Chapter 1

Enlargement of filtration in discrete
time
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4
Introduction

In these notes, we present classical results on enlargement of filtration, in a discrete time framework.
In such a setting, any F-martingale is a semimartingale for any filtration G larger than F, and one
can think that there are not so many things to do. From our point of view, one interest of our paper
is that the proofs of the semimartingale decomposition formula are simple, and give a pedagogical
support to understand the general formulae obtained in the literature in continuous time. It can
be noted that many results are established in continuous time under the hypothesis that all F-
martingales are continuous or, in the progressive enlargement case, that the random time avoids the
F-stopping times and the extension to the general case is difficult. In discrete time, one can not
make any of such assumptions, since martingales are discontinuous and random times valued in the
set of integers do not avoid F-stopping times.

Many books are devoted to discrete time in Finance, among them Shreve [18], Shiryaev [19], and
lecture notes are available on line Privault [15], Spreij [21].

In the first section, we recall some well know facts. Section 2 is devoted to the case of initial
enlargement. Section 3 presents the case of progressive enlargement with a random time 7. We
give a "model-free" definition of arbitrages in the context of enlargement of filtration, we study
some examples in initial enlargement and give, in a progressive enlargement setting, necessary and
sufficient conditions to avoid arbitrages before 7. We present the particular case of honest times
(which are the standard example in continuous time) and we give conditions to obtain immersion
property. We also give also various characterizations of pseudo-stopping times. In Section 4, we
consider enlargement with a process, and in Section 5, we study credit risk.

1.1 Some well known Results and Definitions

In these notes, we are working in a discrete time setting: X = (X,,n > 0) is a process on a
probability space (Q2,G,P), and H = (H,,,n > 0) is a filtration, i.e., a family of o-algebra such that
H, C Hpy1 € G. We note AX,, .= X,, — X;,_1,n > 1 the increment of X at time n and we set
AXy = Xo. An inequality (or equality) between two random variables is always P a.s.

We recall, for the ease of the reader some basic definitions.

A process X is H-adapted if, for any n > 1, the random variable X,, is H,,-measurable.

A process X is H-predictable if, for any n > 1, the random variable X, is H,,_1-measurable and
Xy is a constant.

A process X is integrable (resp. square integrable) if E(|X,|) < oo (resp. E(X2) < oo) for all
n > 0.

The process X_ is defined as the process equal to X,,_; at time n and to 0 for n = 0, this process
is predictable.

A random variable ( is said to be positive if ( > 0 a.s., a process X is positive if the r.v. X,
is positive for any n > 0 and a process A is increasing (resp. decreasing) if A, > A,,_1 (resp.
A, < Ap_1) as. , foralln > 1. For two r.v. ¢ and £, we write { < £ for £ — (¢ > 0, a.s. (resp. ( <&
for £ — ¢ > 0); for two processes X,Y we write X <Y for X,, <Y, for any n > 0.

For a probability measure P, we note P,, (or P in case of ambiguity) the restriction of P to H,,.
We recall that, if ¢ > 0, and G a sigma-algebra, then E({|G) > 0. Indeed, for A = {E({|G) = 0},
one has E((14) = 0.

The tower property states that, if 7 and G are sigma-algebra, with 7 C G, then

E(E(¢9)|F) = E(E(C|F)IG) = E(C|F)-

For a process X, we denote X - = lim,, o, X, , if the limit exists.



1.1.1 H-martingales
An integrable H-adapted process X is an H-martingale (resp. an H-supermartingale) if E(X,,|H,—1) = Xn—1,
or equivalently E(AX,,|H,—1) =0 (resp. E(X,|Hn-1) < Xn_1).

We give some obvious results on the form of H-martingales.

Proposition 1.1.1 (a) The set of processes of the form (o + > 1, (wk — ]E(t/)k|7-lk,1)), n > 0)
where 1 is an H-adapted integrable process is equal to the set of all H-martingales (here, 22:1 .=0)
(b) The set of processes of the form (1o [[5—, W, n > 0) where ¥ is a positive integrable H-
adapted process is the set of all positive H-martingales (here, szl =1).

Proof. (a) Let X be a process such that X,, = ¢o + > _; (wk - E(wk|7-[k_1)), n > 0 where v is an
H-adapted integrable process. Then, X is integrable, as a difference of integrable processes, and

]E(Xn - Xn—1|Hn—1) = E(% - E(¢7L‘Hn—l)|7'ln—l) =0.
Therefore X is an H-martingale.
Let X be an H-martingale. Then, X,, = AXo + Y ,_; AXy — E(AXy|Hi—1) with AXy = X and
S _, . =0. For ¢ = AX, we obtain the result.
(b) Let X,, = o [I1_, W,n > 0. Then,

Un
EX, | Hn-1) =Xpn1E(=————Hp-1) = Xp—1.
( | 1) ! (]E(wn|7'[n—1)| 1) !
If X is a positive martingale, setting 1, = X leads to the result. O
Lemma 1.1.2 A predictable martingale X is constant.
Proof. Indeed, E(X,,|F,-1) = X,, and E(X,,|Fn—1) = X1 lead to X,, = X, for any n. O

1.1.2 Doob’s Decomposition and Applications
Doob’s decomposition

Lemma 1.1.3 Any integrable H-adapted process X is a special H-semimartingale' with (unique)

decomposition X = MXH 4 VXH ywhere MXH is an H-martingale and VX" is an H-predictable

process with VOX’]HI = 0. Furthermore,

AVEE — E(AX,|H, 1), Vn > 1.
The process M*™ is called the martingale part of X and V" the predictable part of X.

Proof. In the proof, V := VXH and M := MXH, Setting Vo = 0 and, for n > 1
Vi = Va1 = E(X,, — Xpo1|[Hp-1),
we construct an H-predictable process. This leads to
AM, =AX, — AV, =X, —E(X,|Hpn-1),Yn > 1.
Setting My = X, the process M is an H-martingale from Proposition 1.1.1. O

In what follows, we shall also denote VX (resp. V) the H-predictable part of X if there are no
ambiguity on the choice of the filtration (resp. on the choice of the process).
As an immediate corollary, we obtain the Doob decomposition of supermartingales:

LA special semimartingale is an adapted process X such that X = M + V where M is a martingale and V a
predictable process.



Corollary 1.1.4 If X is an H-adapted supermartingale, it admits a unique decomposition
X =M¥ - 4¥
where M is an H-martingale and AX is an increasing H-predictable process with Ay =0 .

Proof. The supermartingale property of X implies that AVX < 0. It remains to set AX = VX,
O

Of course, a process of the form M — A where M is a martingale and A an increasing process is

a supermartingale.

Predictable brackets

Proposition 1.1.5 If X and Y are square integrable H-martingales, there exists a unique H-
predictable process VXY such that VOX’Y =0 and XY — VXY is an H-martingale. Furthermore

AVEY = (Y, AX | Hio1) = E(AY,AX, [Hyo1), n > L

The process (X,Y) := VXY is called the predictable bracket of the two martingales X and Y.

Proof. Indeed, from Lemma 1.1.3, and using the martingale property of X and Y, we have, for
n>1:

AVEY = XY Y = B(X, Y, — X 1Yo 1| Hao1)
E(YnAXnH'[n—l) + E(Xn—lAYn‘Hn—l) = ]E(YnAXn|Hn—l)
E(AY, AX,,|Hp—1) .-
We have used that, from the martingale property of Y,
E(Xn—lA)/nan—l) = Xn—lE(AYn|Hn—1) =0.
|
The predictable bracket of two semimartingales XY is defined in continuous time as the dual

predictable projection of the covariation process, that is (X,Y) := [X,Y]P. For discrete time semi-
martingales, we adopt the same definition. The covariation process is

(X, Y]o=0, [X,Y], =) AX;AYi,n>1,
k=1
and [X,Y]P is the unique predictable (bounded variation) process null at time 0, such that [X,Y] —
[X,Y]P is a martingale, i.e., [X,Y]? is the predictable part of the semimartingale [X,YT].

Lemma 1.1.6 Let X|Y be two H-adapted processes (hence, semimartingales) square integrable.
Then, the predictable bracket of the semimartingales X,Y , i.e., the predictable part of the semi-
martingale [X,Y] is the process defined as

(X,Y)o=0, A(X,Y), = E(AX, AV, |Hp 1), n>1.

Proof. From Doob’s decomposition (Lemma 1.1.3), for n > 1,
(AX,Y)P), = E(X,Y]n—[X,Y)no1|Hn-1) = E(AX, AY,|Hp—1) -
O

Note that the predictable bracket depends on the filtration, which is not the case for continuous
semimartingales in a continuous time setting.



Stochastic integral of adapted processes and martingale property

Definition 1.1.7 The stochastic integral of a process Y w.r.t. a process X is the process Y + X
defined as (Y X )y := > p_; YA Xy, n > 0. In the case where X = (X',--- , X?) is a d-dimensional
process, for a d-dimensional process Y, one defines (Y « X), :=> 1, ijl Y/AX], n>1.

Proposition 1.1.8 Integration by parts formula. For two processes X and Y

XY = XoYo+ X_ .Y +Y_. X +[X,Y] = XY+ X_.Y +Y.X.

Proof. This equality is based on
A(Xy)n = Xn—lAYn + }/n—lAXn + A)(n AYn = Xn—lAYn + Y;LAXn
|

Lemma 1.1.9 If X is a square integrable H-martingale and H an H-predictable square integrable
process, then the process H « X is an H-martingale.

Proof. For H predictable,
E(H,AXp|Hp 1) = HE(AX, | Hno1) = B(AMAAX, | H,—1) =0

and the result is obvious. O

Lemma 1.1.10 If X and Y are two square integrable H-martingales then XY — [X,Y] is an H-
martingale. In particular, X* — [X] is an H-martingale for a square-integrable H-martingale X .

Proof. This is a direct consequence of integration by parts formula and the fact that X_ and Y_
are predictable. O

Definition 1.1.11 Two square integrable martingales X and Y are said to be orthogonal if their
product is a martingale, i.e. if E(A(XY)n|Hn—1) = 0. This condition is equivalent to any of the
following assertions

(a) E(AY,AX, |H,—1) =0

(b) E(Y,AX,|Hn-1)=0

(c) [X,Y] is a martingale

(d) (X,Y)=0.

Proof. [of the various equivalence conditions] From integration by parts formula, the orthogonality
is equivalent to [X,Y] is a martingale, which is equivalent to the two other conditions, due to
A(XY), = X,,_1AY,, + Y,AX,,, and the fact that X_ .Y and Y_ . X are martingales. O

Lemma 1.1.12 If X is a square integrable H-martingale and H an H-adapted square integrable
process with H-martingale part orthogonal to X, then the process H « X is an H-martingale.

Proof. Let H= MY + VH,_ Since
E(H,AX, [ Hy 1) = B(IMIAX, [ Hy 1) + VIE(AX, [ Hy 1) = B(AMPAX, | H, 1) =0
the result is obvious. If H is predictable, M = 0, therefore H . X is an H-martingale. O
We now give the isometry formula, similar to the one in continuous time.

Proposition 1.1.13 If X is a martingale and XY square integrable, and if Y . X is a martingale,
then E(((Y + X)a)?) = 5o E(YVZ(AX)?).



Proof. Since Y . X is a martingale, IE(A((Y X)? ’”Hk 1) = E((A(Y X)k ”Hk 1) Then, using
A(Y . X)), = Vi AX}, and taking expectations, we get

E(A((Y . X)%)) = E(Y2(AXy)?) .

Finally, taking the sum for & from 0 to n, we obtain

E((Y . X)2) (ZYk (AX}) ) Yn>0.

k=1

1.1.3 Projections

In this section, H is a filtration, and X is a process, not assumed to be H adapted. For future use, we
mimic two definitions important in continuous time. In particular, we introduce optional projections,
even if in discrete time, optional means adapted. We keep the continuous time denomination to make
easier the comparison between both results for readers aware about continuous time.

Definition 1.1.14 The H-optional projection of an integrable process X is the H-adapted process
°X defined as °X,, = E(X,|H,). The H-predictable projection of a process X is the H-predictable
process PX defined as PX,, = E(X,,|Hn—1).

Definition 1.1.15 The H-dual optional projection of an increasing process X is the increasing
adapted process X° defined as AX? = E(AX,|H,) forn > 1 and X§ = E(Xo|Ho)-

The H-dual predictable projection of an increasing process X is the increasing predictable process XP
defined as AXP = E(AX,|Hp—1) forn > 1 and X§ = 0. If X is an H-adapted process, X =V
where V' is the predictable part of the semimartingale X .

The dual H-optional projection of X, satisfies

]E((Y.X)W) :E((Y.X")W) (1.1)

for any non negative bounded H-adapted process Y. The dual H-predictable projection of X, satisfies

E((Y : X)W) - IE((Y : Xp)oof) (1.2)

for any non negative bounded H-predictable process Y.

Using that any process X can be written as X = X + X+ where X (resp. Xt ) is increasing (resp.
decreasing), one can also define dual projections for any process X as (XT)? — (X+)P. Indeed, X'
and XV can be constructed as follows.

n

=D (X=Xt XE = (X = X)) -
k=1 k=1

are increasing and since

(X — Xpm1)t = (X — Xp—1)” = AX,
the result is proved.
Exercise 1.1.16 Prove that for a pair of processes (X,Y), the following duality formulae hold

E(X.YP)o-) = E(PX.Y)o-)
E(X . YP)w-) = E(("X.Y)o-).



Proposition 1.1.17 The processes °X — X° and °X — XP are martingales
Proof. Using the tower property
E(ACX — XO)n|Ho1) = E(]E(Xnmn) CE(Xn|Hno1) — E(X, — Xn,lmn)mn,l)
= B~ B(Xu[Mao1) + E(Xno1[Ha) Har ) =0.

The proof that °X — XP is a martingale is left to the reader. O

1.1.4 Multiplicative decomposition

Theorem 1.1.18 Let X be an H-adapted integrable positive process, then X can be represented in
a unique form as
X = KXNX,

where KX is an H-predictable process with K =1 and N* is an H-martingale. More precisely,

Xy,
NX = X, NX =X —  _ Vn>1,
0 0 0]};[1 E(Xkﬂ'[kfl) -
n E(Xk|7'[k,1)
KX =1 KX = T 2228800y > 1.
0 ’ n H Xk_l bl n -

k=1

Proof. For each n > 1 fixed, the positive random variable N.X, is integrable since by recurrence
E[NX] = E[NfﬁlE(W’an)] = E(N;*,) = Xo, and from Proposition 1.1.1, N is a

martingale.

