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Let 7 be a finite random time, i.e., a finite non-negative random variable constructed on a filtered

probability space (€2, G, IF, IP), and denote by G the right-continuous filtration

Qt = m€>0 {Ft+€ V 0'(7' A\ (t -+ 6))} .

We write G = H V IF where H is the natural filtration of the process H; = ]]-{TSt}' Note that 7 is
an H-stopping time, hence a G-stopping time. We assume in a first part that

(C) all I martingales are continuous

(A) T avoids [ stopping times, i.e., for any [F-stopping time 1}, one has P(7 = ¢) = 0.

(all the results admit extension, with serious technical difficulties)
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The Integration by parts formula states that
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Let 7 be a finite random time, i.e., a finite non-negative random variable constructed on a filtered
probability space (€2, G, IF, ), and denote by G the right-continuous filtration

Qt = ﬂ€>0 {Ft_|_€ V 0'(7' A\ (t + 6))} .

We write G = H V F where H is the natural filtration of the process H; = ﬂ{TSt}' Note that 7 is
an H-stopping time, hence a G-stopping time. We assume in a first part that

(C) all I martingales are continuous

(A) T avoids [ stopping times, i.e., for any [F-stopping time ¥, one has P(7 = ¢) = 0.

(all the results admit extension, with serious technical difficulties)

The Integration by parts formula states that

d(XY)=X_dY +Y_dX +d[X,Y]

For Hy = ll{+<4), one has f(f OsdHs = 1 (7<10;.



1 AZEMA SUPERMARTINGALE

1 Azeéma supermartingale

We introduce the Azéma supermartingale
Zy = P(1 > t|Fy)
which (under (CA)) is a continuous process which admits a Doob-Meyer decomposition
Zp = py — Ay,

where 11 is a martingale and A a predictable (in fact continuous) increasing process. The process Z

is obviously valued in [0, 1].
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Lemma 2.1. Key lemma 1: Let X € Fr be an integrable r.v. Then, foranyt < T,

E(XZ7|F)
Zy

E(XLrery|Gi) = Npery



2 KEYLEMMA

Key lemma 1: Let X € Fp be an integrable r.v. Then, forany t < T,

E(X Zr|F:)
Zy

E(XNrery|Ge) = Npery

PROOF: On the set {t < T}, any G; measurable random variable is equal to an JF;-measurable

random variable, therefore
E(XH{T<T}|gt) — ]1{t<7}yt
where y; is F¢-measurable. Taking conditional expectation w.r.t. F;, we get

_ E(Xirery|F) _ E(XZr|F:)
T TR < 1| F) Z,

Note that P(¢ < 7|F;) does not vanish on the set {t < 7}. Indeed, let A = {P(¢t < 7|F;) > 0}.
Then
P(A°N{t < 7}) =E(ll2P(t < 7|F)) =0
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Lemma 2.2. Key lemma 2. Let h be an IF-predictable process. Then, fort < T,

1 T
E(hTHT<T‘gt) — hT]l{TSt} - ]1{7'>t}Z]E(/ hudZu’-Ft)
t



2 KEYLEMMA

Key lemma 2. Let h be an IF-predictable process. Then, fort < T,

1 T
E(hTﬂT<T’gt) — hTﬂ{TSt} — ]1{T>t}7E(/ hudZu’th)
t t

PROOF: In a first step, the result is established for processes h of the form h; = ]1]%,0] (t)Ku
where K,, € F,,. Inthat case, fort < u < v < T, applying the key lemma

1
E(hT]]-T<T‘gt) — E(Ku]]-u<7'<v|gt) — ]]-t<7' 7E(Ku]]-u<7-<v|"rt)
t
It remains to note that
E(Kuﬂu<T<U‘Ft) — E(Kuﬂ7<vlft) — E(Ku]l7'<u‘ft)

= E(K.(1-2Z,)|F) — E(K.(1 - Z,)|F)

T
= —E(KyZy|Ft) + E(KyZ,|F:) = —E( / hrdZ,|Ft)
t

The other cases are done in the same way. The result follows by approximation. JAN
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3 A Fundamental Martingale

tAT dA,
0 Js

Proposition 3.1. The process M; = H; — is a G-martingale.



3 A FUNDAMENTAL MARTINGALE

tAT dA,
0 7

The process M; = H; — is a G-martingale.

