Exercises

In this preliminary version of exercises, there are some changes of notation. The indicator process
Il <4 is denoted A or H, its dual (resp. predictable) projection is A° (resp. AP), its dual optional
(resp. predictable projection is °A (resp. PA). The filtration of A (resp. H) is A (resp. H). The
numbering may be different from the one in the notes.

1.1 Chapter 1

Exercise 1.1.1 Starting from a non continuous on right filtration F°, define the smallest right-
continuous filtration F which contains F°.

Exercise 1.1.2 Prove that, for A € F,, 74 is a stopping time.

Exercise 1.1.3 Show that for an F-stopping time 7, one has 7 € F,_ and F,_ C F,.. Find an
example where F._ # F,.

Exercise 1.1.4 Check that if F C G and 7 is an F-stopping time, (resp. an F-predictable stopping
time) it is a G-stopping time, (resp. G-predictable stopping time). Give an example where 7 is a
G-stopping time but not an F-stopping time. Give an example where 7 is a G-predictable stopping
time, and an F-stopping time, but not a predictable F-stopping time.

Exercise 1.1.5 Let B be a Brownian motion. Prove that exp(AB; — )‘7215) belongs to (Cp).
Exercise 1.1.6 Prove that a positive local martingale is a super-martingale.

Exercise 1.1.7 Let B be a Brownian motion. Prove that W, := fg(sgnBs)st defines an F? and
an F"-Brownian motion.

Prove that 8; := B; — fot Ef: ds defines a Brownian motion (in its own filtration) which is not a
Brownian motion in FZ.

Exercise 1.1.8 Let N be a Poisson process. Prove that for any 6 € [0, 1],

where p is a martingale. For which 6 is the finite variation process (1 — 8)N; + O\t a predictable
process ?

Exercise 1.1.9 Let 7 be a random time. Prove that 7 is a H-stopping time, where H is the natural
filtration of Hy = 1l{; <}, and that 7 is a G stopping time, where G = F V H, for any filtration F.

Exercise 1.1.10 Prove that, if M is a K-martingale and F C K, then M defined as M, = E(M|F)
is an F-martingale.
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Exercise 1.1.11 Prove that, if K = FV F where F is independent of F, then any F-martingale
remains a K-martingale.

Exercise 1.1.12 Let M a cadlag martingale. Prove that its predictable projection is M;_.

Exercise 1.1.13 Let X be a measurable process (not necessarily F-adapted) such that E( fot | Xs|ds) <

oo and define Y; = f(f X.ds. Prove that M, := °FY; — fot *FXds is an F-martingale. In particular,
for any (bounded) process a (not necessarily F-adapted)

¢ ¢
IE(/ aydu|Fy) — / E(ay|Fu)du
0 0
is an F-martingale.
Exercise 1.1.14 Prove that if X is bounded and Y predictable, then P(Y X) = Y PX

Exercise 1.1.15 Prove that the K-dual predictable projection of fot f(Bf;”))ds where K; = a(|B£V) l,s <
t) and B{") = B, + vt for a Brownian motion B, is fot E(f(B")|K,)ds and that

FBO)e B 4 f(=BY)e B

E(f(BM)|Ks) = 2 cosh(vB{"))

Exercise 1.1.16 Prove that, if (as,s > 0) is an increasing F-predictable process and X a positive
measurable process, then
: p t
(/ Xsdozs> = / PX dog
0 t 0

Exercise 1.1.17 Prove that if X and Y are continuous, (X,Y) = [X,Y].
Prove that if M is the compensated martingale of a Poisson process with intensity A, [M] = N and
(M) = At

Exercise 1.1.18 Give an example of random time 7 where AP and A° are different.
Exercise 1.1.19 Let B be a Brownian motion, F its natural filtration and By = sup,, Bs. Prove

that, for t < 1,
E(f(BY)IFt) = F(1 —t, By, Bf)

F(s,a,b) = % <f(b) /Ob_a e_"z/(ZS)du—i—/boo f(u)exp (—(U;SG)Q) du) .

Exercise 1.1.20 Let ¢ be a C* function, B a Brownian motion and B} = sup,<; Bs. Prove that
the process

with

©(B}) = (B} = By)¢'(By)
is a local martingale.

