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¤k�Jé� (alternative)�¤�8Ü¡�ÀJ
8, ¿P� X.

Example (���¤¤¤888)

b��k L«û¬ (commodity)�ø�¤, Kû
¬�m� RL.

��/,û¬�±´Ô¬ (goods)½ÑÖ (service) .

�¤�þ (comsumption vector) , ½¡�¤å
(consumption bundle) : x = (x1, . . . , xL) ∈ RL.

�¤8 X ⊆ RL. ���Ä X = RL
+. 2
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�� Ð'X (preference relation) %´ X þ��

���'X.

∀x, y ∈ X, x % yL«/xØ�u y0½{ó�

/x`u y0.

ü��Ñ'X:
• î� Ð'X �:

x � y ⇐⇒ x % y� y 6% x.

¡�/xî�`u y0.
• Ã�É'X ∼:

x ∼ y ⇐⇒ x % y� y % x.

¡�/x� yÃ�É0.
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Definition
¡ X þ��� Ð'X %�n5 Ð'X, XJ
§÷ve�^�:

(i) ��5: é¤k x, y ∈ X, �o x % y, �o
y % x;

(ii) D45: é?Û x, y, z ∈ X, e x % y, y % z,
K x % z.

��BO, ±�/n5 Ð'X0Ò{¡�/ 
Ð0.
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Definition
XJ¼ê u : X → R÷v^�:

∀x, y ∈ X, x % y ⇐⇒ u(x) ≥ u(y),

K¡%��¼ê u¤L«. Ï~, u�¡��^¼

ê (utility function) .

XJ %� u¤L«, Ké?Ûî�4O�¼ê
f : R → R, f ◦ u��L« %.

¿�¤k� ÐÑk�^¼êL«.
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Proposition

XJX ��ê8, KX þ¤k� ÐÑk�^¼

êL«.

Definition
�Ä X �f8 Z. ¡ Z � X � %-Èf8, XJ
é?Û x, y ∈ X, x � y, Ñ�3 z ∈ Z ¦�:
x % z % y.

Theorem (xxx÷÷÷ (Cantor) )

X þ� Ð %k�^¼êL«��=�
X k���ê� %-Èf8.
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Example (iii;;;SSS)

�Ä X = R2
+þ�i;S ( Ð) %:

∀x = (x1, x2), y = (y1, y2) ∈ X,

x % y ⇐⇒
{

x1 > y1½

x1 = y1� x2 ≥ y2.

�±y², T Ðvk�^¼êL«. 2
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x-Ã�É8: {y ∈ X : y ∼ x}

x-þY²8: {y ∈ X : y % x}

x-eY²8: {y ∈ X : x % y}

Definition
�ÄÿÀ�m X þ��� Ð %. ¡ %�ëY
�, XJé?Û x ∈ X, x-þY²8� x-eY²8
þ�48.
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Exercise
�Ä X ⊆ RLþ� Ð %, Ù¥ L ≥ 1. y²eã
^��d:

(i) %ëY;

(ii) e xn % yn, xn → x, yn → y, K x % y;

(iii) e yn % x, yn → y, K y % x;
d	, e x % zn, zn → z, K x % z.
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Definition
ÿÀ�m X ´ëÏ�, XJØ�3Xe©):

X = A ∪B, A, B���m8, � A ∩B = ∅.

Proposition

� %�ëÏÿÀ�mX þ���ëY Ð, KX
�?ÛÿÀÈf8Ñ´ X � %-Èf8.

Theorem
�©!ëÏÿÀ�m X þ�?ÛëY Ð %, Ñ
�� X þ���ëY�^¼ê u¤L«.
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Corollary

� X � RL�àf8, K X þ�?ÛëY Ð %
Ñ�� X þ���ëY�^¼ê u¤L«.
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e¡, %��¤8 X ⊆ RL
+þ� Ð, x, y, zþá

u X.

é?Û x = (x1, . . . , xL)±9 y = (y1, . . . , yL), �
½e�PÒ:

x ≥ y ⇐⇒ xl ≥ yl, ∀ l;

x > y ⇐⇒ xl ≥ yl, ∀ l, ���k��î�Ø�ª¤á;

x � y ⇐⇒ xl > yl, ∀ l.
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Definition
¡ %�üN�, XJ y � x =⇒ y � x;
¡ %�rüN�, XJ y > x =⇒ y � x; ùp, ·
�Û¹b½ X ÷v: x ∈ X, y ≥ x =⇒ y ∈ X.

Theorem
X = RL

+þ�?Û��üN!ëY Ð %Ñ��
��üN!ëY��^¼ê¤L«.
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Definition
¡ %�ÛÜ��Ú� (locally nonsatiated) , XJ
é?¿ x ∈ X ±9 ε > 0, �3 y ∈ X ¦�:
‖y − x‖ ≤ ε� y � x.

ÛÜ��Ú5¿�X?ÛÃ�É8Ñ´/DÕ�

(thin)0, =vkS:.
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Definition
� X �à8. ¡ %�à�, XJé?¿ x ∈ X,
x-þY²8þ�à8;

½�d/, y % x, z % x, α ∈ (0, 1) =⇒
αy + (1− α)z % x.

¡ %�î�à�, XJ y % x, z % x, y 6= x,
α ∈ (0, 1) =⇒ αy + (1− α)z � x.