PROOF: In a first step, we prove that, for s < ¢

1
E(Ht|gs) = HS ‘|‘ ]1{5<7-}Z—E(At — AS|F3)

Indeed,
1 1
E(Ht|gs) — 1 - I[D(t < T|g8) — ]. — ]]-{3<T}?E(Zt|FS) — 1 - ]1{S<T}7E(/Lt — At|F8)
1
= 1- ]1{8<7'}7(/’L3 — A — E(At - AS|.7:3))
1

= 1= ]l{s<r}7(Zs — E(A; — As|F))

1
— IL{TSS} —|— ﬂ{8<7-}7]E(At - AS|FS) .
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In a second step, we prove that, setting, for any v, K, = [, (1 — Hs)dzﬁ,

1
E(Kt/\7|gs) — KS/\T + 11{3<7-}7E(At — AS‘JT"S)

Indeed, from the key formula, for fixed ¢ and h,, = Kt/\u

E(Kt/\T‘gS) — Kt/\T]]-{T<S} + ]]-{S<T} Z < / Kt/\udZ ‘F )

— Ks/\T]l{Tgs} + ﬂ{s<T}G—E (_/ KudZu —+ KtZt|Jrs>
We now use IP formula, using the fact that /X has finite variation and is continuous
d(KtZt)) — thZt —|— thKt — thZt —1— dAt

hence

t
—/ KudZu —|—KtZt — —KtZt —|—KSZS ‘|‘At - AS +KtZt — KSZS +At —AS .



3 A FUNDAMENTAL MARTINGALE

It follows that

1
E(Kt/\T‘gS) — KS/\T]l{TSS} _|_ ]]-{3<7-}7E (KSZS _|_ At - AS“FS)

1
= KS/\’T —|— ]]-{8<T}7E (At - AS‘FS) .

Assuming that A is absolutely continuous w.r.t. the Lebesgue measure and denoting by a its
derivative, we have proved the existence of a [F-adapted process A, called the intensity rate such that

the process
tAT t
H; — / Aydu = Hy — / (1 — Hy)\udu
0 0

is a (z-martingale. More precisely, Ay = Z=. YA\



4 MARTINGALES

4 Martingales

(iy If Z > 0, the process L; = (1 — H;)/Z; is a G -martingale.

(i) If X is an IF-martingale, X L is a G-martingale.

(iii) If the process Z is decreasing and continuous, the process M; = H; — I'(t A7)isa G
-martingale where I' = — In Z.



4 MARTINGALES

PROOF: (i) From the key lemma, for £ > s

1 1 1
E(Lt|g8) — E(]]-{T>t}Z|gS) — H{T>S}ZE(]]-{T>1S}Z|F8)
1 1 1
— H{T>8}Z—SE(ZZt|FS) — 11{7'>8}Z = L
(7¢) From the key lemma,
E(Li X|Gs) = E(llrsyLiX:|Gs)
1 1
= g —E(ley— X, | F,
{>}Zs ( {>t}Zt ¢| Fs)
1 1
= ]]~{T>S}7E(E(]]‘{T>t}“'Ft)ZXt“'FS) — LSE(Xt‘JT"S) = LSXS

(747) From integration by parts formula (H is a finite variation process, and I an increasing

continuous process):
dL; = (1 — Hy)e'tdl'y — e'tdH,



4 MARTINGALES

and the process M; = H; — I'(t A T) can be written

M, = / dH, — (1-H,)dl', = —/ e tudL,
10,¢] 10,¢] 10,¢]

and is a G-local martingale since L is G-martingale. (It can be noted that, if I is not increasing, the

differential of e! is more complicated.) JAN



5 CREDIT RISK

5 Credit Risk

One starts with a given filtration I and a random time (i.e., a positive finite random variable) which
represents the default time.

In the first models (Merton, Black and Cox ), the default time is the first time when an observable
continuous process is hitting a fixed bankruptcy level. Then, the default time is predictable, and this is
not fully compatible with financial data.

A stopping time T is predictable if there exists an increasing sequence (Tn) of stopping times such
that almost surely
lim,, 7, = 7,

T, < T for everyn on the set {T > 0}.



5 CREDIT RISK

The second type of model (Duffie, Lando, Schénbucher) is the case where the default arrives "by
surprise” as the first jump time of a Poisson process. In the basic model (or Cox model) one defines
the default time as the first time where a continuous increasing process hits a random non observable
barrier. More precisely, a non negative process A and a random variable © (with exponential law to

simplify the computation) independent of A being given, the default time is defined as
t
T =inf{t : Ay := / Asds > O}
0

If X\ is an [F-adapted process and © independent of I, the random time 7 is not an [F-stopping time,
and it is convenient to enlarge the filtration, considering the smallest filtration containing I and
making 7 a stopping time, or the smallest filtration containing [ and making the process

H; = 17 <4y measurable.



5 CREDIT RISK

For an inhomogeneous Poisson process with deterministic intensity (A(s), s > 0) stopped at its first

jump time 17 =: T, the compensated martingale

tAT
My = Nipr — / A(s)ds
0

is a useful tool.