In the other hand, the process KX, defined by

Xn _ ﬁ E(Xk|Hr-1)

KX =
Xk—1

n

n Xg
Xo Hk:l EXe[Hr—1) k=1

is an H-predictable process. O

Remark 1.1.19 In terms of Doob’s decomposition X = M*X 4+ VX, one has
MY+ VX ME, + VX
KX = Xliflnle()H ’” k,N7X X, /KX, n>1.

Corollary 1.1.20 Any positive H-supermartingale Y admits a unique multiplicative predictable de-
composition Y = NY DY where NY is an H-martingale and DY an H-predictable decreasing process
with DY = 1. Conversely, any process of the form Y = XD where X is an H-martingale and D an
H-predictable decreasing process is a supermartingale.

Proof. The process D = KY is indeed decreasing if Y is a supermartingale. O

1.1.5 Stochastic Exponential Process

Given a process X, we define the stochastic exponential of X denoted by £(X) as the solution of
the following equation in differences:

{ AE(X)n E(X)n1AX,, Yn>1,

1.

E(X)o (1-3)
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Proposition 1.1.21 The solution of (1.8), is given by
EX)p =1_1(AXk+1), Vn>1. (1.4)
If X is a martingale, £(X) is a martingale. If AX,, > —1, for all n > 0, then £(X) is positive.

Proof. The equality is obtained by recurrence. The martingale property is easily checked from (1.3).
O

Proposition 1.1.22 If Y is a positive process with Yo = 1, there exists a unique process X such
that Y = £(X).

Proof. Set AX,, = Qz"l O

We now give the obvious relation between stochastic exponential and exponential

Proposition 1.1.23 If X is a process such that AX > —1 then £(X),, = eV where Uy = 0 and
AU, =log(1+ AX,).

Proof. Note that eV = eUn-1(1 + AX,,). O

Lemma 1.1.24 Let ¢ and v be predictable and M and N be two processes. Then
EWME(Y.N)=EW M +~v.N+¢y.[M,N]).

Proof. By definition, the two sides are equal to 1 at time 0. For n > 1, the left-hand side K, :=
E(p v M)pE(y+ N),, satisfies K, = K,—1(1 + ,AM,)(1 + 7, AN,). The right-hand side J,, :=
EW e M+~ N + ¢y . [M,N]), satisfies J,, = Jp_1(1 + v AM,, + AN, + Y AM,AN,).
Assuming by recurrence that K,,_; = J,_1, the result follows. O

This result is known in continuous time as Yor’s equality.

1.1.6 Stopping Times and Local Martingales
Random and Stopping times

A random time is a random variable valued in NU {+o0}, it is an H-stopping time if {7 < n} € H,,
for any n > 0. A random time 7 is an H-predictable time if {7 =0} € Hy and {7 <n} € H,_1, for
any n > 0. A predictable time is, obviously, a stopping time. If 7 is an H-stopping time, we define
the two o-algebra of events before 7 and strictly before 7

Hr = {FeHw: FN{r<n}eH,, Vn}
H, = o{Fn{n<7}forFeMH,}.

Obviously H,— C H.. In discrete time, this inclusion can be strict. If 7 is a random time, the
stopped process X7 is defined as X = X an.

Lemma 1.1.25 If A € Hoo, then AN {7 = +o0} is H,_-measurable.

Proof. For n fixed and B € H,, one has BN {1 = +o00} € H,_ as {7 = 400} = Np>n {7 >m}. It
follows that, if A € Heo, Vn, (AN{7r <n})N{r=+o0} € H,_. Then

An{r =4} =UAN{r <n})N{r=+oc0} € H,_
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If 7 is a random time,

H, = {X,: X is an adapted process}
H,— = {X,: X is a predictable process}.

Note that, for 7 = n, one has H, = H, and H,,_1 = H,_. The restriction of a random time to a
given set F' € Ho is defined as

_Jr(w) weF
Tr(w) == {OO WdF. (1.5)

In particular 04 = 0 on A and oo elsewhere.

Proposition 1.1.26 (a)If X is predictable, X;1,; <o is H,r— measurable for any stopping time 7.
(b) The process X is predictable iff X; ;<o is Hr— measurable for any predictable stopping time T.
(c) If X is adapted X, 1o is H,-measurable.

(d) A random variable ¢ in Hoo is H,—-measurable if and only if there exists a predictable process
X such that X, = ¢ on {7 < +o0}.

Proof. a) As the predictable process are generated by the process X = Tpg,j, A € Ho and for
X = Iys1), where S, T are two stopping times valued in N, it is sufficient to prove it for these
processes.

If X =1pg,], then X; 1174 o) = Lanfr=0) and the result is obvious. In the second case,

Xolrchooy = (Mgs<ry = Lirary) Lirchoo) -
As ]l{s<.,.}]l{.,.<+oo} = Zn ]l{S:n}]l{n<7—}]l{7—<+oo}7 then ]l{S<r}_]l{T<-r})]l{7—<+oo} is 'HT,—measurable.
b) For the sufficient condition, we can choose 7 = n for a fixed n, 7 is predictable and X, 1, o} =
X, € H,_1. Then X is predictable.
d) Let ¢ in Ho. We suppose that there exists a predictable process X such that X, = ¢ on
{7 < +4oc}. Then ¢ = (Nfr— ooy + XL+ oy- The random variable (1 ,— ) is H,_-measurable.
The result follows from Lemma 1.1.25 and the first assertion. Conversely, it is sufficient to prove

the assertion, if ( = I g with B € Hg or if ( = I gn{n<ry With B € H,,. In this case, we can choose
X =1y, in the first case and X = 1, in the second.

Lemma 1.1.27 One has H,._ C H.. In general the inclusion is strict.

Proof. Take X, = >_" |Y; where Y; are i.i.d. random variables, non constant and F the natural
filtration of X. Let 7 = inf{n : X,, > a} and ¢ = X,;1c< is F, measurable, but is not F,_
measurable. O

Exercise 1.1.28 Prove that, for any H-stopping time 7" valued in N, and any process X,

E(X7l{r<ooy) = E(°Xrl{r<oo})

and that for any predictable stopping time 5,

E(Xsl{s<oo}) = E(PXsl{5<00}) -

Local martingales

We collect classical results on local martingales (see [21, 19]).
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Definition 1.1.29 The process X is a local martingale if it is adapted and if there exists an in-
creasing sequence (g, k > 1) of H-stopping times such that P(lim 7, = 00) = 1 and for any k, the
stopped process X is a martingale.

We denote by M. the set of local martingales.

We borrow from [17] an example of a process which is a local martingale but not a martingale.

Let Y be a random variable which is integrable but not square integrable and U a random
variable taking the value 1 and the value —1 with probability 1/2, independent of Y. We define
Fo=o0(Y) and F, = o(Y,U) for all n > 1. Let us consider My =Y and M,, =Y +UY? if n > 1.
Then M is a local martingale which is not a martingale. Indeed M; is not integrable.

Let 73, be the F-stopping time 7, = min{n, |M,| > k}, 7 goes to infinity a.s when k goes to infinity
(as usual the minimum of an empty set if +00). We show that M is a martingale.
Let k fixed, by definition, My =Y is integrable, hence Mj* = My is integrable and

E(IM{*]) = E(IM{*[1{r,—0y) + E(|M{*[17,>0})
= E(|Mo|lir—0) + E(|Mi|1{50y) < E(|Mo|) + k + k2
since My, = My + U(MO)2 and My < k on 7, > 0. Then M* is integrable for all n. Moreover, to
prove the martingale property, we just have to check it for n =1
E(M[*|Fo) = E(Mg"1ir—oyFo) + E(M[* 17, 503 F0)
= Mol —oy + Lirs0y (Mo + MGE(U)) = My = M

where we used the fact that {7, = 0} € Fo and {7} > 0} € Fy and that E(U|Fy) = E(U) = 0.

Generalized martingales

Let F and G be two o-algebra with F C G. If ¢ is a positive G-measurable random variable, one
can define E({|F) even if ¢ is not integrable. Indeed, there exists an F-measurable random variable

¢ (which can take 400 value) such that E(¢1y) = E(CLg) for all F € F. We write { = E(¢|F).

Definition 1.1.30 The process X is a generalized martingale (G.M.) if it is adapted and if E(| X 41| |[Hn) <
0o for any n and E(X,41|Hn) = X, where E(Xpi1|Hn) = E(X,5 [Hy) — E(X, 1 Ha)-

One can define optional projection in case of generalized expectation under the weaker hypothesis
E(| X,||Hn) < oo.

We denote by GM the set of generalized martingales.

Proposition 1.1.31 A G.M. X is a local martingale
Let X be a local martingale such that B(X, ) < oo for all n, or that E(X,) < oo for all n, then X
is a martingale. In particular, if X is an integrable local martingale, it is a martingale.

Proposition 1.1.32 A real valued process X is a local martingale iff the following two assertions
are hold true.

(Z) Xy € LI(Q,fo;P)

(ii) E(| Xpi1||Fn) < 00 a.s. and E[X,,11|F,] = X, for all n in the sense of generalized conditional
expectations.

If X is a nonnegative local martingale with E(Xo) < oo, then it is a true martingale.

In particular, if X is a local martingale and £(X) is non negative, £(X) is a martingale.
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Proposition 1.1.33 If H is a predictable process and M a local martingale, then H . M is a local
martingale.

Definition 1.1.34 Two local martingales X and 'Y are orthogonal if XY is a local martingale.

1.1.7 Change of probability

Let P and Q be two probability measures defined on H,,. The probability measure Q is locally
absolutely continuous w.r.t. the probability measure P if Q,P,, for all n > 0. In this case we can
define the #,,-measurable integrable non negative random variable L,, = dQ,,/dP,,.The process L is
called the density process and is a P martingale. This process can vanish, however, L,, = 0 on the
set {L,—1 = 0}, and we take the convention that, on the set {L,_; =0}, L,/L,_1 = 0.

Lemma 1.1.35 Let Q << P on a o-algebra G with Radon-Nikodym derivative L := dQ/dP and F
a sub-c-algebra of G. Suppose that X is Q integrable. Then, Q(E[L|F] > 0) =1 and one has

E[XL|F)]

EalX|7] = g1

Q,

Proof. In a first step, we prove that Q(E[L|F] > 0) = 1 and the martingale L is positive Q-as..
Indeed,

Q(L =0) = Ep(Ll—gy) = 0,.

In our setting, the Bayes formula states that, for any integrable H  measurable random variable Y
and n < N,

1
g

If P, ~ Q, for all n, P and Q are called locally equivalent. In that case, L™! is a Q-martingale.

Proposition 1.1.36 (i) Let X be an adapted process and assume Q locally absolutely continuous
w.r.t. P with density process L. The process X is a martingale under Q if the process XL is a
martingale under IP.

(i) The process X is a local martingale under Q if the process X L is a local martingale under P.
(#ii) If moreover P is also locally absolutely continuous w.r.t. Q (i.e., P and Q are locally equivalent),
then the process X L is a local martingale under P iff the process X is a local martingale under Q.

Proof. (i) From Eq(|X,|) = E(|X,L,| we obtain that XL is P-integrable. Bayes’s formula
Eo(Xn|Hn_1) = w leads to the result.

ii) This assertion is obtained by localization.
iii) If P and Q are locally equivalent, L~! is a Q-martingale. So the result follows form ii) applying
with X L.

Proposition 1.1.37 Let X be an H-local martingale under P and let Q be locally absolutely con-
tinuous w.r.t. P. The process X© defined as

"1
Zf
k=1

and the process XQ defined as
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are well defined under Q and
(i) XQ is a local martingale under Q N
(ii) if moreover E[|AX,|L,|Hn_1] < 0o a.s. for all n, then X© is a local martingale under Q.

Proof. Under Q, the process L is a.s. positive since Q(L,, = 0) = Ep(L, 1{1,—0}) = 0.
i) We have
AX, AL, AX
AXR = AXy = == = 7 =(Ln = ALy) = Lo

From Bayes’ formula and the martingale property of L

Ep(L,AXQ|H, 1) Ep(AX,Ly 1|Hn 1)
AXYH,,— = =0
BB X o) = =5 T B,y Ln—1

ii) The result follows from the fact that the process XQ satisfies

= Xa Z

hence is a Q-martingale if X,, is Q integrable. If E[|AX,,|L,|F,—1] < oo, then Eg[|AX|[Hr-1] <
400 and X9 is Q-local-martingale.

Ep [LeAXp|Hp—1] = X — Y Bg[AXg|Hp]
k=1

Remark 1.1.38 If X is a martingale under P and Q-integrable, then X%isa martingale under Q.
This result can be proved directly using Doob’s decomposition. Moreover, if E[|AX,,|L,—1] < oo,
X @ is a martingale under Q. Indeed we have,

AX,AL, AX,
L, L,

AX9 = AX, — (L, —AL,) = —2L,_,

From Bayes’ formula and the martingale property of L

Ep(LoAXYHp—1)  Ep(AX,Ly_1|Hn-1)

- -0
E]P’ Ln‘anl) Lnfl

Eo(AXYH, 1) =

Proposition 1.1.39 In discrete time, for any local martingale there exists an equivalent probability
measure so that it is a martingale.

See Kabanov

Predictable representation property

An important property for finance purpose is the existence of a multidimensional martingale which
enjoys the predictable representation property

Definition 1.1.40 A martingale X (which can be d-dimensional) enjoys the predictable represen-
tation property in the filtration H is any one-dimensional H-martingale has the form'Y =Yy +¢. X

for a predictable process .

Note that, the predictability of ¢ imply that ¢ . X is a local martingale.