%�à5¿�X: �¤�/©Ñz0½/õ�
z0��!/>SO�Ç4~0.
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Definition
�Ä¼ê u : RL

+ → R. ¡ u�[]¼ê, XJé
?¿ x ∈ RL

+, {y ∈ RL
+ : u(y) ≥ u(x)}�à8;

½�d/, ∀x, y ∈ RL
+, α ∈ (0, 1),

u(αx + (1− α)y) ≥ min{u(x), u(y)}.

¡ u�î�[]¼ê, XJ
∀x, y ∈ RL

+, x 6= y, α ∈ (0, 1),

u(αx + (1− α)y) > min{u(x), u(y)}.

18 / 107



RL
+þëY� Ð %�d��ëY�^¼ê u¤

L«. d	,

% à⇐⇒ u(·)[];

% î�à⇐⇒ u(·)î�[].
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2. ���¤¤¤
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b��¤ö3�¤8 X = RL
+þ� Ð %ëY!

ÛÜ��Ú.

ù�, %����ëY�^¼ê u¤L«.

d��þ p = (p1, . . . , pL).

pl�±´K�, 'Xû¬ l�/-Ã0.
éu�¤û¬, KÙd��".

�{üO, ��b½ p � 0.
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�½d��þ p±9ãLY² w, duãÖ5�
��, �ÄWalrasý�8 (½¡¿�ý�8) :

Bp,w = {x ∈ RL
+ : p · x ≤ w}.

�A/, ý��²¡� {x ∈ RL
+ : p · x = w}, Ù{

�þ� p.

AO/, L = 2�, §¢Sþ´ý��, �Ç�
−p1

p2
. �½ p1� w, p2�$, Ký���Í.

¢Sþ, ·��Û5/b½: �¤ö´d��Éö
(price-taker) , =�¤öØ�ÄÙ�¤1�éû¬
d��K�.
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�½d��þ p � 0±9ãLY² w > 0, �¤
ö�8I´Xe�^��z¯K:

(UMP) : maxx≥0 u(x)

subject to p · x ≤ w.

du p � 0±9 w > 0, (UMP)k).

(UMP)�)8 (�`�¤�þ8)¡�WalrasI
¦éA, P� x(p, w).

AO/, e)��, = x(p, w)´ü��, K¡Ù�
WalrasI¦¼ê.
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Proposition

� uëY, %ÛÜ��Ú. K x(p, w)÷ve�5
�:

(i) "�àg5:
x(αp, αw) = x(p, w), ∀ (p, w)9 α > 0;

(ii) WalrasÆ:
p · x = w, ∀x ∈ x(p, w);

(iii) à5/ü�5:
e %à, = u(·)[], K x(p, w)�à8;
e %î�à, = u(·)î�[], K x(p, w)�
ü��.
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Definition
� D ⊆ RL, F : D → RL��éA. ¡ F 3 D

þþ�ëY (upper hemicontinuous) , XJ

xn ∈ D, xn → x ∈ D, yn ∈ F (xn), yn → y =⇒ y ∈ F (x).

Proposition

� uëY, %ÛÜ��Ú. K x(p, w)é (p, w) � 0
þ�ëY. d	, e x(p, w)ü�, K§ëY.
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e u(·)ëY��, x∗ ∈ x(p, w), K x∗÷v��^

� (Kuhn-Tucker^�): �3 λ ≥ 0±9
µ = (µ1, . . . , µL) ≥ 0, ¦�:{

∇u(x∗) = λp− µ

µlx
∗
l = 0, 1 ≤ l ≤ L,

= {
∂u(x∗)

∂xl
≤ λpl, 1 ≤ l ≤ L

∂u(x∗)
∂xl

= λpl, e x∗l > 0,

�d/, {
∇u(x∗) ≤ λp
x∗ · [∇u(x∗)− λp] = 0.
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111���!!!SSS:::)))���///: x∗ � 0.

3ù«�¹e, ∇u(x∗) = λp.

?�Ú, XJ u´rüN�, K�k λ > 0, l
∇u(x∗) � 0.

u´,

∂u(x∗)/∂xl

∂u(x∗)/∂xk
=

pl

pk
, ∀ 1 ≤ l, k ≤ L.
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�>
∂u(x∗)/∂xl

∂u(x∗)/∂xk
=: MRSlk(x

∗)�3 x∗?, û¬ lé

û¬ k�>SO�Ç (Marginal Rate of
Substitution) .

m> pl

pk
�û¬ léû¬ k���Ç.

3�`�¤�þ x∗ � 0?, 7kMRSlk(x
∗) = pl

pk
.

ÄK, XJMRSlk(x
∗) > pl

pk
,1 Ké�¤öó, 3

x∗ � 0?, U½|d�?1'��{, û¬ l�é

uû¬ k��B¨.

1,	�«�/�aq?Ø.
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u´T�¤ö�±O\�¤ dxl�û¬ l, Ó��
A/~��¤ pl

pk
dxl�û¬ k, �±Ù§û¬�

�¤þØC.

ù��N��±ý�ØC:

dw = pldxl + pkdxk = pldxl + pk

(
− pl

pk
dxl

)
= 0.

��^�Oþ:

du(x∗) =
∂u(x∗)

∂xl
dxl −

∂u(x∗)

∂xk

pl

pk
dxl > 0.

ù� x∗��`5gñ.
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111���!!!>>>...)))���///: ééé,,,«««ûûû¬¬¬ k, x∗k = 0.

3ù«�/e, 7é,«û¬ l, x∗l > 0.

ù�, d��^�,

∂u(x∗)

∂xl
= λpl,

∂u(x∗)

∂xk
≤ λpk.

u´,

MRSlk(x
∗) =

∂u(x∗)/∂xl

∂u(x∗)/∂xk
≥ pl

pk
.