In the basic example of default time, one can prove that

tAT
]l{Tgt} — / )\SdS
0

is a martingale in the enlarged filtration. The random time T is a totally inaccessible (G-stopping time
and avoids [f-stopping times. This model became popular under the name intensity based model

or the reduced form model.

An [F-stopping time T is ¥ -totally inaccessible if, for any IF-predictable stopping time 1,
IP(T =1 < oo) = 0. A stopping time T is IF - accessible if there exists a sequence T, of
[F-predictable stopping times such that Y P(T7 =T,,) = 1.



5 CREDIT RISK

Importance on continuity of A. Example: if
T =inf{t : N; > O}

where N is a Poisson process with jumps time (77, ), independent of O, the random time 7 is such
that ), P(r=1T,) =1

tAT
<y — / M1 —e1)ds
0

is a G-martingale, 7 is a G stopping time totally inaccessible.



5.1 Dynamics of Prices in a Default Setting in a Cox Model 5 CREDIT RISK

5.1 Dynamics of Prices in a Default Setting in a Cox Model

Here, we are working in a Cox model under the probability measure Q, i.e.,

T =inf{t : Ay := fot Asds > O} where O is independent of IF under Q. The probability
measure Q is the pricing measure, i.e., such that (discounted) prices are (Q-martingales. Our goal is
to give the dynamics of prices of some important contingent claims. We recall that we are working
under the assumption that all [f-martingales are continuous.



5.2 Defaultable Zero-Coupon Bond 5 CREDIT RISK

5.2 Defaultable Zero-Coupon Bond

A defaultable zero-coupon bond of maturity " pays one monetary unit at time I, if the default has not
occurred before T'. Let B;(T") be the price at time ¢ of a default-free bond paying 1 at maturity T’

exp <— /tTrs ds> ‘]—"t] |

The price D;('T") of a defaultable zero-coupon bond with maturity 7 is

T
]]-{T<’7'} exXp (/ T's dS) ‘gt]
t

T
exp <—/ 75 + Ag] ds) |.7:t] = m,f}TtefO trsds
'

where m = E(e~ Jo (rsTA:)ds| F,) and T, = Ir<rye. Then,if r =0,

given by

B/(T)=E

DJ(T) = E

— ]]‘{T>t}E

AdD(T) = mMdY+Y_dmd = —m Y dM+Y_dm? = —D,_(T)dM, + Y,_dm? .



5.2 Defaultable Zero-Coupon Bond 5 CREDIT RISK

T
In the particular case where \ and r are deterministic, m* = e~ Jo (A(s)+r(s))ds gng dm® = 0.
Hence

dDy(T) = r:Dy(T)dt — Dy_(T)dM, .



5.3 Recovery with Payment at Maturity 5 CREDIT RISK

5.3 Recovery with Payment at Maturity

We assume here that » = 0. We consider a contract which pays K atdate 1, if 7 < 1" and no
payment in the case 7 > 1, where K is a given [F-predictable process. The price at time ¢ of this

contract is
Sy = E(K lpery|G) = Kilgen + Ly E(KG Lgier e |Ge)

T
— KT]l{’TSt} + ﬂ{t<7}€AtE(/ Kue_Au)\udu‘Ft)
t

¢ ¢
— / K,dH, + T; (— / Kue_A“ A du + mf)
0 0

where m* = E(fOT Kye Y\ dul|Fy).



5.3 Recovery with Payment at Maturity 5 CREDIT RISK

FromdY; = —Y,_dM; and
d(Ym™), = Tidm?® + mI dY, + dm®™, Y], = Todm!* + m2 dY,
we deduce that
dS; = Ky (dH; — M\(1 — Hy)dt) — Sy_dM, + Yidmi = (K, — S,_)dM; + T, dm/* .

K

Note that, since m™ is continuous, its covariation process with Y is null and that one can write

Ttdmff instead of Tt_dmf. Note also that, from the definition, the process .S is a G-martingale.

K

This can be checked looking at the dynamics, since m ™ is an IF, hence a (&, martingale.



5.4 Recovery with Payment at Default Time 5 CREDIT RISK

5.4 Recovery with Payment at Default Time

Let K be a given [F-predictable process. The payment K is done at time 7. Then, in the case

r = 0, the price of this payment is

St = I]-{t<T}E(KTIl{t<T<T}|gt): ﬂ{t<r}€AtE

T
/ Ku)\ueA“du|]:t] |
t

The dynamics of .S is
dS; = —Si_dM+Y(dmE —Ke M \dt) = —S,_dM; + (1 — Hy) (et dm — K, \dt)

and the process S + K llir o4y = 5S¢ + f(f K.,dH; = E(K,|G;) is a G-martingale, as well as

the process S; + f;m

interpreted as a dividend K; paid at rate \; (or with probability
Mdt =Pt <1 <t+dt|F)/P(t < 7|F)).