Proposition 1.1.41 If there exists a martingale which enjoys PRP, the space ) is finite.
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Proposition 1.1.42 If X is an H-martingale, then for any H-martingale Y there exists a predictable
process ¢ and an H-martingale X+ orthogonal to X such that Y =Yy +¢. X + X+,

Proof. Choosing a localization sequence (T}, )men such that (X:5)7= and XTm are square integrable
allows us to prove the result for square integrable martingales. Notice that if A(X, X), = 0, then

A(X,Y), = 0. Let ¢ be the H-predictable process ¢, = A<X’Y>>:]l{A<X7X>n>O}2. Then 9. X is a

A(X,
local martingale, and X+ is a local martingale, as the difference of two local martingales. Since
AX,)Y),
E(AX AX, | Hoo1) = AX,Y), — 1 AX, X), =
( n |H 1) < ’ > A<X, X>n A(X,X),>0 < ’ > Y 0
the orthogonality is proved. (|

We now check that the PRP is stable by change of probability measure. This property is well
know in continuous time. The goal here is to give a direct proof.

Theorem 1.1.43 Let X be a d-dimensional (P, H)-martingale enjoying the H-predictable represen-
tation property under P. Let Q be a probability measure equivalent to P on H,, for any n > 0, and
L, := % g - The Q-martingale X© defined as
xe—x_1, (X, L)
L )
enjoys (Q,H)-predictable representation property.

Proof. For a Q-martingale Y, we have to show that there exists an H-predictable process ¥ such
that
AY, = 9,AX%.

In a first step, we suppose that Y is of the form Y;, = Eg({|H,,), for ¢ an H y-measurable Q-integrable
random variable. We set

1 C'I'L
Y,=E n) = —Ep(CL n) = —
Q(C[Hn) = T-Be(CLx[Hn) = -
From integration by parts formula
AY—A(lg)—g A(1)+1A< (1.6)
n — Ln n) — Sn—-1 Ln Ln n- .

By definition, the process ¢ is a P-martingale and using the PRP for X, we have the existence of an
H-predictable process ¢ such that

From Girsanov’s theorem, the process X9 defined as
Q 1 Lnfl
AXy: = AX, — L—AXHAL,L = AX,

n n

is an (H, Q)-local martingale. Inserting AX,, in (1.7 ), it follows that

L
Aly = ng ”1AXS. (1.8)

Since X enjoys PRP, there exists an H-predictable process v such that AL, = ¢, AX,,. Therefore,

1 1 1 ¥n
> ) = — ALn = - nAXn = -
L) " Lo Lol 2,

AXQ, (1.9)

2with the convention Flps0=0ifb=0
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Plugging (1.8) and (1.9) in (1.6) yields to

1
AY, = —(o f" AXD 4+ 6, AXQ
Lnfl L’ﬂfl
= — (p— AXY =0,AX
(Ln—l C 1 L%_l) n n
where p y

on _ n_ . n

Ly n—t L%—l

belongs to H,,_1. If Y is not u.i., or is a local martingale, we localize it with a sequence of stopping
times T} so that the stopped processes are u.i. We apply PRP to the stopped processes and we pass
to the limit.
Let j fixed, then there is a predictable process ¢ s.t.
n
Yorr, = Z PEAT; AXQ. (1.10)
k=1

Indeed, since this equality is pathwise, and Y,a1; = Yoat,, a1, , the process ¢ for T4, stopped at
T; is the process ¢ for T;. Then passing to the limit in Equation (1.10), we obtain that

n

V.= Y paxy
k=1

Finally, X9 enjoys PRP.

1.1.8 Arbitrages

We follow Jacod and Shiryaev [13].

We now consider a d-dimensional positive semimartingale S on a filtered probability space
(Q,H, P), which represents the prices of d risky assets. We assume that there exists a risk free
asset (the savings account) SY defined as S = (1 + r)", where r is the interest rate. (One can
take as savings account any positive predictable process S°.) A portfolio is a vector of processes
(a,m) where 7 = (7%,i = 1,---d), with a adapted and 7 predictable. The wealth associated to
this portfolio is X such that X,, = a, + Z?:l 7t St =: a, + m,S,. The portfolio is said to be
self-financing if SO_;Aa,, + S, 1A7, = 0 or equivalently AX,, = a?AS? + 1,AS,,.

It is standard to work with the discounted prices S = S/S° and discounted wealth X = X/S°.
Then, the self-financing condition can be written as AX = 7AS. This allows us to consider only
the part 7w of the portfolio and the initial wealth of the portfolio: the vector m being known, the
process a which satisfies self financing condition is then «,,S% = X% — 2?21 7t St where X% =
T+ 7, ASy. We consider a model with horizon N, where N is given: processes are defined
only up to time N, and there are no more transactions after time V.

We say that the model is arbitrage-free if for any = with XJ = 0 and X]T\r,’0 >0, then X;:,’O =0.
The model is said to be weakly arbitrage-free if for 7 with XT = 0 and X™° > 0,¥n > 0, then
X3y’ =o.

The model is said to be strongly arbitrage-free if for any 7 with X§ = 0 and X}{,’O > 0, then
Xm0 =0,Vn > 0.

We will denote by Q the class of all probability measures which are equivalent to P and under
which the discounted process S is a martingale, and by Q;,. the set of all probability measures which
are equivalent to P and under which the discounted process S is a local martingale. Finally Qy is
the set of all Q in Q such that the Radon-Nikodym density L = dQ/dP is bounded.
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Proposition 1.1.44 There is equivalence between:
a) The model is arbitrage-free.

b) The model is weakly arbitrage-free.

¢) The model is strongly arbitrage-free.

d) The set Q is non-empty.

e) The set Qp is non-empty.

f) The set Qoc is non-empty.

If @ is not empty, any Radon-Nikodym density is called a deflator.

1.1.9 Enlargement of filtration

In continuous time, a difficult problem is to give conditions such that an F-martingale is a G-
semimartingale for two filtrations satisfying F C G, and, if it is the case, to give the G-semimartingale
decomposition of an F-martingale. In discrete time, the following proposition is an easy consequence
of Doob’s decomposition and states that if F C G, then any F-martingale is a G-semimartingale and
gives explicitly the decomposition of this semimartingale.

Proposition 1.1.45 In a discrete time setting, any integrable process is a special semimartingale
in any filtration with respect to which it is adapted: if F C G, and if X is an F-martingale, it is a
G special semimartingale with decomposition

X=M"+VE®
where M€ is a G-martingale and V' is G-predictable, V¢ = 0, and
AVE = E(AX,|Gp_1), n > 1.
The process V' is often called the information drift of X relative to G.

O

Definition 1.1.46 Immersion is satisfied between the filtration F and a larger filtration G (or T is
immersed in G), if any F-martingale is a G-martingale. If this property is achieved, we will denote
it by F — G . In order to specify that the immersion is achieved with the probability measure P, we

will denote it by F < G .

Immersion is also called (#)-hypothesis in the literature. The following result is well known and
useful (see [7]).

Proposition 1.1.47 Immersion hypothesis is equivalent to any of the following properties,where for
a set A, we denote P(A|F) = E(14|F):

(H1) ¥Yn > 0, the o-fields Foo and G, are conditionally independent given F,, i.e. if for alln >0,
for all sets G, € G, and F € Foo P(F NG| F,) =P(F|F,)P(Gp|Fn)-

(H2) ¥n >0, Gy € Gn, P(Gu| ) = P(Gr| Foo).
(H3) ¥n >0, F € Foo, P(F|F,) = P(F|G,).

Proof. We recall the proof for the ease of the reader.
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e Immersion = (H1). Let F € F. Under immersion, the F-martingale (F),),>0, defined by
F, :=E(1p|F,) for all n > 0, is a G-martingale. Hence, for any n > 0 and any G,, € G,

which is (H1).
o (H1) = (H2). If (H1) holds, then for any F' € F, and any G,, € G,

#H1)

E[1pP(Go| )] = E[B(F|F)B(GalF)] 2 E[B(F N Gl F)] = B(FNGy)

which is exactly (H2).
e (H2) = (H3). Suppose (H2) and let F' € F, and G,, € G, for any n > 0, then

(H2)

E[P(F|Fu)lc,] = E[1rP(GnlFa)] = E[1rP(GalFx)] = P(FNGy),

which implies (H3).

e (H3) = immersion. Consider an F-martingale (F),),>o of the form F,, := P(F|F,). Then,
(Gr)n>o defined by G,, := P(F|G,,) for all n > 0 is an G-martingale. Then under (#3), we
have that F;, = G,, for all n > 0, therefore immersion is satisfied for u.i. martingales. The
extension to all martingales is standard.

O

Our goal is to compute more explicitly the semimartingale decomposition in some specific cases,
and to show, with elementary computations, that we recover the classical general formulae estab-
lished in the literature in continuous time.

Comment 1.1.48 Note that results in continuous time can be directly applied to discrete time: if
[F is a discrete time filtration and X a discrete time process, one can study the continuous on right
jumping filtration F defined in continuous time for n <t < n+1 as F; = F,, and the cadlag process
Xt =, Xnlin<tent1y- One interest of our computations relies on the fact that we do not need
hypotheses done in continuous time and that our proofs are simple.

Another goal of this paper is to study how enlarging the filtration may introduce arbitrages. We
start with a general result, valid for any filtration H:

Lemma 1.1.49 Let Y be an integrable H-semimartingale. If there exists a positive H-adapted pro-
cess Y such that
E(annw-lnfl) = YnflE(¢n|Hn71); Vn > 17

there exists a positive H-martingale L such that LY is an H-martingale.

Proof. Let Y be a (P,H)-semimartingale with decomposition ¥ = MY + VY with AVY =
E(AY,|H,_1) and where MY is a (P, H)-martingale. Define, for a given v, the (P, H)-martingale L

Un n>1,

=1, L, = =2
0 E(wann—l)

=L,_
H E( 1/)k|7'ik 1) !

then, setting dQ = LdP, the process MY decomposes as MY = mM + VM where mM is a (Q, H)-
martingale and

AVM = EQ(AM}ﬂHn_l): EP(L AMY | H, 1)
1 1
= Ep(L,MY | Hp_ 1) = Ly 1 MY |) = —————Ep(o AMY |H,_1) .
Ln—l( ]P’( | 1) 1 1) EIP(¢71|HTL—1) ]P’(’(/} | 1)
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The process Y is a (Q, H)-martingale if VM + VY = 0 or equivalently AVY + AVM =0, that is
E(n AMY [Hp 1) + E(Wn|Hn 1) E(AY, | Hy1) = 0.
We develop and use that AMY =Y, — E(Y,,|H,_1) and obtain, after simplification
E(nYn|Hn-1) = E(¢n|Hn1)Yn-1 .
O

In the setting of enlargement of filtration, we introduce the following definition of viable enlarge-
ment:

Definition 1.1.50 Let F C G, we say that the enlargement (F,G,P) is viable if there exists a
positive (P, G)-martingale L with Ly =1 (called a deflator) such that, for any (P,F)-martingale X,
the process XL is a (P, G)-martingale.

Our definition implies that, if there is a discounted price process S, which is a (P, F)-martingale,
then the market (S, G) is arbitrage free. The study of necessary and sufficient conditions so that,
for a given (P, F)-martingale S, there exists a deflator, can be found in Choulli and Deng [9].

1.2 Initial Enlargement

The filtration F7(&) = (F, © n> 0) is an initial enlargement of F with a random variable ¢ taking
values in R if F®) .= F, v a(&),n > 0.

1.2.1 Bridge

We study the following particular example. Let (Y;,¢ > 1) a sequence of i.i.d. random variables
with zero mean and the process X of the form X, :=0, X, := Zle Y;, n > 1. We note that X is
an F-martingale. We denote by F the natural filtration of X. For N fixed, we choose £ := Xy.

We need to compute AV, = IE(AXM]-"E(_?) =E(AX,|Fn-1Vo(Xn)). Using the fact that (¥;,7 > 1)
are i.i.d, we have, forn < j < N

(}/}7X17"' aanlaXN)la:W(anle"' ;anlaXN)a

hence
E(YI'LL]:TL—l\/U(XN)) = E(}/J|fn_1VU(XN))
1
1 Xy —Xn1
= ——E(Xy—X,_ _ X = —"\
N*(Tl*l) ( N n 1|]:n 1\/0'( N)) N*(’Il*].)

Therefore, the process X defined as

= Xy — Xio
Xng=Xp—) ——F—F——,n2>0
g ;Nf(kfl) "

is a F7(€)-martingale.

Comment 1.2.1 This formula is similar to the one obtained for Lévy bridges: if X is an integrable
Lévy process in continuous time (e.g. a Brownian motion) with natural filtration FX, setting G =
FX V o(X7) leads to

t —
XC =X, - Mds,ogtgﬂ
¢ T
0 — S

where X© is a G-martingale.
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1.2.2 Initial enlargement with ¢, a Z-valued random variable

Let X be an F-martingale, £ be a r.v. taking values in Z and, for any j € Z, let p(j) be the
F-martingale defined as p,,(j) = P(€ = j|Fy).

Proposition 1.2.2 The process X defined as

n
A HI;|J =£

:Xn
Pk—1 )

(1.11)
k=1

is an F7€) martingale. On the set {€ = j}, one has p,(j) # 0,Yn > 0.

Proof. The Doob decomposition of X in F7&) is X = M + V where M is a F°()-martingale and,
for n > 1, AV, = E(AX,|Fpn_1 V a(§)) so that

E(L{e=} AXp|Fno1)

(AVn)ﬂ{Ezj} = lge—p P(£ = j|Fn1)
E(pn(j)AXn|Fr-1) A(X,p(j))n
= Dyes - =T - , 1.12
{&=7} Pr10j) {&=7} Pr10j) ( )

where we have used the tower property in the second equality.
On the set {€ = j}, one has p,(j) # 0,Vn > 0. Indeed,

E(Lip, (h=0tLie=j1) = E(L(p, ()=0y E(Lie=j}[Fn)) = E(L(p, (jy=0ypn (i) = 0.

Proposition 1.2.3 (a) The process ﬁ is an T -supermartingale. If p(k) > 0 for any k, it is

an F7©) -martingale.
(b) If X is an F-martingale and p(k) > 0,Yk, X/p(€) is an F7E) -martingale.

Proof. (a) In a first step, we note that p(¢) > 0. Indeed, p,(§) = D72 _  Lie—pypn(k) and p, (k) > 0
on {£ =k}.