=¦MRSlk(x
∗) > pl

pk
, �ó�, é�¤öó, 3

x∗?, =¦U½|d�?1'�, û¬ l�éuû

¬ k��B¨, �du x∗k = 0, Ã{2ÏLO\�
¤û¬ l!~��¤û¬ k5O\�^
.
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Lagrange¦¦¦fff λ���²²²LLL¹¹¹¿¿¿.

� x(p, w)���¼ê� x(p, w) � 0.

�½ p � 0.

∂u(x(p, w))

∂w
= ∇u(x(p, w)) ·Dwx(p, w)

= λp ·Dwx(p, w) = λ,

Ù¥�����ªdWalrasÆ5.

u´,

ãL�>S�^ = Lagrange¦f λ.

Á?Ø��^�: ∂u(x(p,w))
∂xl

= λpl.
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3. )))���
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)))���888

)��þ (½¡)�Oy!À�Ñ�þ!Ý\-�
Ñ�þ) : y = (y1, . . . , yL) ∈ RL.

)�8: Y = {y ∈ RL : y3Eâþ´�1�}.
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Definition
XJ F (·) : RL → R÷v:

(i) Y = {y ∈ RL : F (y) ≤ 0}, ±9
(ii) F (y) = 0 ⇐⇒ y ∈ ∂Y ,

K¡ F (·)��Au)�8 Y �=�¼ê

(transformation function) .

 {y ∈ RL : F (y) = 0} = ∂Y ¡�=�c÷

(transformation frontier) .
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� ȳ ∈ ∂Y . 3 ȳ?, û¬ léû¬ k�>S=�

Ç (Marginal Rate of Transformation)�:

MRTlk(ȳ) =
∂F (ȳ)/∂yl

∂F (ȳ)/∂yk
.

§¤�L�²L¹¿´: 3 ȳ?, XJ�Ý\ (õ
)�) dxl�û¬ l, q��±3=�c÷þ, K
7L±õÝ\ (�)�) MRTlk(ȳ)dxl�û¬ k�
��Ö.

�,3±þ?Ø¥, b�Ù§û¬�Ý\-�Ñ�
±ØC.
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éz�)��þó, ,«û¬´Ý\�´�Ñ
�ÙÎÒ½.

XJ�½,
û¬�Ý\, Ù§û¬��Ñ, �ù
«�½é¤k Y ¥�)��þÑ¤á, K��Ä
)�¼ê.

~X, ,M «û¬��Ñ, Ù§ L−M «û¬�

Ý\, K�Ñ�^�þ q = (q1, . . . , qM) ≥ 0L«,
Ý\�^�þ z = (z1, . . . , zL−M)L«.
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AO/, M = 1��ü��ÑEâ, d�)�¼ê
� q = f(z), z = (z1, . . . , zL−1) ≥ 0.

�,, f(z) ≥ 0.

¹¿: �Ý\� z�, ���Ñþ� f(z).

�A/, )�8�

Y = {(−z1, . . . ,−zL−1, q) : q − f(z1, . . . , zL−1) ≤ 0,

(z1, . . . , zL−1) ≥ 0}.

ù�, =�¼ê�
F (−z1, . . . ,−zL−1, q) = q − f(z1, . . . , zL−1).

37 / 107



3 z̄?, >SEâO�Ç (Marginal Rate of
Technical Substitution)�:

MRTSlk(z̄) =
∂f(z̄)/∂zl

∂f(z̄)/∂zk
.

§¤�L�²L¹¿´: ~� dzl�Ý\¬ lq

��±���ÑþØC, K7LO\
MRTSlk(z̄)dzl�Ý\¬ k���Ö.
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~~~^̂̂^̂̂���

(i) #NÃ¤�� (inaction) : 0 ∈ Y . Pk)�E
â, ��±Ø|�)�.

��®²Ý\)�, KØ�_=, Ã¤��Ø
2�U. d�, Òk
�v¤� (sunk cost) .

(ii) vk�¤Ìê (no free lunch) , =ØUÃ¥)
k:

y ∈ Y, y ≥ 0 =⇒ y = 0,

�ó�, Y ∩ RL
+ ⊆ {0}.
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(iii) gd�¤ (free disposal) :

y ∈ Y, y′ ≤ y =⇒ y′ ∈ Y,

�ó�, Y −RL
+ ⊆ Y . /õÝ\!�)�03

Eâþ´�1�.

(iv) Ø�_ (irreversibility) :
y ∈ Y, y 6= 0 =⇒ −y /∈ Y .
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(v) 5�ÂÃ4~ (nonincreasing returns to scale) :

y ∈ Y, α ∈ (0, 1) =⇒ αy ∈ Y.

)�¼ê�/: f(αz) ≥ αf(z), ∀α ∈ [0, 1].

(vi) 5�ÂÃ4O (nondecreasing returns to scale) :

y ∈ Y, α ≥ 1 =⇒ αy ∈ Y.

)�¼ê�/: f(αz) ≥ αf(z), ∀α ≥ 1.

(vii) 5�ÂÃØC (constant returns to scale) : Y

�I (cone) .

y ∈ Y, α ≥ 0 =⇒ αy ∈ Y.

)�¼ê�/: f(αz) = αf(z), ∀α ≥ 0.
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(viii) �\5 (gd?\) :

y, y′ ∈ Y =⇒ y + y′ ∈ Y.

(ix) à5: Y �à8.
0 ∈ Y , Y �à8 =⇒5�ÂÃ4~;
éü��ÑEâ, Y �à8⇐⇒ f(·)].