K \gds. The quantity K;\; which appears in the dynamics of .S' can be
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5.5 Pricing and Hedging a Defaultable Call

We assume that the interest rate is null, that a risky asset with risk-neutral dynamics
dY; = Yiod By,

where B is a Brownian motion and ¢ is a constant, is traded as well as a defaultable zero-coupon of
maturity T" with price D¢ (T"). The reference filtration is that of the Brownian motion B. The price of a

defaultable call with payoff ILyp - (Y7 — K) 7 is
Ci = E(lirery(Yr — K)T|G) = Ly e™E(e™7 (Y7 — K)¥|F) = Tem)
with m) = E(e 7 (Y — K)*|F;). Hence

dCy = YTydm) —m) Ti_dM, .
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In the particular case where A is deterministic,
my = e ME(Yr — K)T|F) =e 2rCY

where C'Y is the price of a call in the Black and Scholes model, and satisfies C’f = Cy(t, Y;) and
dC'tY = A;dY; where A;is the Delta-hedge (A\; = ByCY(t, Y:)), hence

C, =Y,eACY =D(T)COY .
From C; = Dy(T)C}Y , we deduce

dC, = e M(Y,dC)y +CYdY,) = e A (Y AdY, — CY Yo dMy)
— B_AT (TtAtd}/t — CtYTtClMt) .

Therefore, using the fact that D, (T') = mydM; = —e 7Y dM;, we get

dCt — G_ATTtAtd}/t CYth( ) _AT TtAtd}/t th(T)

D7)

hence, an hedging strategy consists of holding D, (T> DZCs, and the sum of the amount of wealth

invested in the savings account and the one invested in risky asset is null.
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For a general intensity rate ()\s, s > 0), one obtains

Ci— mf Y Cy—
dCy = D(T)+ T;—— T = D (T Y:.
Ct Dt<T) d t( ) + 1y - dmt -+ tdmt Dt(T) d t( )) + ﬁtd t

An hedging strategy consists of holding % DZCs.
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5.6 Toy model

One default Let 7 be a random time with cumulative distribution function F'(t) = P(7 < t) and
G(t) =P(r > t).

tAT dF(s)
0 G(s)

Then, the process M; = H; — is an H-martingale.
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Two defaults

We present here a toy model with two random times 71 and 7o, to underline the role of the filtration

and the form of the compensator.

We denote by H' the natural filtration of the process (H} := 1{,, <), by H? the natural filtration
of the process (Hf := Il {,,<4y) and by G the filtration G := H' v H?.

We denote by G(t, s) = P(m > t, 70 > s) the survival probability of the pair (71, 72) assumed to
be strictly positive and continuously differentiable in both variables. Note that G(¢,0) = P(7; > t)
is the survival probability of 71. Here, we assume that G(¢,0) = e~ *, with A > 0.
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Proposition 5.1. The compensator of 71 can be computed in two filtrations:

t
M} = H} - \tA1)=H— / (1 — H})\ds, is an (H',P)-martingale,
0
t
M? = H} —/ (1 — HH\2ds, isa (G, P)-martingale
0
where
—(91G(t,t) 812G(t,7'2>

2
M=l Tar s P TG0 )



5.6 Toy model 5 CREDIT RISK

PROOF: The fact that )\2(1 — Hl) is the G-intensity rate of 71 is obtained computing the
Doob-Meyer decomposition of the supermartingale Z} := P(1; > t|H#), obtained as follows.

P(Tl > 1, Ty > t)
IP)(TQ > t)

Z} = H?P(1y > t|m) + (1 — H?) = H2h(t, ) + (1 — H})(t)

where
h(t,v) = gjg((é’,z)) . Y(t) = G(t,t)/G(0,t).

Using the integration by parts formula, one gets

L 0aG(t ) G(t,1)
42y = (82G(O,t) - G(0,1)

JdH? + (H701h(t,m2) + (1 — H)Y'(t))dt

and the result follows. /\
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5.7 Recent models

The basic model was standard till recently. However many authors note that the fact that 7 is totally

inaccessible is not realistic.

Coculescu (2009) presents a model where 7 = ¥ A &, where £ is constructed as in the basic
example and the graph of ¢} in included in the union of graphs of [F-stopping times, and assumes that

immersion hypothesis between I and G (i.e. F-martingales are G-martingales).

Jiao and Li (2015) present a case where 7 = ¥} A £ where £ is constructed as in the basic example,
and the graph of 14 in included in the union of graphs of [F-predictable stopping times. In their model,
immersion property between I and & is established.
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Gehmlich and Schmidt (2015) are interested in the predictable process A such that A; — Aip- is a

(G-martingale. They assume that
tAT
Ay = / Asds + Z Iy, <inr L
0 i

where S; are G stopping times, U; > S; and I';, U; are Gg, measurable (in particular, U; are
predictable (G stopping times). This leads to a random time 7 which can coincide with U;. Note that,

to construct 7 (or to prove that such a 7 exists) one needs to enlarge the filtration.
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6 Decomposition

A random time 7 is called

(a) a thick random time if [7] N [T7] = () for any F-stopping time T, i.e., if it avoids all finite
[¥-stopping times.