1 > E(L{e=r} Lip, (1)>0) 5y [ Fn—1)
B(— | Vo) = 3 1 P
pn() k:z_oo =1 E(T ey Fn1)
. E(1gp, (k)>03[Fn-1) > 1 1
= Tyee (k)23 n=l) e = :
k;w ) k;oo = p (k) paa(©)
If p(k) > 0 for any k, the last inequality is in fact an equality.
(b) For a P martingale X, if p(k) > 0, one has
Xn E(Lie=ry 7oty (k) |Fn-1)
E(—x|Fa-1Va(§)) = T £
Pn(§) Z = E(L ey Frn-1)

i (Xn|-/__.n71) _ anl
Z ﬂ{g_k} pn_l(k') B pn—l(g) .

k=—o00

It follows that, if p(k) > 0, Vk, the enlargement (F,F°(©) is viable a deflator being 1/p(¢).

Lemma 1.2.4 If p(k) > 0, the process L, := ;)O—E?) is a positive martingale with expectation 1.
Define dQ = L,dP. Then ( is independent from F,, under Q,

Fo =Pl Qo) =Pog)-
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Proof. For X,, € F,,

Eo(h(C)X) = Ep(Lah(0)Xa) = E(3 28 ity %1y = B 228 4 X ()

If follows that

Comment 1.2.5 In continuous time, under Jacod’s hypothesis P(7 € du|F;) = pt(u)P(§ € du), the
process X© is a G-martingale where

G ' d<X7p(u)>]£‘u:E v
Xt = Xt A i (é_) s t>0.

If ¢ takes discrete values, then Jacod’s hypothesis (the conditional law of £ w.r.t F,, is absolutely
continuous w.r.t the law of £) is always true.

1.2.3 Supremum of random walk

We consider a particular case of the previous setting where we can compute the probabilities p,(j).
Let (Y;,7 > 1) a sequence of i.i.d. random variables taking values in Z and the process X of the
form X :=0, X, :=> " ,Y;, n>1. For N fixed, we put £ := supy<, <y X, and we denote by F
the natural filtration of X.
We denote by g(n,k) = P(sup;<;<,, X; = k) and by h(n,k) = P(sup;<;<, X; < k). Then the
probability p,,(j) can be expressed as follow.
We note that

{sup Xj, = j} = {sup Xp =j, sup

E<N k<n 1<k<N

SIN—N

Xk <jpU{sup Xj, <j, sup Xppp =j}
k<n 1<k

SkSN-—n

and that , setting )?k = Xptk — Xp = Zf\;n }71 where Y are copies of Y, independent from F,

P( sup Xpix <jlFn) = P( sup Xpip—Xn<j—XnlFn)
1<k<N-n 1<k<N-n
= P( sup X <j—Xu|Fn)=h(N-nj—X,)
1<k<N-n
P( sup Xpyr=j|Fn) = P( sup )N(k =j— Xu|Fn) =g(N —n,j — X))
1<k<N-n 1<k<N-n
Then

p”(J) = ]l{SUPogkgn Xk:j}h(N - n’j - X”) + ]l{suPongn Xij}g(N - n7j - Xn)

1.2.4 Arbitrages

Proposition 1.2.6 The process Y (¢) is an T -martingale iff Y, (k)pn (k),n > 0 is an F-martingale
for any k.

Proof. Let Y, (¢) be an F(9)-martingale. Then,
E(Ya(QIF) = Yin(0)

or, equivalently, for any k
E(Yn (Ol F7 N emiy = Yin(O)Tgc=ry



22

and taking the F,, conditional expectation of both sides
E(Yn(k)Lic=k}|Fm) = Ym(k)pm (k)

hence, by tower property
E(Yn (K)pn (k)| Fm) = Yin (k)pm (k) -
Conversely, if (Y;,(k)pn(k),n > 0) is an F-martingale for any k

B0(OF ) = S BIOM e ) = T Lm0 (7).
k
Then, using the fact that
(Yn(k)pn(k)l]:m) ©)
=1 E Fo
P () {¢=k} ( ()| )

we conclude O

L=y E(Ya(¢ ) FS) = Lyc=iy

Lemma 1.2.7 If £ is an Fx-measurable r.v. for some N and & is not Fo measurable, the enlarge-
ment (F,G,P) is not viable.

Proof. Let X,, = E(¢|F,). If a G-deflator L exists, the process X L would be a G-martingale, and
XL, = E(XyLn|G,). Using the fact that Xy = £ is G,-measurable for 0 < n < N, we obtain
E(XvLn|Gn) = XNL,, in particular Xy Lo = XoLo which is not possible since Xy = § is not Fy
measurable. O

Proposition 1.2.8 For any Z-valued random variable (, the following are equivalent.
(a) The set {p,(k) =0 < pk_,} is negligeable, for all k and n.
(b) For any F-adapted integrable process X satisfying NA(F), X satifies NA(F(©) ).

1.3 Progressive Enlargement

We assume that 7 is a random variable valued in NU {400}, and introduce the filtration G where,
for n > 0, we set G,, = F,, Vo(T An). In other words, G is the smallest filtration which contains F
and makes 7 a stopping time. In particular {7 = 0} € Gy, so that, in general G is not trivial.
In continuous time, many results are obtained under the hypothesis that 7 avoids F-stopping times,
or that all F-martingales are continuous, which is not the case here. We present here some basic
results. We assume that Fy is trivial. Recall that, in this setting, as written in Comment 1.2.5, 7
satisfies the absolutely continuous Jacod’s hypothesis.
In this section, the indicator of 7 is

Hy =1{<p) - (1.13)

1.3.1 General results

Basic Properties

Lemma 1.3.1 1) If Y is a G-adapted process, there exists an F-adapted process y such that
Yolinery = Ynlinery, ¥n > 0. (1.14)
2) If Y is a G-predictable process, there exists an F-predictable process y such that
Yolin<ry = Ynlin<sry, Vn > 0. (1.15)
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Proof. In a first step, one proves (1.14) for Y,, = X, h(7 A n) where X,, € F,, and h a bounded
Borel function. In that case, the result if obvious, with y,, = X,,h(n). The general case follows from
monotone class theorem.
If Y is a G-predictable process, then the process S defined by Sy = Yy and S,, = Y,, 41 is adapted
and so there exists an F-adapted process s s.t.
Yn]l{ngr} = Sn—l]l{n71<7} = Sn—l]l{n71<7} = yn]l{ngr}
where 4, = sn,_1 O
We introduce the supermartingale
Zn =P(1 >n|F,),Vn >0

and its Doob’s decomposition

Z=M-A (1.16)

with
Ag =0, AA, = -E(AZ,|Fr-1) =P(r =n|Fp-1),Vn > 1. (1.17)

Note that A is, as it must be, the dual predictable projection of the process H defined as H,, = 1,<,,.
In particular, since Fy is trivial, Zog = My = P(7 > 0).

We also introduce the supermartingale
Zy =P(r > n|F,), ¥n >0 (1.18)

and its Doob’s decomposition

Z=M-A (1.19)

where M is an F-martingale and A the F-predictable increasing process satisfying go =0, Agn =
P(tr=n—1|Fn_1),Yn > 1.
We shall often use the trivial equalities

Zn =P(r>n—1|Fp) = Zn+P(r =n|F,), Zn=P(r >n+1F,), B(Zn|Fn1) = Zn_1.

Proposition 1.3.2 On the set {n < 7}, the random variables Zn and Z,_1 are positive. On the
set {n > 7}, the random variables Z,, and Z,_1 are strictly smaller than 1. One has Z, < 1.

Proof. The first assertion is obtained from the two following equalities:
E(]l{nST}IL{anl:O}) = E(P(n S T|~/—"n—1)]1{Z"71:0}) - E(Zn_l]l{z7L71:O}) = 0’
E(ﬂ{néf}ﬂ{fnzoﬂ = E(P(n < T|]:n)]l{§n:0}) = ]E(Zn]l{inzo}) =0.

The second assertion is left to the reader . By definition,

ZT]l{T<oo} = 2]1{7—:"}]?(7' > TL|.7:n) <1- Z]l{rzn}P(T < n|fn)

and 1 — Z, = P(r < n|F,) > P(r = n|F,) = pp(n). The quantity p,(n) being positive on {r = n},
the result follows. O

We give a useful lemma known as key lemma. The proof of a) is standard, the proof of b) can be
found in Aksamit et al. [5] for continuous time. For the ease of the reader, we recall these proofs.

Lemma 1.3.3 One has, for any random time T,
a) if the random variable ¢ is integrable

(Cﬂ{7—>n} |]:n)

E
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b) for any integrable and F,-measurable r.v. Y,

E(Yn‘gn—l)ﬂ{rzn} = 1{7’2”} E(YnZnLFn—l), vn > 1

Zn—l

Y 1
n n—

Proof.
a) Taking Y;, = E({|G,,) in (1.14), and taking expectation w.r.t. F, we obtain

E(C]l{’r>”}|]:n) = E(]l{v'>n}|]:n>yn = ZnYn »

hence, taking into account that Z, is positive on the set {7 > n}, ypl{rsn} = H{T>n}w.

b) The first part of b) follows from the equality (1.15). Only the second equality requires a proof.
For n > 1, we have

Y, 1 1
IE Tn]l n— = ]l >n 71[3 YnT]I >n n—
(Zn (r>n}|Gn-1) {remy 7 — ( 7 L HFn-1)

1 1
= ]l{rzn} 7Zn71 E(Yn?n]l{.,—zn}]l{zn>0} |-7:n—1)

1
Tirsny 7 E(Y”]I{an} | Fr_1) -
O

We give an immediate and important consequence in order to define the process y which satisfies
(1.14) and the process y which satisfies (1.15) on the whole space.

Lemma 1.3.4 The process y, which satisfies (1.14) can be chosen as y,, = %E(Ynﬂ{n57}|fn)]l{zn>o},
The process y, which satisfies (1.15) can be chosen as

Yn = E(Yn2n|]:n71)]lzn

~1>0"
Proof. The proof is a consequence on Proposition 1.3.2 and Lemma 1.3.3 . O
Proposition 1.3.5 The process T = (1 — H)% is a G-supermartingale (where, by convention,

(1—Hy,)5 =0 on the set {T <n} ={H, =1}). If Z is positive, Y is a G-martingale.
If X is an F-martingale and Z positive, (1 — H)X% 1s a G-martingale.

Proof.
1 1 1
E(ﬂ{7>n}7|gn—1) - IL{7‘>n—1}Ziil]E(]l{‘r>n}Z7|gn—1)
1 1
- ]l{T>TL—1}KE(]I{T>7L}]IZTL>OZ|~FTL71)

1 1
= ]1{T>n71}KE(]IZTL>OZE(]1{T>7L}‘fn)lfn—l)

1 1
= lgsn-1 7 IE(]lZn>0|-7:n—1) < 1{T>n—1}Tl

In the first equality, we have used that, due to the fact that 7 is a G-stopping time, {r <n —1} €
Gn—1, hence E(]I{T>n}zi"\gn_1)]l{7§n,1} = 0, in the second equality that {r > n} C {Z, > 0}.
Hence the result, noting that one has equality in the last line if Z > 0. If X is an F-martingale, the
same kind of proof establishes that, for Z > 0,

X X1
E(]l{7_>"}Z7‘gn,1) = 1{T>ﬂ,—1}T1 .
n n—
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Lemma 1.3.6 Let H,, = l;<,),n >0, and A be the F-predictable process defined as

AA,
AO = O7 AAn = Z ]I{Zn 1>0}7 n > 1

where A is defined in 1.17. The process N defined as

nAT
N, = Hn_An/\T:Hn_ZAk’anO (121)
k=1

where A, := AN, is a G-martingale.

Proof. Tt suffices to find the Doob decomposition of the G-semimartingale H. The predictable part
of this decomposition is K with

E(AH,|F,—
AKy = E(AHn|gn—1):n{TSn71}0+1{T>n71}%1n1)
E(Z,-.1—Z _ A, —A,_
= ]l{TZn} ( n 1Z n|]:n 1) — ]I{Tzn}”zi"l7 n>1.
n—1 n—1

We conclude, as from Proposition 1.3.2 Z,,_1 > 0 on {1 < n < 7}, so that, on {n < 7}, one has
AK, = )\, where \, = AA" 1z, ,>0} is F-predictable.

Note for future use that 0 <A <E(1— F= 1z, ,>03[Fn-1) <1 (except if 7 = equiv0!). This
will be useful to obtain that £(—A) is a p031t1ve process. O

Proposition 1.3.7 Suppose Z positive. The multiplicative predictable decomposition of Z is given
by Z,, = Nfé'( — A)n, n > 0 where N? is a positive F-martingale and A is defined in Lemma 1.5.6.

Proof. We have seen that there exist an F-martingale N4 and an F-predictable process K% such
that Z = N?K?Z with

n

SiE B 7icn) =II[- ST ] e )
- k—l

From Lemma 1.3.6 and the positivity of Z, we have

_ anl - ]E(Zn|-/rn71)

AN, 7 ,

Yn>1, (1.23)
then by definition of the exponential process, we get that K% = £ ( — A) . O

Lemma 1.3.8 IfZ is predictable and Z is positive, then E(AN,|F,) = —AM,, for alln > 0, where
M is the martingale part in the Doob decomposition of Z defined in 1.16 and N is defined in (1.21).

Proof. By definition of N, we have that, for n > 0,

E(ANJFn) = E(lreny — Lr<n-1y = Anlirzny Fa)
= E(-Lirony + LironpFn) = ME(L >0 [ Fn)
—Zp + Zn - A’nﬂZv’n =—AZ, — MZn ’

where we have used that, since 7 is predictable, ZL = Z,_1. Finally, using that AZ,, + AA,, = AM,
and, Z being positive, A\, = ZA:{’; which implies A\, Z,,—1 = AA,,, we get E(AN, |F,) = —-AM, . O
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Let H° be the F-dual optional projection of H. From definition 1.1.15, H® is defined by
HY =Y E(AH|F) =Y P(r =k|Fy), ¥n>0,
k=0 =
and satisfies
oo
E(Yrl{rcooy) = ZYHAH,L = Zm«: (AH,|Fn) =E(>_ Y, AH) (1.24)
n=0 n=0 =

for any F—adapted bounded process Y. We define HS, := HS _ + P(1 = 00| Fs) where HS,_ =
limy, o0 H, Zk o P(7 = k| Fk). Note that AA, =H® | —H®_

N o _9, Where A is the predictable part
of M and since A; = H§ we have A,, =

2_1, hence
T+ HS = Zy+ AHS + HS_ = Z + Ay = M, .
Furthermore, since lim, oo Zy, = l{;—}, and E(HS, ) = lim E(H?) < 1, one has
My = Zy + HS = E(L{y—cey + HS_|Fy). (1.25)
Proposition 1.3.9 Let Il := H — (Z)_lll[o,,r] CH°=H —T . 5,, with

ATy, = (Zn) Mz Lo AHS, To=0. (1.26)

Then, for any integrable F-adapted process Y, the process Y .11 is a G-martingale. In particular, 11
is a G-martingale.