(ix) Y �àI: à5+5�ÂÃØC, =

y, y′ ∈ Y, α, α′ =⇒ αy + α′y′ ∈ Y.

Y �àI⇐⇒ Y �\¿�5�ÂÃ4~.
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b½: p � 0, Y ���48, Y − RL
+ ⊆ Y .

d	, �b½è�´d��Éö: è�Ø�Ä§�
)�¹Äéû¬d�K�.

è��8I´|d��z, =

max
y

p · y subject to y ∈ Y.

e=�¼ê� F (·), KÙ8I�:

(PMP) : max
y

p · y subject to F (y) ≤ 0.

)8P� y(p), ¡�ø�éA/¼ê.
|d¼ê� π(p) = p · y, y ∈ y(p).
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�|d� (iso-profit line)� {y ∈ RL : p · y = b},
b ∈ R.
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|d��z¯K (PMP)�7k). XJk)
y∗ ∈ y(p), K y∗÷v Kuhn-Tucker^�:

p = λ∇F (y∗),
λF (y∗) = 0,
λ ≥ 0, F (y∗) ≤ 0.

du p � 0, l λ > 0, F (y∗) = 0. �

p = λ∇F (y∗), λ > 0, F (y∗) = 0.

=k

MRTlk(y
∗) =

∂F (y∗)/∂yl

∂F (y∗)/∂yk
=

pl

pk
, ∀ l, k.
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ÄK, eMRTlk(y
∗) > pl

pk
,K�±ÏL·�O\Ý

\û¬ lÓ�·�~�Ý\û¬ k5Jp|d.
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Proposition

� Y �48, Y − RL
+ ⊆ Y . Kk:

(i) π(αp) = απ(p), ∀α > 0;

(ii) π(·)�à¼ê;

(iii) y(αp) = y(p), ∀α > 0;

(iv) Y à =⇒ y(p)à, ∀ p,
Y î�à =⇒ y(p)�ü:8 (e��) ;
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(v) ø�½Æ:
é?Û p, p′±9 y ∈ y(p), y′ ∈ y(p′)k
(p− p′) · (y − y′) ≥ 0.
�Ò¤á��=� y ∈ y(p′), y′ ∈ y(p).

(vi) ëY5:
y(p)é p � 0þ�ëY;
e y(p)ü��ÛÜk. (=3z�:���
��Sk.) , K§3Ï~¿ÂeëY.
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(v)���yyy²²²

Äkk: p · y = π(p), p′ · y′ = π(p′). u´,

(p−p′) ·(y−y′) = [π(p)−p ·y′]+[π(p′)−p′ ·y] ≥ 0.

�Ò¤á

⇔ π(p)− p · y′ = 0 = π(p′)− p′ · y
⇔ y ∈ y(p′), y′ ∈ y(p).
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(vi)���yyy²²²

� yn ∈ y(pn), pn � 0, pn → p � 0, yn → y.

du Y �48, y ∈ Y . é?Û y′ ∈ Y , k
pn · y′ ≤ pn · yn. 'u n�4�, �� p · y′ ≤ p · y.
� y ∈ y(p). þ�ëY5�y.
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� y(p)ü��ÛÜk., pn � 0, pn → p � 0,
yn = y(pn).

dÛÜk.5, {yn}7k., lkÂñf�.
�ynk → y, Kdþ�ëY5�� y = y(p), l
y(pnk) → y(p).

òd(Ø^u {pn}�z��f���
y(pn) → y(p). �ëY5�y. 2
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k J �è�, )�8©O� Yj, 1 ≤ j ≤ J .

b�é¤k j, Yj ���48, Yj − RL
+ ⊆ Yj. é

��è� j:

• |d¼ê: πj(p);

• ø�éA/¼ê: yj(p).

u´, o|d�
∑

j πj(p), oø�éA/¼ê�∑
j yj(p).

,��¡, o)�8� Y =
∑

j Yj. �Au Y , |
d¼ê� π∗(p), ø�éA/¼ê� y∗(p).
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Proposition

é?Û p � 0, k:

(i) π∗(p) =
∑

j πj(p);

(ii) y∗(p) =
∑

j yj(p).

Y �À��L5)�ö�)�8. ±þ·KL²:

�L5)�ö�|d¸o|d,

�L5)�ö�ø�¸oø�.
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Definition
�½ y ∈ Y . ¡ y�k��, XJØ�3 y′ ∈ Y ¦
�: y′ > y, �ó�, y′ > y =⇒ y′ /∈ Y .

Proposition

e p � 0, y ∈ y(p). K y´k��.

Corollary

�½d��þ p � 0, XJz�è�J¦|d�
�z, Ko)�´k��. =éØ�Ù§�o)�
Oy, ¦ÙÓ��Ý\!õ�Ñ.
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Proposition

� Y �à8, Ké?Ûk�� y ∈ Y , �3 p ≥ 0
¦�: y ∈ y(p).

Proof. � y ∈ Y ´k��, �Ä

Py = {y′ ∈ RL : y′ � y}.

K Py�à8, � Py ∩ Y = ∅. dà8©l½n, �
30 6= p ∈ RL¦�:

p · y′ ≥ p · y′′, ∀ y′ ∈ Py, y′′ ∈ Y.