(b) a thin random time if its graph [[7']] is contained in a thin set, i.e., if there exists a sequence of
[F-stopping times (17, )72, with disjoint graphs such that [7]] C |, [Z’.]. We say that such a
sequence (71}, ), exhausts the thin random time 7 or that (7}, ),, is an exhausting sequence of the

thin random time 7.



6 DECOMPOSITION

If 7 is a thin random time,and (7}, )., is an exhausting sequence for 7,

T =ooll¢g, + ZTnﬂCn

where
Co={r=00} and C, ={r=1T, <o} for n>1.



6 DECOMPOSITION

Any random time 7 admits a unique decomposition 7 = 71 A T2, where 7 is a thick time, 7> is
a thin time and 71 V 75 = oQ.

For that purpose, the efficient tool is the optional dual projection of H, denoted H °

It is enough to take 77 and 75 of the following form

T1 = T{AHe=0} and T2 = T{AH°>0}

The I -dual optional projection of H is the increasing IF-optional process H° such that for any

IF-optional bounded process X,
/ X dHy) / X dH o



6 DECOMPOSITION

Let 7 be a random time and (71, 72 ) its decomposition. Then, the hypothesis (') is satisfied for
(IF, F7) if and only if the hypothesis (') is satisfied for (IF, 7).
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7 Restriction of information

Let Z be the [F-Azéma supermartinngale of 7. Computing the ﬁ compensator of 7, for IAE‘; C Fis now

easy.

Let Z; = u; — Ay be the F-Doob-Meyer decomposition of Z and assume that A;

= fg asds.

The process A defined as Et = E(A; ]]?t) is an fﬁ;—submartingale and its ﬁ-Doob—Meyer

decomposition is denoted
Ay =1+ ay .

where 7 is the [F-martingale part and oy = fo as|F )ds. Hence, setting j1; =

AN

[F-super-martingale Z admits a [F-Doob-Meyer decomposition as
Zy = [y — Ny — Oy
where 1 — 7 is its [F-martingale part. It follows that

tAT tAT -~

d S E S S

Ht—/ 2 ds = H; — / (aA‘F)dS, t >0
0 Zs 0 ZS

is a G-martingale and that the F-intensity of 7 is equal to E(as \]—1)/29

E (| 7)., the
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8 Before 7, under (CA)

Proposition 8.1. Under (CA), every F-martingale X stopped at time T is a G-semi-martingale

with canonical decomposition

Xg:XfE+/
0

T d<X7 :u>8

Zs

where X© is a G-local martingale.



8 BEFORE T, UNDER (CA)

PROOF: Let Y, be a §.-measurable random variable. There exists an J;-measurable random

variable ys such that Yl -1 = yslly5<7y, hence, if X is an [F-martingale, for s < ¢,

E(Ys (Xt/\T — XS/\T)) — E(Ys]l{s<7-} (Xt/\T — XS/\T))
= K (ys(]l{s<7'§t}(XT — Xs) + ]1{t<T}(Xt — Xs)))

From the key lemma

t
E (ysﬂ{s<T§t}X7‘) = —KE (ys/ XudZu) .
From integration by parts formula (taking into account the continuity of Z and X)
t ¢
/ X dZ, = —XZs+ Z: Xy — / ZuwdX, — (X, Z) + (X, Z)s

We have also

E (ys]l{s<7'§t}Xs) = E (ySXS(ZS _ Zt))
E(yslyper (X: — X5)) = E(ysZe(Xe — X))



8 BEFORE T, UNDER (CA)

E(Ys(Xt/\T - Xs/w)) =K (ys(ﬂ{s<7§t} (Xr - Xs) -+ ]1{15<7'} (Xt - Xs)))
= 8 (Xt 20X [ X (X, 2)0+ (X,2),))
—E(ys Xs(Zs — Zt)) + E (ys Ze (Xt — X))
from the martingale property of X, the blue term has zero expectation, and after simplifications
E(Ys(Xtnr — Xonr)) = E(ys((X, Z)r — (X, Z)s))
From the Doob-Meyer decomposition of Z

E(Ys(Xinr — Xonr)) = E(ys (X, ) — (X, 1))

o [ ) o [ )
_ E(ys /: d<);uu> ll{u<7}) E(ys /WdX you )

The result follows. JAN
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9 Arbitrages

Let S be a price process in a model with zero interest rate.
The fundamental theorem of asset pricing states that

e No free lunch with vanishing risk (NFLVR ) holds if there exists a positive martingale L such that

S L is a local martingale.

e No upper bounded profit with bounded risk (NUPBR) or No arbitrages of the first kind (NA1) holds if
there exists a positive local martingale L called a deflator such that S'L is a local martingale.
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If S is continuous and satisfies NA1(IF), then S™ satisfies NA1(G).

