṽ

(L(−sṽ · λṽ), π∞ṽ ) ↪−→ socGp Ŝ(Up, E)[mρ]
an. (5.45)

This extra constituent appearing in the socle of Ŝ(Up, E)[mρ]
an is predicted by Breuil’s locally ana-

lytic socle conjecture ([5, Conj. 5.3]), which was proved when ρṽ is crystalline and generic in [8]
(see also [5], [17] etc. for partial results on the conjecture). However, all the previous results used
eigenvarieties in an essential way, and hence were limited to the case where ρṽ is trianguline. By
contrast, (5.45) also applies to the case where π∞ṽ,i is cuspidal for some i (with sṽ 6= 1, nṽ,i = 2),
which then gives a non-trivial example (probably the first, to the author’s knowledge) towards the
conjecture in this case.
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Sug Woo Shin. Patching and the p-adic langlands program for GL2(Qp). Compositio Mathe-
matica, 154(3):503–548, 2018.

[15] Laurent Clozel, Michael Harris, and Richard Taylor. Automorphy for some l-adic lifts of
automorphic mod l galois representations. Publications mathématiques de l’IHÉS, 108(1):1–
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39(5):775–839, 2006.

[19] Matthew Emerton. On the interpolation of systems of eigenvalues attached to automorphic
Hecke eigenforms. Inventiones mathematicae, 164:1–84, 2006.

[20] Matthew Emerton. Jacquet modules of locally analytic representations of p-adic reductive
groups II. The relation to parabolic induction. 2007. to appear in J. Institut Math. Jussieu.

[21] Matthew Emerton. Ordinary parts of admissible representations of p-adic reductive groups I.
Definition and first properties. Astérisque, 331:355–402, 2010.
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