AO/, p · y′ ≥ p · y, ∀ y′ � y. � p ≥ 0.
é?Û�½� y′′ ∈ Y , k p · y′ ≥ p · y′′, ∀ y′ ∈ Py.
dëY5, p · y ≥ p · y′′. � y ∈ y(p). 2
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èèè������888III

��o·�b�è��8I´|d��z, Ø
´�ÈÂ\½öè�5����zº

¢Sþ, è��)�8Idè���ö¤û½. 3
·�¤�Ä�²Lp, è��¯õ�À¤Pk. 
�ÀÓ��´�¤ö. |d��z´¦���Ó
|Ãíº
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b�è��)�8� Y , è�k I ��À, z��
À i�±�'~� θi ≥ 0,

∑I
i=1 θi = 1.

eè��)�Oy� y ∈ Y , Kè��|d�
p · y, z��À i�k�|d� θip · y.

b��À i�Ð©ãL� wi, �^¼ê� ui, K�
À i���¤ö, Ù8I�:{

maxxi≥0 ui(xi)
subject to p · xi ≤ wi + θip · y.

w,, éz��À ió, p · y���Ð. ¤±, è
�|d��z´¤k�À��Ó|Ã.
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ØL, þã?Ø¥Û¹Xe�b½:

(i) d��É (price-taking) : è�Ú�¤ö3�û
ü�, ÑØ�ÄgC�1�éû¬d��K
�.

(ii) |d´(½�. XJè��|d´Ø(½�,
läkºx. ØÓ��ÀéuºxÚØ(
½5äkØÓ��ÝÚýÏ. ù�, �À��
|Ã�7��.
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(iii) è�²n<��dè�¤k<��. Ï~, è
���ÀØU��1¦è��²E�, ´
���²n<, d��²n<KIè��²
E. w,, ��²n<�è�¤k<�8IØ
¦�Ó, ù�ÒI�é��²n<?1iÒ.
XJ��'�©Ñ, KiÒ��(J. =¦�
���8¥, �J±*ÿ��²n<�1�.
'X, J±�ä²n<�¯�Ä. ²n<�±
ò<s��18Ñu-��½|¿�, Ø´
gCÜB½ûü�Ø¤�. ù´&E²LÆ¤
�Ä�¯K��. d	, �k��À��¥�
�À|Ã!��À�²n<G*!�À�Å

�<|ÃÀâ!��¯K.
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4. þþþïïï
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ÄÄÄ���bbb½½½

k I ��¤ö, J �è�, ±9 L«û¬, Ù¥
I ≥ 1, L ≥ 2.

'u�¤ö i, Ù�¤8� Xi ⊆ RL, Ù Ð� %i.

'uè� j, Ù)�8� Yj ⊆ RL, Yj ���48.

²L�Ð©�D�: ω̄ = (ω̄1, . . . , ω̄L) ∈ RL.

ù��²L�P�:(
{(Xi, %i)}I

i=1, {Yj}J
j=1, ω̄

)
.

AO/, e J = 0, K¡��X��²L.
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Definition
¤¢���� (x, y) = (x1, . . . , xI , y1, . . . , yJ)Ò
´�z��¤ö i�½���¤�þ xi ∈ Xi, �
z�è� j �½��)��þ yj ∈ Yj.

XJ
∑

i xi = ω̄ +
∑

j yj, =é¤kû¬
l = 1, . . . , L,

∑
i xli = ω̄l +

∑
j ylj, K¡�� (x, y)

��1�.

�1���NP� A.
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Definition
�Äü��1��: (x, y)� (x′, y′).

XJé¤k i = 1, . . . , IÑk x′i %i xi, ¿���k
�� i÷v x′i �i xi, K¡ (x′, y′) Pareto`u
(x, y), ½¡ (x′, y′)� (x, y)��� ParetoU?.

ParetoU?�¹¿: 3¤k (Ù¦)<�?¸ÑØ
C��^�e, �Ü©<�?¸��î�U?.
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Definition
�Ä���1�� (x, y). XJ§ØU� ParetoU
?, K¡Ù� Pareto�`�, ½¡� Paretok
��.

Pareto�`�¹¿: 3¤k (Ù¦)<�?¸ÑØ
C��^�e, Ø�Uî�U??Û<�?¸.

��4à�/´: 3X��²L¥, r¤kû¬Ñ
©��,���¤ö. ù«��´ Pareto�`�.
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hhhkkk���²²²LLL

3hk�²L¥, z��¤ö iäkÐ©�D

ωi ∈ RL, éè� j �±�'~� θij, θij ∈ [0, 1],∑I
i=1 θij = 1, 1 ≤ j ≤ J .

ù��²L�P�:(
{(Xi, %i)}I

i=1, {Yj}J
j=1, {(ωi, θi1 . . . , θiJ)}I

i=1
)
.

Definition
�½þãhk�²L, ¤¢��Walrasþï (½
¡¿�þï)´d���� (x∗, y∗)Ú��d��
þ p = (p1, . . . , pL)¤�¤, ¿�§�÷v:
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(i) è�|d��z: é¤k j, y∗j ∈ Yj �

p · yj ≤ p · y∗j , ∀ yj ∈ Yj;

(ii) �¤ö Ð��z: é¤k i, x∗i ∈ Xi,
p ·x∗i ≤ p ·ωi +

∑J
j=1 θijp · y∗j �é¤k xi ∈ Xi,

p · xi ≤ p · ωi +
J∑

j=1

θijp · y∗j =⇒ x∗i % xi;

(iii) ½|Ñ� (½øI²ï) :∑I
i=1 x∗i = ω̄ +

∑J
j=1 y∗j , Ù¥ ω̄ =

∑I
i=1 ωi.