Proof: There is no loss of generality in assuming that .S is a continuous [F-local martingale. We recall
that Z = 1 — A and that (C) holds.

Let 1z be the G-martingale associated to 1 given by
tAT
ﬁt ‘= HinT — / Zs_ld<:u7:u>s
0

Then, L := S(f(;/w Zs_ldﬁ;) and S7 L are G-local martingales (Use integration by parts), hence

L is a local martingale deflator.

We recall that £(Y") is the solution of dX = XdY .
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10 Before 7, general case

We define the right-continuous with left limits [f-supermartingale
Zy =P (r>t|F).

One can write
J =m — H°

where m is an [F-martingale and H © is the IF-dual optional projection (an increasing process) of
H = 1, o[- Note that this is NOT the Doob-Meyer decomposition.
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Recall the following definition: Let (At, t > O) be an integrable increasing process (not necessarily

[F-adapted). There exists a unique integrable [F-optional increasing process (A,?,t > O), called the

dual optional projection of A such that

IE( [ YSdAS>:E< Y;dA‘;)
[0,00] [0,00]

for any positive [F-optional process Y .
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Example: Let 7 = inf{t : N; > ©} where IV is a Poisson process with intensity A\, and © an
exponential random variable independent of FN. The decreasing process Z = e~V admits a
Doob-Meyer decomposition Z; = 1y — Af which can be computed using standard (Stieljes)

integration leading to

dpit —e~ Mo yd M,
dA? = e N=yAdt

where’yzl—%>0.

The optional decomposition of Z is Zy = my — (1 — e_Nt) where m = 1.
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Note that m is non-negative: indeed m; = E( A% | F;).

Naive remark: if m, > 1 with P(m, > 1) > 0, and if m is the value of a portfolio, then, there
exists a classical arbitrage.
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Let R := R 7, —0<z,_y Where Ris the first time when Z vanishes and Z, =P(r > t|F, =.
Theorem 10.1. LetIF be a quasi-left continuous filtration. The following conditions are equivalent.
(i) The F-stopping time R is infinite (R = o).

(ii) For any IF-local martingale X , the process X7 admits a G-local martingale deflator (hence,

satisfies NUPBR(G)).

A filtration IF' is quasi-left continuous if for each I -predictable stopping time T, Fp = Fr_.
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11 After 7 Honest times

There exists an interesting class of random times 7 such that [F-martingales are (G-semi-martingales,
called honest times, introduced by Meyer and studied by Barlow and Jeulin among others.

Definition 11.1. A random time T is honest if T is equal to an J;-measurable random variable on
T < 1.

Examples 11.2. (i) Let B a Brownian motion and set 7 = g; where g; = sup{s <t : By = 0}.
Then, fort < 1, g1 = g: on {g1 < t}, and g; is F;-measurable, hence g; is honest.

(i) Let X be an adapted continuous process and X™* = sup X, X; = sup,<; Xs. The random
time

T =sup{s : Xy = X"}

is honest. Indeed, on the set {7 < t}, one has 7 = sup{s : X5 = X/}
(iii) An IF-stopping time is honest: indeed 7 = 7 AtonT < t.
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Let Y be a G predictable process. There exists y and v, two [F predictable processes such that

Vi =y licr +ye g
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11.1 Decomposition

Proposition 11.3. Let T be honest. We assume (CA). Then, any If- martingale X is a G

semi-martingale with decomposition

tAT TV
-~ dX, S d_X’ S
Xt:Xt+/ (X, ) _/ (X, )
0 T

L 1—-Z,

where )Z' is a G-local martingale.
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Proposition 11.4. Let T be honest. We assume (CA). Then, any If- martingale X is a G

semi-martingale with decomposition

tAT TVt
~ d(X, 1) s d(X, 1) s
X, =X —
t ”/0 Z, / 1— 2, °

where X is a G-local martingale.