Proof. From All, = 11—} — %ﬂ{rgn}P(T = n|F,), n > 1, one has All,, 1, .,y = 0 and, from
Lemma 1.3.3 (1.20),

1
E(YHAHnlgnfl) = ]1{7->n 1} (Y All ]l{'r>n}|fn 1)+]E(Y All ]l{'r<n}|gn 1)

1
—P(r = n|F,)P(r > n|]—'n)]l{2n>0}> |]-‘n1>

n

l
= ]l{T>n_1}K]E (Yn (]P’(T = n|]—_n) _

1{T>n,1}iﬂﬂ (YnP(T = n|Fy) (1 _ 1{—Z~n>0}) \]—"n_l)

1
= Ly —E <YnIP’(T - n\Fn)]l{Zn:O}|Fn_1) :

where the fact that Y is F-adapted has been used in the second equality. It remains to note that,
on {Z, = 0}, one has P(r = n|F,,) = 0 to obtain E(Y,,AlIlL,|G,_1) = 0. O

Note that, if YV is an F-martingale, then, from lemma 1.1.9, the G-martingale part of Y is or-
thogonal to II. This result is similar to the one obtained in continuous time by Choulli et al. [9].

There are obviously infinitely many nondecreasing G-adapted processes © such that y:= H — ©
is a martingale stopped at time 7, e.g., © = H or any convex combination between A.n, and ' A,
where A is the F-predictable process defined in Lemma 1.3.6 and I' the F-optional process defined
n (1.26). Assume that p is a G-martingale stopped at 7 (so that Apu,l{,<,} = 0) of the form
u=H — K1y .J where K, J are F-adapted process and Y .y is a G-martingale for any integrable
F-adapted Y. As we show below, the property that Y . pu is a martingale for any F-adapted Y
characterizes the pair of processes (K, J) and implies that p = II
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One can write

1
0 = E(KLAUn|gn—1) = ]1{T>TL71} 7 E(]l{'r>n71}YnA,Un|}_n—1)

n—1
1
= ]l{‘r>n—1}ﬂ (E(]I{TZ’H,}YRAHTA‘FTL*:[) - E(]I{Tzn}YnKnAJn‘fnfl))

1

L g — (]E(IE(]I{TZ,L}AH”U-'”)YR|]-'n_1) _ IE(]E(]I{TZ,L}|]-"n)YnKnAJn|]-'n_1))
1 -
1 -

where we used the fact that 1>, AH,, = AH,,. Then, taking conditional expectation w.r.t. 7, 1,
one obtains, for any Y,

1z, 50(E(Yu(AHS — Z, Ky AJ,) | Fa1) =0,

hence N
1z, _,>0(AH, — Z,K,AJ,)=0.

It follows that p = II.

Proposition 1.3.10 Assume that Z is positive. Then, Z admits an "optional” multiplicative de-
composition ~
Z =NE(-T)

where N is an F-martingale.
Proof. In the case Z > 0, we have 1 — AT, = 1 — (Z,) " 'AH? =1 — (Z,)"'P(r = n|F,) > 0, and

the stochastic exponential £(—T") is positive.
We check that Z/E(-T) is a martingale.

Zn Zn—l 1 Zn
— _ = E
R W DA o W v o

E( - Zn—l‘fn—l)

From Zn — AH? = Z,, we obtain

Zn ZnZn 7
E(————— - Z, 1| Fn1) =BE(=——"———Z, 1| Fn-1) =E(Z, — Z,,_1|F0_1) =0
(1—Al“n 1[Fn-1) (Zn—Aﬂﬁ 1| Fn-1) = E( 1[Fn-1)
and the martingale property follows. O

G-martingales versus F-martingales

We first give a characterization for all G-martingales in term of F-martingales. We denote as before
P(r = k|F) = pn(k).

Proposition 1.3.11 A G-adapted process of the form Y := yljo -1 + y(7)L[; oo where y and y(k)
are F-adapted processes, is a G-martingale if and only if the following two conditions are satisfied
(a) for any k, the process (yn(k)pn(k),n > k) is an F-martingale,

(b) the process Y is an F-martingale, where

Y = E(YalFn) = YnZn + > yn(k)pn(k) . (1.27)
k=0
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We first give a result of G-conditional expectation which be used in the proof of the Proposition.

Lemma 1.3.12 Let k € N and n > k. Consider V,(j),5 < n a family of F-measurable random
variables, then

1<y E (Vi (7)|Gr) = Lr<iy E(Vn(j)pn(j)u:k)lj:T

1
pi(7)
Proof. From

1<y E (Va(7)IG1) Z 1=y E (Vi (1)|Gr)
and using the fact that there exists an Fj-measurable random variable v (¢) such that, for i < k
L= E (Va()IGr) = E (Lr=iy Va()IGk) = L r=iyvi(d)
taking the conditional expectation w.r.t Fj, we obtain that
E (Vi (i) L{r=iy|Fi) = E (Va(0)pn ()| Fi) = v ()P (1 = | Fi)

where we made use of the tower property to obtain the first equality. It follows that

i (2)) | F)
]l{.,.<k}E ‘gk Z]l{"' l} I))k(z()»' k)

O

Proof. [of Proposition 1.3.11] For the necessity, in a first step, we show that we can reduce our
attention to the case where Y is u.i. Indeed, let Y be a G-martingale and (7});>0 be a G-localizing
sequence such that, for each j, the associated stopped martingale (Ya7;,n > 0) is w.i. Assuming
that the result is established for u.i. martingales will prove that the processes in (a) and (b) are
martingales up to T} for each j. Since T; — oo as j — oo, the result follows.

Assume, then, that Y is a u.i. G-martingale, hence the terminal value of this martingale is a G,
measurable random variable that one can write as Y (7) where for any k, the random variable Y (k)
is Foo measurable, and Y;, = E(Y(7)|G,) has the form Y = yljo [ + y(7)Lr o0

e Assuming that Y is a G-martingale, one has E(Y,[G,—1) = Y, 1, hence, E(Y,[G,—1))1{r=p} =
Yn - 1l{;—p and, for £ <n — 1, which leads to, writing Y, 1(r—xy = yn(k)Lir—p},

E(yn (k)L {r=£}|Gn—1) = yn-1(k)Lr=py ,

and taking conditional expectation w.r.t. Fp,—1 E(yn(k)pn (k)| Fn-1) = yn—1(k)pn—1(k).
If Y is a G martingale, YT is an F martingale. The form of Y follows from

E(yn]l{n<r} + yn(T)]l{TSn}‘fn) = Yndn+ ZE(yn(T)ﬂ{T:k}u—n)
k=0

= YZut S yaR)puh).
k=0

e Conversely, assuming (a) and (b), we shall verify that E(Y,|Gx) = Y for & < n. Let us first note
that

1
E(Y,|Gk) = 1{k<T}ZE(Ynﬂ{k<T}|fk) + L <ry E(Yal{r<k3]Gk) - (1.28)
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We then compute the two conditional expectations in (1.28):

E(Yolihary|Fr) = E(ValFr) = E(Ynlir<py|Fr)
k
= E(,)|F) = E [E(yn (ML F)lFe] =Y —E 1Y un(G)pn ()| F
j=0
k k
= Zi+ Y ue(Dpe(i) = Y (ki) = yeZn
j=0 j=0

where we have used the condition (a) and the equality derived in condition (b) to obtain the next-
to-last identity. Furthermore, using Lemma 1.3.12

1 . .
E(Yalir<iy|Gr) = E(yn(T)]l{TSk}|gk):]l{rgk}mE(yn(l)pn(Z”}—k)

1
ﬂ{rgk}myk(T)pk(T) = Lir<myyn(T)

lizr

where the next-to-last identity holds in view of the condition (a).
Finally, E(Y,|Gk) = Liker) 7-U6 2k + Liz<iyyn(1) = Ya. O

Immersion in progressive enlargement

We recall that F is immersed in G (we shall write F < G) if any F-martingale is a G-martingale.

Lemma 1.3.13 F is immersed in G is equivalent to Z, = P(t > n|Fs) = P(1 > n|Fy) for any
k>n>0.

Proof. First, suppose that immersion holds. The equality Z,, = P(7 > n|Fx) = P(7 > n|Fy) is
valid as soon as

Zn =P(1 > n|Fx) (1.29)
and this is equivalent to E(X1,s,) = E(XZ,) for any bounded F.-measurable random variable X.
E(X1r>p) = E(E(X|Gn)1r5n) = E(E(X]|Fa)1rsn)
where the second equality comes from immersion. The equality
E(E(X[Fn)lr>n) = E(XE(Lr50)[Fn)) = E(X Z0)

implies the result.
Conversely, assuming P(7 > n|Fy) = P(7 > n|F,) for k > n, we prove that any F-martingale X is
a G-martingale, i.e., E(X,|Gr) = Xi for k < n, or equivalently for any F; measurable r.v. Uy, for

any j,
E(XnUrlrnk=;) = E(XpUplrpg=;)-

This equality is obvious for k < j. For j <k
E(X Ukl pk=;) = E(X,UsP(T ANk = j|Fp))) = E(XL U P(r = j|Fn))) = E(XLUP(1 = j|Fi)))

where we have used the hypothesis in the last equality. It follows that, using the F-martingale
property of X

E(XnUpP(1 = j|Fk))) = E(XsUpP(r = j| Fi))) = E(Xk U Lrpk=;)
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Proposition 1.3.14 Assume that Z is positive and that immersion holds. Then, Z = E(—T") where
T is defined in (1.26).

Proof. If immersion holds, the same kind of computation as the one in the proof of Proposition
1.3.10 leads to

Z, 1 Z, Z, Z, Z,

E(D)n  E( D) 1-AT,  E(-D)ui 7, — AHe E(-D)uss

and using the fact that immersion implies that Zn = Zpn—1, we obtain, by recursion, that g(fi’f)n =1.
O

Lemma 1.3.15 F is immersed in G if and only if Z is predictable and Z, = P(r > n|Foo), n > 0.

Proof. Assume that F is immersed in G. Then, for n > 0,
Zy =P(r>nlF,) = P(r>n—1F) =P >n—1Fs) =P(r >n|Fx),

where the third equality follow from immersion assumption. The equality Zp = P(r >n—1|Fn-1) = Zn-
establishes the predictability of Z. _ B
Assume now that Z is predictable and Z,, = P(7 > n|Fx). Then, Z, = P(r > n|F,_1) and

P(r >n|F,) = P(r>n+1|F,) = Zny1 = P(r > n|Fs).

The immersion property follows. O

Remark 1.3.16 We will see in the proof of Theorem 1.3.48 that Z predictable implies that 7 is a
pseudo-stopping time, hence Z (and Z) is decreasing.

Lemma 1.3.17 Under immersion p,(k) = pr(k) for n > k.

Theorem 1.3.18 Suppose F — G and Z > 0. Let N be defined in (1.21). Then the following
assertions are equivalent
(i) Z is F-predictable.

(ii) For any G-predictable process U, one has IE((UN)n> =0,Yn>1,1in particularE(ANn|fn) =
0,Vn>1.
(iii) Any F-martingale X is orthogonal to N.

Proof. (i)= (ii). By uniqueness of Doob’s decomposition and the predictability of Z, Z,, = My— A,
hence AM,, = 0.
By Lemma 1.3.8 and 1.3.15, we have that
E(AN,|F,) = —AM,
and JE(ANn]}'n) —0.
For k < n, let Uj, be an Fj,_i-measurable r.v. be such that Ukll{7.>k_1} = Ugll{r>k—1}, then
E(Ux AN Fn) = Uk [E(~1 sy + LirzmlFa) = ME(L i Fa)]

which, using immersion propetry

E(UpAN|F) = UpE(=Lrspy + Lirsip [ Fi) — ME(L o0y | Fe)]
UkE(ANk|.7:k) =0,
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taking the sum over all k < n, and noting that, from immersion E(UyANy|Fy) = E(UxANk|F,),
we obtain IE( 22:1 UkANk|}'n) = 0, that is the desired result.

(ii) = (iii). In the proof, we suppose that X is square integrable. The general case follows by
localization. We prove that E(AX,, AN,|G,—1) =0 for all n > 1.
From the Lemma 1.3.3, we have that

E(AXn ANn|gn—1>]l{TZn} = E[AXn]l{T>n71}ANnI]:n—l]ﬂ{TZn} )

1
anl
since AX,, is Fp-measurable and 1{;~,_1} is G,_1-measurable we have, from (ii)

E(AX, I r5n1} ANy |Fro1) = E[AXnIE(II{T>n_1}ANn\}'n)|]-'n,1} =0

hence
E(AX, AN |Gr-1)lr5n = 0.

On the set {7 < n}, using that {r < n} € G,_1, we obtain
]E(AXn A]\/vn|gn—1)]l{7-<n} = E[AX’U(]l{T:n} - A’nll{‘an})]1{7'<n}|gn—1] =0.

Finally, we get E[A(X,,N,)|Gn-1] =0

(iii) = (i). By (iii), we have in the one hand, for n > 1, E(AX,AN,|G,—1) = 0, then
E(AX,AN,) = 0 . In the other hand, E(AX,AN,) = E[AX,E(AN,|F,)] . In the case X = M,
applying Lemma 1.3.8, we obtain E(AN,AM,) = —E(JAM,|?) , which implies E(|AM,|?) =0 .
Therefore AM,, = 0=, or equivalently E(Z,|F,—1) = Z,, which is equivalent to the predictability
of Z. ]

Example 1.3.19 Assume that 7 = inf{n : V,, > ©} where V is an increasing F-adapted process
and O is independent from F, with an exponential law. Then, Z, = P(V,, > O|F,) = e~ and
immersion property holds (and Z,, = P(7 > n — 1|F,) = P(V,_1 > O|F,) = e Vo1 = Z,_4).