Exercise 1.1.21 A Useful Lemma: Doob’s Maximal Identity.
Let X be a positive continuous martingale such that Xg = « and lim; ., X; = 0. Prove that

P(sup Xy > a) = (f) A1 (1.1.1)

t>0 a

x
and sup;>q X; "2 L \here U is a random variable with a uniform law on [0,1].
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Exercise 1.1.22 Show that if X,,n > 1 is an integrable sequence of random variables, viewed
as a discrete time process, adapted to some filtration F, then, there exists a martingale M and a
predictable process A such that X,, = M, + A,,.

SOLUTIONS

Exercise 1.1.1: Given the non right-continuous filtration F® = (F}),.,, we define the smallest
right-continuous filtration F containing F® as follows: for any ¢ > 0

]:t = ﬂ .F?+€.
>0
Indeed, it is by definition right continuous and it satisfies F; 2 Fy for any t.

Exercise 1.1.3: The stopping time 7 is a jump of the predictable process 1.}, hence belongs to
Fr_. If 7 is the first jump of a compound Poisson process X; = Eg;l Y,, the r.v. Y7 belongs to
FX but not to FX

Exercise 1.1.4: The first time 7 where a Poisson process X jumps is not FX predictable, but it is
predictable in F¥X initially enlarged with 7.

Exercise 1.1.7: The process W is a continuous FZ-martingale with predictable bracket . The
process 3 is a Gaussian process with mean zero and E(5;8s) = t A's. Note that 5 is NOT an
FB-Brownian motion. The filtration F# is strictly smaller than FZ. See [9] for details.

Exercise 1.1.8: It is known that(M; := N; — At), is an FV martingale, where FV is the natural
filtration of N. The decomposition stated in the exercise is obvious. From p; = (1—6)M;, the process
1 is a martingale. The decomposition N = p; + C; where C; = (1 — ) N; + 6\t is a decomposition
of N as a martingale part and a bounded variation part, but since N is not predictable, C' is not
predictable (TYhe non predictability of N this can be proved by contradiction, see e.g. Exercise
8.2.2.3 in [jyc:3m]| or Liptser-Shiryaev II, Section 18.4).

Exercise 1.1.9: By definition of natural filtration, for every ¢ > 0, H; is adapted to H;, where
(H:), = H, so that {r <t} € H; and 7 is an H-stopping time.
If G, .= Fi V He, Vit > 0, then {7 <t} € G; and 7 is also a G-stopping time, for any filtration F.

Exercise 1.1.10: It follows immediately by using the properties of conditional expectation: for
s <t and given that F; C G;, we have

E[Mtl}-s] = E{E[Mt|gs]|}-s} = E[Ms|]:s] = M;,

if M is F-adapted.

Analogously, we have, for s < ¢,

E[M;|F,] = E[E[M;|F]|Fs] = E[M,|F,] = E[M,|F,] = M..

Exercise 1.1.11: We prove that for s < ¢, E[X;1g] = E[X 1 4], where X is an F-martingale and

G € G, of the form G = G1G5, where G; € Fg and Gy € 3—": We then have, from the assumed
independence

E[X:1g] = E[lgE[X/lg,|F] = E[le,E[X;1g,]]
— E[lg,le,E[X:|F.]] = E[leX,).

We conclude applying the Monotone Class Theorem (MCT).

For the second part of the exercise, we recall that the Martingale Representation Theorem, in
the case of Brownian filtration, states that any (P, F)-martingale M can be written as

t
M, = M, —|—/ EsdW s,
0
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for some F—predictable process £ (such that the above stochastic integral is well defined). From
Girsanov’s Theorem, furthermore, we know that if the Radon-Nikodym density of Q with respect
to P, in the filtration F, is Z, satisfying Zy = 1 and dZ; = Z;n:dW; (n F—adapted), then

t
Wi =W, —/ nsds, t>0,
0

is a (Q,F)-martingale. Because of the independence of F and F under Q, from the first part of the
exercise it follows that W* is a (Q, G)-martingale, too. To conclude, we apply once more Girsanov
theorem to pass, from measure QQ to measure P in the filtration G and we immediately obtain the
(P, G) semi-martingale decomposition of M.

Exercise 1.1.12: By definition, we are looking for the predictable process )M that satisfies
E(MTHT<00|FT,) :(p)MT]lT<O<>7

for any F—predictable stopping time. A known result (see e.g. Dellacherie-Meyer, Vol. II, Ch. VI,
Th. 32) states that given a cadlag local martingale and a predictable stopping time 7 we have

E(MT]]-T<00|J__'T,) = M‘r, I]-‘r<oov a.s.

and this gives us the desired result.
Exercise 1.1.13: Let us compute the conditional expectation E(M;|F;), for s < t, where (M), :=
(]E(fot aydu|Fy) — fg E(au|fu)du)t.