PROOF: Let X be an [F-martingale and K, € G,. We define a G-predictable process Y as

Y, = g 15 4(u). For s < t, one has, using the decomposition of G-predictable processes:

E(lg. (X;— X)) = E < OOO Yuqu)
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Noting that fg Y, dX,, is a martingale yields [E (fooo ﬂuqu) — 0, hence

e, n=ix.)
- (/ dA/ — T dX)

By integration by parts, setting NV; = fo — Yy )d X, we get

E(lg, (X¢ — X))

(i, (X, — X)) = E(VacAL) = ENVowpon) = E ([ (0 = 7K. )
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Now, it remains to note that

o0 d(X, d(X, 1),
E (/0 Yu < < ,u> ]]-{u<7'} — < Zlu>_ ﬂ{u>7})>

X
Ly —
d(X _ d(X
( Iu> n{ugT}_yu < Iu> Il{u>7'}>>

= E(/OOO 1— 2,
_ E(/OOO( ne _gud<X7M>u))
- E(/OOO d<X,u>u>

to conclude. []
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11.2 Multiplicative decomposition

Assume that Z does not vanish. Under (CA), it can be proved that

=N

L

where N is a local (continuous) martingale and N;* = sup{ N, s < t} and that
T = sup{t : Ny = N;}. lifollows that Z, = 1.
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11.3 Arbitrages

Assume that dS; = S;0:dW; and that T avoids stopping times. Then, there are arbitrages on the

interval [0, 7] and on the time interval [T, 00|
From the multiplicative decomposition of Z, Z = N/N* and Z, = 1, we obtain N, > 1 = Nj.
N — 1 being the value of a portfolio with null initial value, we obtain an arbitrage.

This result does not extend to the case with jumps.
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Other arbitrages can be detected using the additive decomposition Z; = u; — A; which leads to
tr 2> 1 = pg. Itis proved in Jeulin that

T is honest if and only if Z. = 1
where Z, = P(7 > t|F;). Under (CA), Z = Z.
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Other arbitrages can be detected using the additive decomposition Z; = u; — A; which leads to
tr = 1 = pg.ltis proved in Jeulin that
T is honest if and only if Z. = 1
where Z, = P(7 > t|F;). Under (CA), Z = Z.
Let 7 be a finite honest time and assume that the market (S, S) is complete. Then, if 7 is not

an [F-stopping time, there are classical arbitrages before and after 7.

This result extends to the case with jumps.
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Before 7
Frompu = Z + Aand Z, = 1, we deduce that p > 1.
Since T is not a stopping time, P(A, > 0) > 0.

The market being complete, the martingale m is the value of a self financing portfolio, with initial
value 1,and it = 1+ fOT psdS, for an [F-predictable ¢. Since py > 0, the strategy @ is

admissible.
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After 7: Here, T > 7
Using 1 = Z + A, one obtains that iy — u, = Z; — 1.

Consider the (finite) (-stopping time
: 1
vi=inf{t >7:7; < 5}

Then,
—1
,ul/_,uT:Zl/_]-S?SO?

and
P(u, — pr <0) > 0.

Hence — ff/\y 0sdSs = Uiar — Uiny is the value of a self-financing strategy with initial value 0
and terminal value 1, — ,, > 0 satisfying P(p — p,, > 0) > 0.

From yu = Z + A and the fact that A; = A;x-, one obtains that p; — ., = 2y — Z, > =2,

hence the strategy is admissible.
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The completeness of the [F market seems to be an essential hypothesis to have classical arbitrages:

Let W1, W? be a standard 2-dimensional Brownian motion and

Under regularity assumptions F° = F! \/ F2. Let 7 be an F? honest time (hence an F° honest

time). Since WtisanF! v o(T A -) martingale, there are no arbitrages in the enlarged filtration.
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11.4 Examples in a Brownian filtration

In this section, we assume that
1

S; = exp(cW, — =d%t), o >0.

2

e Consider the following finite random time
g :=sup{t : Sy =a},

where 0 < a < 1.
Then Z; =1 — (1 — %)+ and

1 1
dZt — ]].{St<a}ad5t —_ %dgg

Therefore,

1
Y = a]l{5<a}
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"N AW, m) Ld(W,m)
W _ WG+/ ) S _/ y S
t t 0 7, ing 1—Zs

c tAg t O'SS
= W, —|—/ O‘Il{gs<a}d8—/ ﬂ{58<a}a—S ds
0 t s

Ng

tAg t O'S
wWe Mg —nds — °_d
; —1—/0 ollfs, <qayas / " _S. S

tAg
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o Let, S; = sup{Ss,s <t} and

T=sup{t : Sy =S5} =sup{t : Sy =5/}

Then, Z; = % and dmy = Sl dS, therefore ; = Sl
t t

t

AT (W, m) Ld(W,m)
W _ WG _|_/ ’ s / ’ S
t ‘ 0 ZS tAT 1 — ZS

tAT t
S
— WG—|—/ ads—/ _I9s ds
! 0 tAT S;k _SS
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11.5 Example in a Poissonnian filtration

Let dS; = Si_vwdM;, So = 1 withp > 0, where M is the compensated martingale of a Poisson
A
In(1 4+ )

T :=sup{t: Sy > b} =sup{t:Y; <a}.

process, i.e., Sy = e~ In(1+¥)Y% \where V; := t — IV;. Let T be given by

where 0 < b < 1. Then, the process

0= VY- —a—- Dy a1y — V- — )iy >0 + Iy cav1y — Ljy<a)
= R 7

where

U(x)=P(T" < 0), with T =inf{t:xz+Y; <0}

is an arbitrage opportunity.
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Proof On the one hand

Zt — P(T > t‘Ft) — qf(Y;g — CL)]l{ytZa} + H{Y;g<a} =1+ ]l{ytza} (i[f(th — CL) — 1) .