If V is predictable, the Doob decomposition of Zis Z, =1— A, =1 —(1—e~ "), and Z,, = £(—A)
with AA,, = 2:{”1' =1—e 2 where A was in Lemma 1.3.6. Note that, from Proposition 1.3.14,
A =T. Moreover, Z is predictable and assertions of Theorem 1.3.18 hold.

If V is not predictable,

_ _ —AV,
AAn = AAn = E( AZ“|]:TL71) = G_V”71 ! E(e |]:n71) =1- E(e_Avnlfnfl)
Zp-1 L1 Zn—1

and AT,, =1 — e 2Vn,

Equivalent probability measures

Proposition 1.3.20 Suppose F E) G. Let Q be a probability measure which is equivalent to P and
let L be its Radon-Nikodym density. If L is F-adapted, then

Q(r > n|Fp) =P(r >nlF,)=2Z,, Vn >0

and F g G . Consequently, the predictable compensator of H is unchanged under such equivalent
changes of probability measures, i.e. N is a G-martingale under P and Q.

Proof. Let X be an (F,Q)-martingale, then, L being F adapted, (X, L,,n > 0) is an (F,P)-
martingale, and since F is immersed in G under P we have that (X,,L,,n > 0) is a (G, P)-martingale
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which implies that X is a (G, Q)-martingale, i.e. F fg G. We have for each n < k, using Bayes’

formula

E"(Li 1 {r<ny| Fr)
EP(L|Fx)

Q(r < n|Fy) = =P(r < n|Fy),

in particular, Q(7 < n|F,) = P(r < n|F,), then by F &L G, Q(t < n|F,) = Q(r < n|Fy) and the
assertion follows.

O

Immersion property is not stable by change of probability. We give here the result obtained in a
continous time setting in [?, Th. 6.32].

Theorem 1.3.21 Assume that F g G and that Z is F-predictable and positive. Let X be an
(F,P)-martingale and let 1p be an integrable G-predictable process such that€ (¢ « X) is a positive G-
martingale. Let ¢ be an integrable F-predictable process such that E(p.N) is a positive G-martingale.
Let us introduce the G-martingale

Ly =EW e X)pE(@N)n, Yn>0,

where N is defined in (1.21) and assume that L is uniformly integrable.
Define

dQ=L,dP on G,, Yn>0.

Then, the Q-Azéma supermartingale associated with T has the following multiplicative decomposition:
29 = Q(r > n|Fy) :5(@_ %).X@) 5(_¢.A) Zn, ¥n>0,
n n
where

e A is defined in Lemma 1.5.6

o Py is the F-predictable projection of the process v under the probability Q, i.e. P := ¥y and
Py, = EQ(¢n|fn—l); for alln > 1,

o 1 is an F-predictable process such that Unlfron_1y = 1/;n]l{7>n_1}, for alln >0 and

o X© defined by Xg = Xo and X2 := X, — > 1_, %}c’e]" for alln >0, is an (F,Q)-martingale
with £, = E(Lg|Fr), for all k > 0.

Furthermore, the process

NAT
Zy,
Hy= 32 (1= 570 ) A W0 20,
k=1

is the compensated Q-martingale associated with H. In particular, if the process i is F-predictable,
then:

Zg) =Q(r>n|Fn) =E(—pAN)pZy, ¥Yn>0

and the immersion property holds under Q .

Proof. Let n > 0 be fixed. Note that L is a martingale: this is a local martingale by orthogonality
of X and N and a martingale by Proposition 1.1.31.
e In a first step, we compute £,, := EF(L,|F,). By Lemma 1.1.24, we have that for all k > 1,

ALy = L1 (Ve AXy + 0k ANy + Yo A[X, N]i) .
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Then, taking the sum for 1 < k < n, and since Ly = 1,
Ly =14 ((L_t)+ X)n+ ((L—¢) . N)_ + ((L_tp) . [X,N]), . (1.30)
Using that AXy € F,, Ly_1¥rpr € Go—1 for all 1 < k < n and Z predictable, we have that by
Theorem 1.3.18
E(((L,W) (X, N])n|}'n) = 3 AXGE(Li— 1o AN|F) = 0. (1.31)
k=1

and again by Theorem 1.3.18,
E((L—¢+«N)n|Fn) =0. (1.32)

Taking the conditional expectation of (1.30) and using (1.31) and (1.32), we obtain
by =1+ E((L_tp X)n|Fn) =14 Y E(Lp_195|Fn) AXp .
k=1

Then, since Lg_19r € Gr—1 and immersion holds, we obtain from Proposition 1.1.47 (#H2) that
E(kalwku:n) = E(Lk,ﬂﬂﬂ}—k,l) for all k& < n, and

n

by =1+ ZE<LI€71"/)I€|]:I€71)AXI@ =lp1 +E(Lp19¥n|Fao1)AX, .
k=1

From E(L,,_19n|Fn_1) = E®(¢n|Fr_1)ln_1, We obtain
Uy = b1 (1 + E2(Yn| Fru1) AX,) = Loy (1 +P 9, AX,) (1.33)
where P is the F-predictable projection of ¥ under the probability Q. Finally
by, =E®™ . X)), .
e In a second step, we compute E(1(;+,)Ln|F,). In the one hand, there exists an F-predictable
process ¢ such that Y1l (;~pny = Yplr>py for all k <n. It follows that
Ep e X)nlrony = (1 + '(ﬁkAXk)]l{T>n} . (1.34)
In the other hand, we have that
E(@ e N)ulrony = (1 + @ (AH, = AN L o0 ) L rony = I (1 — 0pAA) L (7o py - (1.35)
Then, using (1.34), we get that
E(L{ronyLnlFn) = EW« X)RE(E(@« N)pLirany| Fn) -
From (1.35) and the fact that o, AAy € F, for all 1 < k < n, we obtain
EMrsmLn|Fn) = EW « X)nE(—0 e M) Zy, . (1.36)

Replacing (1.33) and (1.36) in the formula Z2 = EF (1(,~,) Ly |Fy) /¢y leads to

73 =E(~p. A,

S

By definition of the exponential, it follows that
EWX)n (Z (Vi — %k)AXk) . (137)

EMp X))y PP AXy +1
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From Z\ikl = P AX}, we have that

1 lr_1 Al
_ —1_ 2% <k<n. 1.
AN 1 0 o VO<k<n (1.38)

Then, replacing (1.38) in (1.37), we obtain

E(W.X)n _
E(rp. X)),

where X© defined by AX;CQ2 =AXy M ,forall 1 < k < nisan (F,Q)-martingale by Proposition
1.1.37. Therefore

E((W—"p). XY,

Z3 = E(—p N)nE((0 — ") . X®) Z, .
It follows that for all £ > 1, {Z;?_1 >0} ={Zk_1 >0} =Q and

zZ2 Z
1— e AAL) (1 + (U — P) AX 2 ,
Z}? 1 = (1 — orAAR) (1 + (r — ") )Zk—l

(1.39)

then taking conditional expectation under Q in (1.39), and using that P, ¢, ¢, A and Z are F-
predictable and that X© is an (F, Q)-martingale, we get

of Z¢ Zy
E (T’Fk_l) = (1 - opAAy) , VE>1. (1.40)
Zy_4 k-1
The compensated Q-martingale of H is
nAT Q R o) nAT Q
Zy - E Z | Fr—1) Q Zy
H, Z Z@ —H, -y (1 —E (Z@ ‘}‘k 1)) —— (1.41)
k—1 k=1 k—1
Therefore, using (1.40),
nAT nAT Zk . Zk (pk;ZkAA
= H, 1— (1— AN ) H, (== - ‘). 1.42
kzl ( o k) Z Zk—1 Zk—1 (1.42)

since Z is predictable, we have that AA, = % for all k > 1, then (1.42) is equivalent to

o nAT - 7
Up = 11y Z (]. Pk Zk_l)AAk .
k=1

In particular, if ¢ is F-predictable, 1) = Py = 1) then
79 = E(—p.MN)pZy, b, =1.

Let X be an (F,Q)-martingale. Since e = 1, the process X is an (F,P)-martingale, hence, by
immersion a (G,P) martingale. From Girsanov Theorem X® = X — Y, ﬁA(X, L) is a G-
martingale. From the fact that any F martingale is orthogonal to N, the bracket is null which
implies that X is a (G, Q)-martingale. |

Corollary 1.3.22 Suppose that F «i G and Z is F-predictable. Define Q on G, by
dQ
dP

with X an F-martingale and ¢ a G-predictable process such that L is a uniformly integrable G-

martingale. Then, under Q the process N = H — A™ remains a G-martingale.

=Ly =& X)n, Yn>0,
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Corollary 1.3.23 Suppose that F g G and Z is F-predictable. Define Q on G, by

d
%:Ln = EW.X)n, Yn>0,
with X an F-martingale and ¢ a G-predictable process such that L is a uniformly integrable G-

martingale. Then, under Q the process N = H — A™ remains a G-martingale.

Proof. 1t suffices to take ¢ = 0 in Theorem 1.3.21. |

Theorem 1.3.18, Theorem 1.3.21 and Corollary 1.3.23 are the discrete version of Lemma 5.1,
Theorem 6.4 and Corollary 6.5 in [10]. In continuous time the results holds under Assumption
(A): the random time 7 avoids every F stopping time T, i.e. P(7 = T) = 0, but in discrete time
Assumption (A) does not hold, in order to have the same results we need the hypothesis that Z is
predictable, instead Assumption (A).

1.3.2 Study before 7
Semimartingale decomposition

Proposition 1.3.24 Any square integrable F-martingale X stopped ot T is a G-semimartingale with

decomposition
nAT 1

X = X0+ 7 — A X)E,
k=1 -

where X© is a G-martingale (stopped at 7). Here, M is the martingale part of the Doob decomposition
of the supermartingale Z.

Proof. We compute the predictable part of the G-semimartingale X on the set {0 < n < 7} using
Lemma 1.3.3

1~
]1{T>n}E(AXn+1‘gn) = ]1{T>n} 7E(Zn+1AXn+1‘fn) .

Using now the Doob decomposition of A , and the martingale property of X, we obtain

E(Zn1AXni1|Fn) = E((Mag1 — Apg1)AX 41| F)
= E(MunAXnlFa) = AM, X)i 4,
and finally
Loy E(AX41|Gn) = H{T>H}ZinA<M5 X)nt -

O

Remark 1.3.25 The result extends to any filtration K such that F C K and, for any K predictable
process U, there exists an F predictable process U such that Unlin<ry = Unlin<sy-

Comment 1.3.26 From this result, we can hope that, in continuous time the G-semimartingale
decomposition formula of an F-martingale X stopped at time 7 will be

R tAT
0

where Z, = P(r > t|F), Z, = P(r > t|F;) and M is an F-martingale and A is F-predictable with
7 = M — A. This is s indeed the case and known as the Jeulin formula. Note that, as 7 is not cadlag,
the decomposition Z = M — A is not the standard Doob-Meyer decomposition established only for
cadlag supermartingales.

d(M, X)E

Z._
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In the two following propositions, we present the discrete time version of well known decompo-
sition in continuous time. The first result (Proposition 1.3.24) is a predictable decomposition, the
second one (Proposition 1.3.28 an "optional" decomposition.

Proposition 1.3.27 )

nAT

X7 = Xx© A(M, X)F AXT]ITOOP’F)
n n+l;zk71( < ) >k+( s )k )

Proof. Note that
E(Zn+1AXn+1|Fn) = E(Zn—i-lAXn-&-llfn) + }E(]szn—&-lAXn—i-lLFn)
and that the decomposition can be written as stated. O

In continuous time, one has that every cadlag F-local martingale X stopped at time 7 is a
G-special semimartingale with canonical decomposition

=~ AT (X, ) E + dJ
X7 :Xt+/ —< 'LLZ>S
0 S—

where X is a G-local martingale, p is the martingale part of the F-Doob Meyer decomposition of Z
and J is the F-dual predictable projection of the process (AX; )1, o).

We introduce two F-stopping times which play an important role in the optional decomposition.
Let R =:inf{n > 0,7, =0} and R = Rl iz, oczn 3 TNz, ooz e If T is a stopping time,
we denote by [T] := {(w,n), T(w) = n} and it is called the graph of T.

Proposition 1.3.28 Any F-local-martingale X stopped at T admits the following optional decom-
position
nAT nAT
p,F

X7 :)A(SW—ZZLA M1,x] +37 (AXp1.), (1.43)
k=1 “k k=1

where X© is_a G-martingale and M is the martingale part of the Doob decomposition of the super-
martingale Z defined in (1.18).

Proof. The proof is inspired of the proof in continuous time in [4]. We give it for the ease of the

readers. We can remark that, for any F-martingale Y, one has E(Y;) = E([Y, M]w). Indeed

E(Y:) = Y E(Vilp—gy) =Y E(YiAZ)

= Y E(AYiAZ) = E([Y. M)
E>0

The second equality is a consequence of the tower property and the two last equalities are obtained
using that Y is a F-martingale.

Tt is sufficient to prove that for all G-predictable process K, E((K . X ®)ee) = 0. For any G-

predictable process K, there exists an F predictable process K such that Kl = K Ljo,-p- As

mentionned in Lemma 1.3.4, we can choose K such that I~(1127:0 = 0. Then

E(K.X")s) = E((K.X);)=E(K.X, M)

K2y, — ~ —
E|Y =17 .0AK M | +E | Y Kl z o ALX, M]y, | (1.44)

k>1 k E>1
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As K and M are F-adapted, one has, by tower property

E Zf?k’ka (Zk)_11{2k>0}A[X, M]k =K Z [?k]l{}cgr}(Zk)_l]l{zk>0}A[X7 M]k
k>1 k>1

From Proposition 1.3.2, we obtain that the first term of the right hand side of (1.44)is equal to
Kl (ner ~
E (Zk21 ——Arsrh Zi:S }A[X,M]k).