Remark
(ii)+(iii) =⇒ p · x∗i = p · ωi +

∑
j θijp · y∗j ,

∀ i = 1, . . . , I.
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AO/, 3±þ^�e, ¡ (x∗, y∗)�Walrasþï
��, p = (p1, . . . , pL)�Walrasþïd�.

3hk�²L¥, d�ÏL½|��]��, ø
Iåþû½û¬d�, ¤k<J¦g�|Ã��
�z. ùÒ´ Adam Smith¤£±�/gd½|²
L0.
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���===£££���ddd���þþþïïï (Price Euqlibria with

Transfers)

b��3���¬Oyö, ¦�±ò�¬�oã
LU?¿�ª©���¤ö.

Definition
�Ä��²L ({(Xi, %i)}I

i=1, {Yj}J
j=1, ω̄).

���=£�d�þï ({¡� PET)d����
(x∗, y∗)Ú��d��þ p = (p1, . . . , pL)�¤, ¿
��3��ãL©� (w1, . . . , wI),∑

i wi = p · ω̄ +
∑

j p · y∗j , ¦�:
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(i) è�|d��z: é¤k j, y∗j ∈ Yj �

p · yj ≤ p · y∗j , ∀ yj ∈ Yj;

(ii) �¤ö Ð��z: é¤k i, x∗i ∈ Xi,
p · x∗i ≤ wi�é¤k xi ∈ Xi,

p · xi ≤ wi =⇒ x∗i % xi;

(iii)
∑I

i=1 x∗i = ω̄ +
∑J

j=1 y∗j .

Remark
(ii)+(iii) =⇒ p · x∗i = wi.
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3 PET¥, p� wi�À�T�Ð?, ¦� (iii)�∑
i wi = p · ω̄ +

∑
j p · y∗j ¤á.
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Proposition

(x∗, y∗, p)�¤�� PET��=�e�¤k^�
¤á:

(i) è�|d��z: é¤k j, y∗j ∈ Yj �

p · yj ≤ p · y∗j , ∀ yj ∈ Yj;

(ii) �¤ö Ð��z: é¤k i, x∗i ∈ Xi�é¤

k xi ∈ Xi,

p · xi ≤ p · x∗i =⇒ x∗i % xi;

(iii)
∑I

i=1 x∗i = ω̄ +
∑J

j=1 y∗j .
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Remark
Walrasþï����AÏ� PET, Ù¥�¬Oy
öØ��.

72 / 107



e�¬OyöéWalrasþï��Ø÷¿, @�
(x∗, y∗)â´Ün���, �
¢y§, �¬Oy
öI�:

• 5½Ð��d� p, ¦�: 3ù�d����
e§z�è���`)�Oy� y∗j . �dI
�
)z�è��)�Eâ Yj.

• ©��¬oãL:
∑

i x
∗
i = ω̄ +

∑
j y∗j , ¦�:

z��¤ö i��`�¤Oy� x∗i . �d�¬
OyöI�
)z��¤ö� Ð.
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o�, �¢y��A½� PET, �¦:

(1) �¬Oyö���U (
)z�è��)�E
â!z��¤ö� Ð9�¬o], ¿�°
uO�) ;

(2) �¬Oyö´;a�!ÎÃh%!ÎÃ %.

3 PET¥, è�|d��z�ÄÅÛ3?
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444|||²²²LLLÆÆÆ111���ÄÄÄ���½½½nnn

Theorem
e¤k�¤ö� ÐÑ´ÛÜ��Ú�, Ké?
¿�� PET (x∗, y∗, p), Ù�� (x∗, y∗)Ñ´ Pareto
�`�.

AO/, ?ÛWalrasþï��Ñ´ Pareto�`�.
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Proof. �Ä�� PET (x∗, y∗, p), �A�ãL©�
� (w1, . . . , wI),

∑I
i=1 wi = p · ω̄ +

∑J
j=1 p · y∗j .

XJ xi �i x∗i , K p · xi > wi.

du Ð´ÛÜ��Ú�, u´é¤k i,
xi %i x∗i =⇒ p · xi ≥ wi.

XJ (x∗, y∗)Ø´ Pareto�`�§K�3�1�
� (x, y)§§ Pareto`u (x∗, y∗). u´∑

i

p·xi >
∑

i

wi = p·ω̄+
∑

j

p·y∗j ≥ p·ω̄+
∑

j

p·yj.

ù� (x, y)´�1��gñ. 2
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???ØØØ

½|²L vs Oy²L.
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444|||²²²LLLÆÆÆ111���ÄÄÄ���½½½nnn

Definition
�Ä��²L ({(Xi, %i)}I

i=1, {Yj}J
j=1, ω̄). ���

=£�d�[þï (price quasi-equilibrium with
transfers, {¡� PQET) , d���� (x∗, y∗)Ú
��d��þ p = (p1, . . . , pL) 6= 0�¤, ¿��
3��ãL©� (w1, . . . , wI),∑

i wi = p · ω̄ +
∑

j p · y∗j , ¦�:
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(i) é¤k j, y∗j ∈ Yj � p · yj ≤ p · y∗j , ∀ yj ∈ Yj;

(ii) é¤k i, x∗i ∈ Xi, p · x∗i ≤ wi�é¤k

xi ∈ Xi,

xi �i x∗i =⇒ p · xi ≥ wi;

(iii)
∑I

i=1 x∗i = ω̄ +
∑J

j=1 y∗j .

w,, ¤k PETÑ´ PQET.
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Theorem
�Ä��²L ({(Xi, %i)}I

i=1, {Yj}J
j=1, ω̄). b�z

� Yj à!z� Xià!z� %ià�ÛÜ��Ú.
Ké?Û Pareto�`��� (x∗, y∗), �3d��
þ p 6= 0, ¦� (x∗, y∗, p)´�� PQET.
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Proof. - Vi = {xi ∈ Xi : xi �i x∗i}, V =
∑

i Vi,
Y =

∑
j Yj.