On the other hand, setting 6 = B 1, one shows that the dual optional projection A° of the

A

process 1, ) equals
v
AO — T A E 1 Q)9
1 + 9 ~ [19717 )

where v, is the sequence of [F-stopping times defined by ¢/; = inf{¢t > 0: Y; = a} and
Uy, =inf{t > 9,1 :Y; = a}.
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For any optional increasing process
E(K:) =E() 1,-9,Ky,) =EQ E(l,—g,|Fs,)Ky,)

and E(L,—y, |Fy,) =P(T° = 00) =1 - ¥(0) =1 — 115.
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11.6 NAT1 after 7

Let 7 be honest.

Assume that Z, < 1 and [ is quasi-left-continuous. Then the following assertions are equivalent.
(a) Theset{Z =1 > Z_} is evanescent.
(o) For every (bounded) X satisfying NA1(IF), X — X7 satisfies NA1(G).
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12 Under equivalence Jacod’s Hypothesis

Under equivalence Jacod’s hypothesis, (H’) hypothesis holds for F and G: any F martingale, being
a G adapted F?(7)-semimartingale is a G-semimartingale.

12.1 Canonical Decomposition in G

Proposition 12.1. Under (CA), any (P, IF)-local martingale X is a (P, G) semi-martingale with

canonical decomposition

T AUX, Z) bdlX, s
o= xps (X, 2) . f (X,p.())
0 Zs— tAT pS—(T)

Y

where X© is a (P, G)-local martingale.
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12.2 Predictable Representation Property
If I is a Brownian filtration, and (A) holds, every X € M..(IP, G) can be represented as
t t
X, = X, + / O, dWE + / U, dM,,
0 0

where W is the martingale part in the (G-canonical decomposition of W, M is the

(P, G)-compensated martingale associated with H and ®, ¥ are G-predictable.
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12.3 Characterization of (IP, G martingales in terms of (PP, IF)-martingales
Proposition 12.2. A G-adapted process Y; := Gy lir + (7)1 <y, t > 0, is @

(P, G) -martingale if and only if the following two conditions are satisfied

(i) forv-a.eu, (§:(u)pt(u),t > u) is a (P, F)-martingale;

(ii) the process y = (y;,t > 0), given by
/
w = E(GIF) = 3G+ [ du(wpi(u(dn).
0

is a (P, IF)-martingale.

PROOF: Assume, w.l.g., that Y; = IE(Yt(T) G,) for some (P, F(™))-martingale Y (7). Then
Yt(T) = y;(7), where for v-almost every u > 0 the process (y:(u)p:(u),t > 0) isa
(P, F)-martingale. One then has

Lr<t@e(7) = Lot Yy = HTStE(Y;(T”gt) = E(]lrgtyt(wgt) = Ly <ye(7) |

which implies, that for v-almost every u < t, the identity y; (u) = () holds P-almost surely. So,

(i) is proved.
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Moreover, Y being a (IP’, G)-martingale, its projection on the smaller filtration I¥, namely the process

y in (i) is a (IP, IF)-martingale.
Conversely, assuming (i) and (i), we verify that [E(Y;|Gs) = Y for s < t. We start by noting that

1
E(Y;ﬁ‘gs) — ]]-S<’7'G—E(}/t]18<7"f8) + HTSSE(Y;HTSS‘QS) . (12-1)

S

We then compute the two conditional expectations the right-hand side:

E(th]ls<7'|}.s) — E()/t‘;s) - E(Yt]lrgs\]:s)
= E(yt"’TS) - E(E(Qt(T)nTSSLFt”FS)

= oy, — E(/OS Je(w)pe (u)v(du)| Fs)

— gsGs + /OS gs(“)ps(u)y(du) R /08 gS(u)pS(u)V(du) — gSGs ?

where we used Fubini’s theorem and the condition (i) to obtain the next-to-last identity.
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Also
1
ps(T)
1

= rco 5 0a(Dps(7) = Lr<afa(7)

E(Y;EHTSSIQS) — E(Qt(T)]ngs’gs) — I]-TSS E(Qt(U)pt(U)lfs)

luzr

where the next-to-last identity holds in view of the condition (ii). JAN
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