For the second term of the right hand side of (1.44), we remark that, due to the choice of I?, one
has

E| D Kl o AX My | =E > Killz oy AKX, M)
E>1 E>1

and that {Z =0 < Z_} = [R] and that AM5 = —Z on {R < cc}. Then

Lzger JAX M) = —Z5 AXplp o

Hence
E ZKkﬂ{Zk:kzk,l}A[X’ M, | =-E ZKka—l(AXﬁﬂ[[E,OO[[)k
k>1 k>1

Using that KZ_ is predictable, we obtain

~ — ~ p
E ZKkﬂ{Zk:O}A[X7 M]k -E ZKkafl (AXR]IHROOH)]C
E>1 k>1

= -E ZKk]l{k—l<T} (AXEHHE’OO[O:
k>1

T P
- _E <Z Ky (Axﬁﬂﬂémﬂ)g .
k=1
It now follows that E((K . X€).) = 0. O

Arbitrages

In the case of progressive enlargement, we distinguish arbitrages which can occur before 7 and those
which can occur after 7.

Definition 1.3.29 The enlargement (F,G) is viable if there exists a positive G-martingale L such
that, for any F-martingale X, the process LX" is a martingale.

Lemma 1.3.30 Let G™™ be the filtration G “strictly before 7", i.e., Gi~ = Gua(r—1). There emists
a positive G-martingale L such that, for any F-martingale X, the process LX™~ is a martingale,
where X7 = Xyn(r-1)-

Proof. For any F-martingale X we are looking for 1 such that on the set {1 < n < 7} (strictly
before 7)

]l{nflgf}E(wanJgnfl) = ]l{nflgf}anlE(wn|gnfl)
that is

]. X'Il—
]l{n—lgr} Z E(¢anZn|‘Fn—l) = ﬂ{n—lST}TlE(ﬂ}nanfn—l) .

n—1 n—1
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We are looking for a positive F-adapted process 1, satisfying
E('(/)anZn|fn—l) = Xn—lE(wnanJTn—l) .

The choice ¢ = (1/Z)1 {750y + 1{z—0} provides a solution, valid for any martingale X. O

Theorem 1.3.31 Assume that T is not an F-stopping time and denote by G7 the filtration G =

Gran,n > 0. Then, the enlargement (F,GT) is viable if and only, for any n, the set {0 = Zn < Zn-1}
is empty.

We mean here that, for any F-martingale X, the stopped process X admits a deflator. This result
was established in Choulli and Deng [9] and is a particular case of the general results obtained in
Aksamit et al.[5]. We give here a slightly different proof, by means of the two following propositions.

Proposition 1.3.32 Assume that for any n, the set {Zn =0 < Z,_1} is empty. The process

L =&(Y), where Y is the G-martingale defined by AY; = ]l{T>k}(Z;~"1 —1) fork>1 and Yo =0,
- k

is a positive G-martingale. If X is an F-martingale, the process XL is a (G,P) martingale.

Proof. The process Y is a martingale: for n > 1,

Zp1 — Zn,
E(AY,|Gn-1) = E(]I{Tzn}lz~7|gn—1):]l{72n}

n

1 ~
ﬂE(]l{Zn>0} (Zn—l - Zn)lfn—l)

. _ _
= Loy B(Zn1 = Zn =Lz, oy (Zn-1 = Zn)|Fni)

1 ~
]1{7271} KE(Zn—l = Zp|Fn-1) =0,

where we have used (1.20), the fact that IE(ZL\]:n_l) = Z,_1 and that, by assumption {Zn =0} C
{Z,,—1 = 0}, hence ]I{ano}(Zn_l —Zy,)=0.

Hence L is a martingale. Note that the fact that {Z,_1 = 0} C {Z, = 0} implies that the
inclusion {Z,, = 0} C {Z,,—1 = 0} is equivalent to {Z,, =0} ={Z,,_1 =0}, orto {Z, =0< Z,_1}
is empty. On the set {7 > k}, one has Z;_; > 0 which implies that AY}, = (% —1) > —1, hence

k
L is positive. Furthermore, for X an F-martingale

L T — 7,
IE(X77;+1 £+1 |gn) = E(X(n+1)AT(1 + ]l{TZnJrl} nZ ntl )|gn)
n n+1

Zn
= E(Xn+1]l{7'2n+l}27|gn) +E(X s cng1y|Gn)
n+1

Zn
= E(Xn+1]1{72n+1}~7|gn) +X‘r]l{7'<n+1}
Zn+1

= ]1{r>n}ZLnE(XnHZn]l{anO}Ifn) + Xolir<ny

= ]l{T>n}ZinE(Xn+1Zn(1 — Lz o)) + Xrlr<ny

= ]l{r>n}ZinE(Xn+1Zn|}_n) + Xrlr<ny = Xonr s
where we have used that, by assumption, Z,1 (Zrir=0} = 0. Hence the deflator property. O
Remark 1.3.33 In case of immersion, there are no arbitrages (indeed any e.m.m. in F will be

an em.m. in G). This can be also obtained using the previous result, since, under immersion
hypothesis, one has Z,,_1 = Z,,.
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Proposition 1.3.34 If there exists n > 1 such that the set {0 = Zn < Zn—1} is not empty, and if
7 is not an F-stopping time, there exists an F-martingale X such that X7 is a G-adapted increasing
process with X§ =1, P(XT > 1) > 0. Hence, the enlargement (F,G") is not viable.

Proof. The proof is the discrete time version of Acciaio et al. [1]. Let ¢ = inf{n : 0 = Zy < Zn_1}.
The random time ¥ is an F-stopping time satisfying 7 <4 and P(7 < ¥J) > 0. Let I,, = 1y<,} and
denote by D the F-predictable process part of the Doob decomposition of I. One has Dy = 0 and

AD,, =P(9 = n|F,—1). We introduce the F-predictable increasing process U setting U,, = ﬁ.
Then,
1 1 1 AD
AU, = —1)= °_ =U,AD,
U E(—=D)p-1 (1 — AD, ) E(-D)p-11—-AD, v
We consider the process X = UK, where K =1 — 1,
AXn = _UnAIn + Kn—lAUn =-U, (Aln - Kn—lADn)
and
E(AXn|]-"n_1) = —UnE(AIn — Kn—lADann—l) = Un (]P)(’lg = 7’7/|.7:n_1) - Kn—l]P)(ADann—l))

= UyKn_y (P(9 =n|Fn_1) —P(AD,|F,_1)) =0,

where we have used that K, 1P(¢ = n|F,_1) = E(Kp_11ly=n|Fn_1) = P(¢ = n|F,_1). Hence X
is an F-martingale.

We now prove that X, > 1 and P(X, > 1) > 0, equivalently that D, > 0 and P(D, > 0) > 0. For
that, we compute

E(D:lrcoe) = Y E(Dylir_p)) =Y E(D,P(r =n|F,))
n=0 n=0

i E(D,P(1 > n|F,)) — iE(DnP(T >n—1|F,)) + DoP(r = 0)

n=1 n=1
Since D is predictable
E(Drlrcos) = Y E(D,P(r>n|F,)) Z (DuP(r >n—1Fp_1)) = — > E(D,AZy)
n=1 n=1 n=1

— ]E(Z Zn-1AD,) =E(Zy_11y<s) >0,

where, in the last inequality, we used that 7 < o and P(r = ¢) < 1. The process X7 is then an
increasing process and can not be turned in a martingale by change of probability. (|

If Z > 0, there are no arbitrages before 7.
We prove that if S is an F martingale, then, there exists a positive G-martingale such that S7L is
a local martingale.

Proposition 1.3.35 IfZ > 0, the process

H l—I-AUk L, _ 1(1+AUn)

where AU, = ]lT>k(Z%’1 ) is a positive G-martingale and the process STL is a (G,P) martingale.
= k
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Proof. Indeed,

Zn_
E(L+ AU Gun) = 1+ B(Lzn (72 = —1)|Gn1)

n

1 Zn—l

anl
1 ( ~ Z
anl

n

= 1+ IL7'>n—1

n

where we have used the positivity of Z in the third equality. Then,

Zn
E(S(n+1)/\7—(1 + 172n+1(~7 - 1))|gn)
Zn+1

Zn
= E(Sn-i-l]lTZ"-‘rl(]- + = - 1)|gﬂ) + ]E(S‘r]l'r<n+1|gn)
Zn+1
Zn
= E(Sn+1]lTZn+1 =~ |gn) + S‘r]l‘r<n+1
Zn+1

1 ~ Ly,
= 1T>n7E(Sn+1Zn+1~7‘]:n) + S‘r]l'rgn = Snar
Zn Z7L+1

1+ 1T>7l—17E(172n(7 - 1)|-Fn—1)

E(Z, 221\ Frit) = Znq) =1
( Z | Fn-1) 1)

Comment 1.3.36 A necessary and sufficient condition can be found in Choulli-Deng for any S
satisfying NA(F), S satisfies NA(G) is equivalent to {Z,, = 0} = {Z,,_1 = 0}.

More generally

Lemma 1.3.37 The following assertions hold.
(a) The process LC defined by

where

= L
AXn = =P(Zn > 01Fa-1)Lirzn) + 2 LS P
is a positive G-martingale.
(b) The process LF given by

n

L]fL = H(l + AY)
k=1
and
AY, = Z,P(Zy = 0 Fo1) = Zn-1lz _gy

is a positive F-martingale.

Proposition 1.3.38 Suppose that S is an F-martingale, and consider the equivalent probability
measures QF and QF given by QF := LFP and QF := LEP. Then, S is an (F,QF)-martingale if and

only if S is a G,Q%)-martingale.

See Choulli and Deng [9]
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1.3.3 After 7

As we mentioned at the beginning, any F-martingale is a G-semimartingale (which is not the case
in continuous time). In a progressive enlargement of filtration with a random time valued in N, one
can give the decomposition formula. We start with the general case, then we study the particular
case where 7 is honest, to provide comparison with the classical results. We also study the case of
pseudo stopping times.

General case

Mixing the results obtained in initial enlargement and progressive enlargement before 7, for any
F-martingale X

nAT n .
v A(X, p(j))klj=r
X, =X+ A(M, X)) + R IET 1.45
2 7 MM 2 TR )

where X© is a G-martingale.

Honest times

In continuous time, strong conditions are needed to keep the semimartingale property after 7, here
it is no more the case. However, we now consider the case where 7 is honest (and valued in N). We
recall the definition (see Barlow [6]) and some of the main properties.

Definition 1.3.39 A random time is honest , if, for any n > 0, there exists an F,-measurable
random variable T(n) such that

]l{rgn}T = ]I{Tgn}T(n) . (146)

Remark 1.3.40 Following Jeulin, 7 is honest if there exists an F, measurable random variable
7(n), such that

Lireny™ = LircmyT(n) . (1.47)

The two definitions are equivalent. Indeed, starting with the equality (1.47), one can define 7(n) =
7(n) An; then on {7 =n}, 7(n) =n and 1, <37 = Lrcny7(n).

It follows that any G-predictable process V can be written as V,, = V? Ln<ry + Vil lr <ny where
Ve VP are F-predictable processes (the superscript a is for after 7 and b for before).

Lemma 1.3.41 If 7 is honest, Z,, = Zn on the set {n > 7} and ZT =1.
If Z, =1, then T is honest.

Proof. For any n > 0,

]P’(T = n|]—'n)]1{n>7_} = P(T = n|]:n)]l{n>,.}]l{n>.,.(n)} = E(]l{q-:n}]l{n>‘r(n)}|]:n)]l{n>‘r}

- E(]l{‘r=n}]l{n>7'(n)}]l{n>7'}|~7:n)]l{n>7'} =0.

It follows that Z, 1,y = Zn]l{7<n}. Furthermore,

Znlfrepy = ]l{T:’I’L}P(T > n|Fn) = ]l{T:n}]l{T(n):n}P(T > n|Fy)

= ]l{‘r=n}E(]l{T(n)=n}]l{7'2n}|]:n) = ]l{Tzn}

which implies ZT =1

If Z, = 1, let l(n) = sup{k < n: Z = 1}. Then, for any n > 0, Proposition 1.3.2 implies
7 ={(n) on the set {T < n}, and 7 is honest . O
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Proposition 1.3.42 If 7 is honest then T = sup{n : Z, = 1}
Proof. Tt follows from the previous lemma and Proposition 1.3.2. O

Proposition 1.3.43 Let 7 be an honest time and X an F-martingale. Then,

NnAT n

Xn = X7 + ; 7 AOLXE- >

where X© is a G-martingale.

Proof. Let X = M® 4+ V® be the G-semimartingale decomposition of X. Let n > 0 be fixed. From
the property of honest times, there exists V', an F-predictable process, such that

Vilreny = Valr<ny -

Then,

]l{"'fn}(vrgrl - V7;G) = ]l{TSn}(V'rH»l - Vn) = ]l{q-gn}]E(Xan — Xn|gn)
= E(]l{‘rgn}(Xn+1 - Xn)|gn) . (148)

We now take the conditional expectation w.r.t. F, in (1.48). Taking into account that V is F-
predictable, and the fact that F C G, we get

]E(]I{TSH}LFTL)(VHJrl - ‘771) = E(H{Tﬁn} (Xn+1 - Xn)‘fn)
= E(E(H{Tgn}|fn+l)(Xn+l - Xn)‘-/—"n) .

Now, using the fact that

E(]l{'rgn”]:n) 1- ]E(]l{'r>n}|]:n) =1- Zn
El < Frtr) = 1=EQganlFatr) =1 = EQ oy Fatr) = 1= Znsa

and that X is an F-martingale, we obtain, on the set {7 < n}

(1 - Zn)(‘N/nJrl - ‘771) = _E(ZnJrl(XnJrl - Xn)|]:n) = _A<M7X>Fn .
]

Remark 1.3.44 It seems important to note that the Doob decomposition of Z is not needed.
Indeed, Equation (1.25) implies that Z admits the optional decomposition Z = M — H° and hence, M
can be viewed as the martingale part this optional decomposition. This "explains" why, in continuous
time, such an optional decomposition of Z is required. However, since optional decompositions are
not unique, we prefer to refer to M as the martingale part of the (unique) Doob-Meyer decomposition
of Z.