�Ä�� Pareto�`��� (x∗, y∗), w,
V ∩ (Y + ω̄) = ∅.

´�z� Vi�à8, l V �à8.

d	, Y + ω̄��à8.

dà8©l½n, �3 p 6= 0±9 r ∈ R, ¦�

p · z ≥ r ≥ p · z′, ∀z ∈ V, z′ ∈ Y + ω̄.

±e�y (x∗, y∗, p)´�� PQET.
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Corollary

b�é¤k i, Xi�à8, 0 ∈ Xi, %iëY. XJ3
�� PQET¥ (w1, . . . , wI) � 0, K§´��
PET.
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1�4|½n=�nØþ���(J, 3A^¥
¹É��.

• �
¢���A½� Pareto�`��, 7L�
y| d� pØÉ�¤öÚè��1��K

�. e²L(�ØU�y “d��É
(price-taking)”, K�¬Oyö7Lr�¢1T
d�.

• æ^1�4|½n5��]��¬Oyö
7LPkv
°(�&E±(��¢���

�´ Pareto�`�ÚO�Ñ�(�d��þ.
�d, �¬Oyö7L
)z��¤ö� Ð
��D!z�è��)�Eâ. ùA�´Ø�
U�.

83 / 107



=BÏL½|Å�5��], �kÃõ��:

• vkÐÀ (&Eúmß²!&Eé¡)

• vk�ä

• vkÐö (����k��o)

• ��

84 / 107



Pareto���`̀̀������¬¬¬444|||���`̀̀

�^�U8�

U =

{
(u1, . . . , uI) ∈ RI

∣∣∣∣ �3�1�� (x, y)¦�
ui ≤ ui(xi), 1 ≤ i ≤ I

}
.

U � Paretoc÷�:

UP = {u ∈ U :Ø�3 u′ ∈ U ¦� u′ > u}.

�1�� (x, y)� Pareto�`�⇐⇒
(u1(x1), . . . , uI(xI)) ∈ UP.
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eé¤k i, j, Xi, Yj �à8, ui(·)�]¼ê, K U
�à8.

b��¬oN4|Y²�����¬4|¼ê

W (u1, . . . , uI)¤�x.

ùp·�=�Ä�5��¬4|¼ê (λ ≥ 0) :

W (u1, . . . , uI) =
∑

i

λiui = λ · u,

�½T�¬4|¼ê, K·��8I�:

max
u∈U

λ · u. (1)
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Proposition

e u∗ = (u∗1, . . . , u
∗
I)´é,� λ � 0� (1)�),

K u∗ ∈ UP.

��, e U �à8, Ké?Û
ũ = (ũ1, . . . , ũI) ∈ UP, �3 λ > 0, ¦�:
λ · ũ ≥ λ · u, ∀u ∈ U .
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Proof. 1�Ü©w,. �Ä1�Ü©.

� U �à8� ũ = (ũ1, . . . , ũI) ∈ UP.

- Pũ = {u ∈ RI : u � ũ}. K Pũ�à8,
U ∩ Pũ = ∅.

dà8©l½n, �3 0 6= λ ∈ RI , ¦�

λ · u ≤ λ · u′, ∀u ∈ U , u′ ∈ Pũ.

u´, λ · u ≤ λ · ũ, ∀u ∈ U . du U − RI
+ ⊆ U , �

� λ ≥ 0. 2
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Remark
e U �à, K1�Ü©Ø¤á.

�þ λ¡�4|��þ. e1�Ü©¤á, K¡
Pareto�`�4|��þ λ¤| .

� (x∗, y∗)� Pareto�`��, ��
λ = (λ1, . . . , λI) � 0¤| , K

max
u∈U

λ · u

=

{
max{xi}

∑
i λiui(xi)

subject to xi ∈ Xi, 1 ≤ i ≤ I,
∑

i xi ∈ ω̄ + Y.
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ù�±©üÚ��:

(i) é?¿�½� x̄?1©�.

uλ(x̄) =

{
max{xi}

∑
i λiui(xi)

subject to xi ∈ Xi, 1 ≤ i ≤ I,
∑

i xi = x̄.

(ii) Ïé�Ð� x̄.{
maxx̄ uλ(x̄)
subject to x̄ ∈ X ∩ (ω̄ + Y ),

Ù¥ X =
∑

i Xi.
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uλ: �L5�¤ö

X: o�¤8

Y : o)�8

1�Ú=��L5�¤ö��`�¤¯K.
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���333555

·�ò^�Xeb½µ

Assumption

éz��¤ö i, Xi = RL
+, %iëY!î�à!r

üN, �
∑

i ωi � 0.

éX��²L, �� x∗�d��þ p�¤��

Walrasþï��=�

(i) x∗i = xi(p, p · ωi), ∀ i, Ù¥ xi(·, ·)��¤ö i

�WalrasI¦¼ê;

(ii)
∑

i x
∗
i −

∑
i ωi = 0.
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d��þ p�Walrasþïd��þ��=�∑
i

(xi(p, p · ωi)− ωi) = 0.

du %irüN, Walrasþïd� p � 0.
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��/, I�^�Xe½n:

Theorem (KakutaniØØØÄÄÄ:::½½½nnn)

� ∆ ⊆ RL��à;8, F : ∆ → ∆´��þ�
ëY�éA, �z� F (p)���à8. K F kØ

Ä: p ∈ ∆, =: �3 p ∈ ∆¦� p ∈ F (p).