Comment 1.3.45 We recall, for the ease of the reader, the Jeulin formula in continuous time:

XtXQG+/W ! A(MX>F/t1d<MX>F.
O Z ) S 1_287 ) S

s— T

where M is the martingale in the optional decomposition of Z as Z = M — He.
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Comment 1.3.46 Let 7 an honest time. We have obtained a formula using Jacod’s hypothesis in
(1.45). In continuous time, one can show that an honest time satisfy equivalence Jacod’s hypothesis
if and only if it takes countably many values (see [2, lemma 4.11]) and one can not compare the two
decompositions. In discrete time, honest times satisfy equivalence Jacod’s hypothesis and one can
check that the decompositions obtained in (1.45) and the one for honest times are the same. We
proceed as in Aksamit [2]. Let n > 1 be fixed. On 7 < n, we have 7 = 7(n — 1) where 7(n — 1) is a
Fn_1-measurable r.v. and F,,_1 C F,,. We now restrict our attention to & < n. On the one hand,

]l{T:k)}(l - Zn—l) = ]l{‘r:k:‘r(nfl)}P(T <n- 1|]:n—1) = ]l{‘r:k:}E(]l{‘r(nfl):k}]l{Tgnfl}|]:n—1)
ey B (no1y=ey Lr=y [ Frm1) = Lrmiy BE(L rpy [Frm1) = Lir—gypn—1(k)

On the other hand

]l{T:k}E<MnAXn|]:n—l) = _IL{T:k}E((l - Mn)AXnLFn—l) = _Il{-r:k:-r(nfl)}E((l - Zn)Aanfn—l>
e} E(L h—r (=13 L cn} A X [ Frim1)
= 7]1{7':1€}E((]E(]1{k:7-}|-F7L)AXn‘fn—1) = 7]1{Tzk}E(pn(k)AXn|‘Fn—l) .

Arbitrages before 7

Let 7 be a bounded honest time which is not an F-stopping time. The enlargement (F,G) is not
viable. Indeed, assuming the existence of a deflator L implies that ML is a G-martingale. Since
Z; =1, one has M, > 1, and P(M, > 1) > 0. Therefore, using optional sampling theorem,
1= E(MTLT) > [E(L;) =1 yields to a contradiction and to existence of arbitrages.

We refer to Choulli and Deng [9] for a necessary and sufficient condition to avoid arbitrages after

Links between progressive and initial enlargement

Proposition 1.3.47 Let X be a process such that X = 1), o1« X. The process X is an Fo() local
martingale if and if it is a G-local martingale.

1.3.4 Pseudo-stopping times

We end the study of progressive enlargement with a specific class of random times. We assume that
Fo is trivial. We recall that a random time 7 is an F-pseudo stopping time if E(X,) = E(X) for
any bounded F-martingale X (see [11]).

Theorem 1.3.48 The following statements are equivalent:
(i) T is an F-pseudo stopping time.
(i) HS, =P(r < oo|Fu), HS =1 .

(iii) M =1.

(iv) Z is predictable.

(v) Every F-martingale stopped at T is a G-martingale.

Proof. (i) = (ii) Using that the bounded martingale X is closed, lim,, o, X,, =: X, exists and one
can write the integration by parts formula

H® Xoo = i HO | AX, + i X, AH? .
n=1

n=0
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Taking expectation, and using the fact that X is an F-martingale, we obtain

B(HS, Xoo) = E(Y X,AH)

n=0
and, from property (1.24) of H° , one has
E(HS,_Xoo) = E(X,1rce)).
It follows that

Xo = E(X;)=EX;l{rcoo}) + E(Xoolrooo}) = E(XrL{rcoo}) + E(Xoo) — E(XooL{r<c0})
= E(H_ X))+ Xo—E(Xool{r<o}),

hence E(HS, Xo) = E(Xoolfrco0)) = E(XooP(7 < 00| Foo)) which implies H, = P(7 < 00| Fi).
(ii) = (iii) Obvious
(iii) = (iv) By definition of H°, and (1.25) , we have that

M,=H'+2Z,=H° ,+Z,, Y¥n>1, (1.49)

therefore, by (iii), we deduce that Z, = 1— H®_| which, since H? is F-adapted, is F,,_1-measurable
for all n > 1, i.e. Z is F-predictable.

(iv) = (v) If Z is predictable, M is a predictable martingale, hence a constant (indeed, E(Mn|fn,1) =

Mn = M, _1) and for any F martingale X, A(X, J\7>n = 0 for all n > 1. The result follows from
Proposition 1.3.24.

(v) = (i) For any bounded F-martingale X, the stopped process X7 is a bounded (hence
a uniformly integrable) G-martingale. Then, as a consequence of the optional stopping theorem
applied in G at time 7, we get E(X,) = E(Xy), hence, 7 is an F pseudo-stopping time. ([l

Proposition 1.3.49 If a pseudo time is honest, it is a stopping time.

Proof. From Proposition 1.3.42 7 = sup{n : Zy = 1} on {7 < oo}. The pseudo-stopping time

property of 7 implies Z =1 — H°. Moreover, Z — Z = AH°. Then, on {7 < oo} we obtain

r=sup{n:Z, =1} =sup{n: Z, + AH? =1}
=sup{n:1—H, +AH, =1} =sup{n: H_, =0} =inf{n: H] > 0}.

So, 7 equals an F-stopping time on {7 < co}. O

Obviously, pseudo-stopping times do not create arbitrages before 7. In continuous time, the links
between pseudo-stopping times and immersion property are presented in [3], and it is proved that 7
is a pseudo-stopping time if and only if Zisa caglad decreasing process. In discrete time, we obtain
a similar result, 7 is a pseudo-stopping time if and only if Z is a predictable process (note that we
do not require the deceasing assumption).
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1.3.5 Martingale Representation in G

Predictable representation
1.4 Other Enlargements

1.4.1 Enlargement with (, 7

A random variable (, valued in Z and a random time 7, valued in N are given. The filtration G is
the smallest filtration with contains F, makes 7 a stopping time and ¢ belongs to G,. We denote
by pn(j, k) = P(r = j,{ = k|F,). Let X be an F-martingale, hence a G-semimartingale with
decomposition X = V& 4+ M€ and
1 -
AV;;G = E(AX7L|gn—l) = ]l{rgnfl}]E(AXMgn—l) + ]l{n71<T}Zil]E(AXnZn|]:n—1) .

Before 7 we can apply the results for progressive enlargement. We now compute the after 7 part.

Jj=n—1,k=oc0

1
Tir<n—1yE(AX,|Gr1) = Z Li—jy L=} E (1{7j}1)nlwﬂ{ck}Aann—l> :

j=lk=—o0

It follows that

k=00
X = XG + ]1[077'[(Z—)71 . <X7 M>F + Z 1[7'700]

k=—oc0

1 .
p-(Gk) (X, p(5, k) l=c j=r -

This decomposition is a mixed of Equation (1.45) and (1.11). The case of (1.11) corresponds to the
particular case T = 0 whereas (1.45) corresponds to ¢ =0

1.4.2 Enlargement with a process

Let Y be a process and consider the enlargement of F of the form G, = F, Vo(Yz, k=0,...,n).3

We assume that X is a given F-martingale. For n > 0 let U,(dy) be the regular conditional
distribution of the random vector Yyn_1 = (Yo,..., Yn_1) with respect to F,, and let V,,(dy) be the
regular conditional distribution of Y, _; with respect to F,_1. In the following we will make the
following assumption.

(A) U,(dy) is absolutely continuous w.r.t. V,,(dy) for all n > 1.

If Condition (A) is satisfied, then we can define the density d,(y) = %. We next show that we

can express the information drift in terms of d.

Proposition 1.4.1 Suppose that (A) holds true. Then the information drift of X w.r.t. to G is
given by

n

An =Y (X AWkl v vi ) (1.50)
k=1

For the proof of Proposition (1.4.1) we need the following auxiliary result.

3The results of this section are based on some notes written by Stefan Ankirchner during his stay in Evry in
september 2014.
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Lemma 1.4.2 Letn > 1 and f : R" x Q = R be a B(R") ® F,_1-measurable non-negative map.

Then
f( n—1," /f y7

Proof. The lemma follows from a monotone class theorem. O
Moreover we have the following.

Lemma 1.4.3 Letn > 1 and ¢ : R x Q — R be a B(R™) ® F,,-measurable non-negative map. Then

el [ ¢<y,~>vn<dy>\fn_1} = [ B ] Valdy) (151)

Proof. We use a monotone class argument. Suppose first that ¢ (y,w) = 1p(y)lc(w) with B €
B(R™) and C' € F,,. Then we have

[/ by, ] }:E[/ nB<y>nc<w>Vn<dy>]fm}
= E[Lo(@)Va(B)|Far] = Va(B)B(CIFo)
- / Lo ()B(CIF,1) Valdy) = [ B[00 )| Fama] Vi)

The claim follows for arbitrary non-negative B(R") ® F,-measurable functions ¢ via a monotone
class theorem. 0

Proof. | of Proposition 1.4.1] Let A € F,,_1 and C € B(R™). Moreover, let ¢(y,w) = 14 (w)1le(y) AX, (w)dy, (y, w).

Then Lemma 1.4.2 implies, with f(y,-) = E[¢(y, -)|Fn-1],
Elaliy, ,eciBIAXndn ()| Fnlly=v. 2] = EE[Lalc(y) AXndn(y)|Fnlly=v. ]

— BEW: ) Fallymr, ) = B[ B )1 FaalVa ()

Now Lemma 1.4.3 further yields

ElLit v, corBAXada0)|Fillv, ] = Bl[ Lalo()AX,U,(dy)
= E[1AAX,P{Yu_1 € C}Fn)]
= E[lalyy, ,ec;AX,]
This shows E[AX,|G, 1] = E[AX,dn(y)| Fn_1]ly=v._.], and hence the result. O

1.5 Credit Risk

In the credit risk framework, one defines a random time 7 to represent the default time. The
information is such as 7 is turned into a stopping time, therefore, the enlargement setting can be
a useful tool. Then, one of the goal is to give the price of a claim of the form (1{,~r}, given the
information at hand.

1.5.1 Cox Model

The basic methodology (called the Cox model) consists of the following definitions. Let F be a given
filtration and V' an F-adapted process. Assume that © is a positive random variable, independent
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of F and define
7:=1inf{n : V, > 6}

and G the progressive enlargement of F with 7. Then P(7 > n|F,) = P(V: < O|F,) =1 —e Vn,
where V¥ = supy<,, Vk. One of the tools is the intensity of 7, i.e., the predictable process AC
such that H — A® is a G martingale (See Lemma 1.3.6). As we have seen, A® = AF,  where
AANE = 24uq

n 7 {Zn-1>0}-

n—1

From now on, we assume that V is increasing (hence Z, = e~"» and Z is positive) and recall
results of example 1.3.19.
If V is predictable, Z,, = £(—AF) with AAY =1 —e=2V». Moreover, Z is predictable and assertions
of Theorem 1.3.18 hold.
If V is not predictable,
AN, =1—E(e"2V"|F,_1)

and AT, = 240 — 1 — ¢=AVa,

anl
Let ¢ € Fn. Then, using that Z = £(—T") where I' is defined in (1.26)
1
E((In<r|Gn) = 1n<TWE(C5(*F)N|}-n)
If V is predictable
1

E((In<r|Gn) = Tn<r E(CE(=A)n[Fn)

E(—A)
If V is not predictable, Z/£(—A) is an F-martingale. Let us denote Z,/E(—A) = NZ

o, setting
P = N?P

E(C1N<T|gn) =1p<r E(Cg(_A)NN]%/|fn) = ]17L<7'g( L E(Cg(_A)NLFn)

1
ang(_A) _A)n

In the Cox model, one can assume that © is known. A first step is then to introduce G = F(“(©),
Then, 7 is a stopping time in F(°(®) If V is predictable, 7 is predictable as well. If V is not
predictable, one can compute the process A such that H— A is a martingale, by Doob’s decomposition

of H. We obtain
AN, = E(AH|Gy—1) = P(T = n|Gp—1) = P(Vh 2 © > V,_1|Gn1) = Liosv, 1 B(Va > 2| Fosi)le=e

1.5.2 General model

As we have seen, A® = A, where AAE = éﬁ"l iz, .50y =P(r =n|Fp_1,7 >n—1) = A, is the
probability that the default occurs at time n, given the current information F,,_; and knowing that

the default has not occurred at time n — 1.
Proposition 1.5.1 P(t =n+ 1|F,,7>n) =1— Aqq
Proof.

P(r =n+1|F,) - M, —Appr 1 AAnp
P(r > n|F,) 2 Z, Zn

P(r =n+ 1|F,, 7 >n)

For pricing the defaultable claim (1 v,

1
E(C1N<T‘gn) = ﬂ7l<77E(XZN‘F")

n



48

1.5.3 Multidefaults

Let 71,7 be two default and consider the progressive enlargement of F with the pair 71,7, i.e.
Gn = FuVo(ri An)Vo(ra An). In a first step, we compute the G predictable process A' such that
H! — A! is a G martingale. From Doob’s decomposition AAL = P(r; = n|G,,_1). We denote by G2
the progressive enlargement of F with 7

P(r = n|Q,2171)

P(ri =n|Gn-1) = Liron_
e R (CET

n—1

IP’(ﬁ:n To >N — ].|fn 1) ]P)(Tl—'fl 72:k|fn 1)
1
P(ry>n—1|Fn-1) Jrz {ra=k} P(ro = k| Fn-1)

IEJ>(7'1 = 77J|g3_1) = ]1{7-2>n—1}

We set pp(i, ) = P(ry = i, 70 = j|Fn) and p2 (k) = P(rs = k| Fy)

Zk npn 1 n k i, pn l(n k)
~ Z (r=k) )
k= npn 1(

P(Tl = n|g72171) = ]1{72>n71}

The same computations yield to

n—1 oo .
Zk nZz n Pn— 1( k) Z ( K Zi:nflpnfl(z’ k)
T2

P(r1 >n— 1|g727,71) = ]l{‘rz>n71} =~ 5 + 1= B
Pl Y () B P (k)
Finally
Ek n Pn— 1(n, k) Pn-1(n, k)

P = n— ]17' n— ILT
(11 = nlGn—1) = 1z 1}2 n i Pno1(i, k) +Z = k}zz n—1Pn-1(i; k)
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