��/, ·�kXe(Ø:

Theorem
éu��X��²L, 3b½ 0.1e, Walrasþï
�3.
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5. ØØØ(((½½½555���²²²LLL
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ØØØ(((½½½555

b��U�G��k S �. z��U�G��^
sL«, s = 1, . . . , S.

?ÛÔ�û¬ l��¤�)�Ñ�U�G� sk

', ÏdI�ò�ö(Ü3�å�Ä.

½kû¬ (contingent commodity) , ½¡G���
û¬.

½kû¬�êþ�d�Ñ�U�G�k'.
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«©ü��ã:

• Ø(½5)û�c (prior to the resolution of
uncertainty) , =¤¢ “¯c (ex ante)”

• Ø(½5)û�� (after the resolution of
uncertainty) , =¤¢ “¯� (ex post)”.

¯c, ·��Ø��.¤?�(�G�;
¯�, ·���
.¤?�(�G�.
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Example

�ÄÔ�û¬ “Ð”�G� “�U”½ “�U”�(
Ü.

ü«½kû¬: �U-Ð��U-Ð, �ö�kÙ�
´d��êþ, �Ø7�Ó.

�¤öÑd 10� (üd)	ï 3r�U-Ð¿�X:

�¤ö¯cG�ñÐö� 30�a;
¯�, XJe�Klé�@p�� 3rÐ, XJ�
UK�Ø�Ð. 2
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Definition
éz«Ô�û¬ lÚG� s, ��½kû¬ lsÒ

´: ��=�G� su)�, ����Ô�û¬ l.

�A/, ��½kû¬�þ�

x = (x11, . . . , xL1, . . . , x1S, . . . , xLS) ∈ RLS,

§L«: �G� su)�, ��Ô�û¬�þ
(x1s, . . . , xLs) ∈ RL.

��½kû¬�þ�À��� L��Å�þ, Ù
¥1 l��ÅCþ� (xl1, . . . , xlS).
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z��¤ö i��D�U�6uG�, �L«�
��½kû¬�þ:

ωi = (ω11i, . . . , ωL1i, . . . , ω1Si, . . . , ωLSi) ∈ RLS.

§L«: �G� su)�, �¤ö i���D�þ

(ω1si, . . . , ωLsi) ∈ RL.

z��¤ö i��¤8 Xi ⊆ RLS, Ù Ð %i½Â

3 Xiþ.
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~~~: GGG���������ÏÏÏ"""���^̂̂

é?Û xi, x
′
i ∈ Xi,

xi %i x′i
⇐⇒∑
s

πsiusi(x1si, . . . , xLsi) ≥
∑

s

πsiusi(x
′
1si, . . . , x

′
Lsi).

%i´/¯c0 Ð, 3Ø(½5)û�cÒ�é
½kû¬�þ (x11i, . . . , xL1i, . . . , x1Si, . . . , xLSi)
?1µd.

usi�±�L “¯�” Ð, âdéG� se�Ô�

û¬�þ (x1si, . . . , xLsi)?1µd.
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“¯�”�^¼ê usi�±�6uG� s.

~X, �¤öéË��É�UÒk6uÙèxG
¹.
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è� j �)�8 Yj ⊂ RLS.

��½k)�Oy yj ∈ Yj L«: �G� su)

�, Ô�û¬�)�Oy (y1sj, . . . , yLsj) ∈ RLé

uè� j 5`´Eâþ�1�.

~X, («f,à�Ô)Ò�6uíûG¹.

�¤ö iéè� j �±�'~� θij; §Ø�6u
G�. é¤k i: θij ≥ 0�

∑
j θij = 1.
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Arrow-Debreuþþþïïï

b�½|3¯céz�½kû¬ lsm�,
½kû¬ ls�d�P� pls.

/ªþ, þã²L´±c¤?ØL�²L��«
AÏ�/, ±c¤k�VgÚnØÑ·^�.

�?Ø½kû¬�, Ï~¡ù«�¹e�Walras
þï� Arrow-Debreuþï.
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Definition
����

(x∗
1, . . . , x

∗
I , y

∗
1, . . . , y

∗
J) ∈ X1×· · ·×XI×Y1×· · ·×YJ ∈ RLS(I+J)

Ú��½kû¬d��þ

p = (p11, . . . , pLS) ∈ RLS

�¤�� Arrow-Debreuþï, XJ
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(i) éz� j, p · y∗j ≥ p · yj é¤k� yj ∈ Yj ¤á;

(ii) éz� i,

xi ∈ Xi, p·xi ≤ p·ωi+
∑

j

θijp·y∗j =⇒ x∗i %i xi;

(iii)
∑

i x
∗
i =

∑
j y∗j +

∑
i ωi.
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4|5�!�35!ÛÜ��5�, þ·^u
Arrow-Debreuþï.

AO/, Arrow-Debreuþï� Pareto�`5L²:
¤k½kû¬���´5��ºx�k���.

é��è� j ó, ?Û��)�Oy yj �|d

p · yj ´��Å�. ¦+Ô�û¬�)�Ú��Ñ
�6uG�, �du½|éz�«½kû¬ lsm

�, è��±ÏLù
½|3¯cÒÑÈÙ�¬,
l�è�Jø
�«�x. d�, è��8IE
,´|d��z.
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