27 = B (B[ ) - [ Baimir)
_ E(/Otaudm]-'s)—IE(/OSE(auU-'u)du—k/:E(au]-'u)du|}'s>
= e[ w45 [ outul7) - [ Bautm)wn -5 ( [ Eaimir)
— M, +]E(/: audul F.) /:]E(au|]-'s)du ~ M.,

Other proof: We consider s < t and we compute the following conditional expectation

t t t
E <°Yt —/ OXudu|]-'s> LE ( (/ Xudu> —/ OXudu|]-'s)
0 0 0

t t
) <]E < Xudu|]-'t) 7/ ]E(Xu]-"u)du|]-'s) ,
0 0

where we have used Theorem VI.7.10 in Rogers-Williams (1994), that states that if X is a bounded
right-continuous process, then Z is indistinguishable from °X if and only if Z is an adapted right-
continuous process such that Z; = E[X;|F;]. We then find (notice that by setting the problem we
have implicitly assumed that the above optional projections exist)

t s s
E <°Yt —/ "Xudu|]-'s> =E (/ Xudu|]—'s> —/ E (X, F.) du
0 0 0
t t
+E (E (/ Xudu|]-'t> 7/ E(Xu|}'u)du|]-'s>
Ss St t
— )/S 7/ OXudu+E </ Xudu|]:s) */ ]E(Xu|fg) du
0 s s

=°Y, —/ ° X, du.
0
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Exercise 1.1.14: By definition, given a predictable stopping time 7, we look for a process P)(Y X)
such that
E(Y; X, Lo Fro) = PV X)L rcoy.

By looking carefully at the definition of the c—algebra F,_, it is clear that, for a predictable stopping
time 7, the random variable Y, 1, .} is Fr_—measurable and we have

E(YTXT]I{T<00}‘]:T—) = (p)(XT)YT]l{T<oo})

the conclusion follows.

Exercise 1.1.15: By using the results provided in the Example at page 10 of the notes, we have,
applying Girsanov’s theorem to pass from B, to Bs + vs, for any s,

E(f(Bg)e"Bs~ 1Bl B,|)ev!B:! B, [)e—v!B:]
BB+ ey EUBe ) _ FUBDP 4 F(-1B e
E(eVBs— ]-”S|B‘) 2 cosh(v|By|)
= 7
Once proven that the above projection exists, we know that (fot F(BM) ds) = [ @) p(BM)ds

and as predictable projection of the integrand we take the continuous process E( f (Bg” )|g;’>).

Exercise 1.1.16: We set A; := fot Xsdag, so that dA; = Xiday,t > 0 and, given a positive
F-predictable process Y, we consider the following stochastic integral, looking for the integrable
increasing F-predictable process AP such that

]E(/OOOYSdAS> :E</OOOYSdA§>.

By hypothesis, (as, s > 0) is an increasing predictable process and we have to consider the predictable
projection of X and

oo oo oo
E (/ YSdAS> =E (/ YSXSdas) =E </ Y stdas> .
0 0 0

Exercise 1.1.17: If X and Y are continuous, then A[X,Y], = AX;AY; = 0 and the covariation
process is continuous and equal to < X,Y >.

Let us recall a general result: if X is a stochastic process with independent, stationary increments
(in French, “P.A.L1.S.”), satisfying E[|X;|] < oo, Vt and E[|X?|] < oo, V¢, then

Mt = Xt — E(Xt)

and
M} - E(X?)

are FX —martingales, where FX denotes the natural filtration associated to X.

In particular, in the case of a Poisson process N with deterministic constant intensity A, M; :=
N; — Mt and M? — M\t are FY martingales. From the definition of predictable quadratic variation
process of M we then find that (M), = At (the deterministic process (At), is predictable). We then

find (AN)> = AN and M2 — N, = M2 — X\t + M, is a martingale.

Exercise 1.1.18: Let 7 be the first jump time of a Poisson process and M the martingale
My=Ny =X . Then Zy =y =1 -1, =1 — Aip) whereas the Doob-Meyer decomposition of
Zis Zy = Minr — At AT)

Exercise 1.1.19: First of all we prove that effectively sup,<y Bs = sup,<; Bs V (A/Zl,t + B;) =
MV (Ml—t + B;), by recalling that, given a Brownian motion B, the process (By1s — By), =: (Bt)t
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denotes another Brownian motion. Then, exploiting the independence property of the increments
of a Brownian motion and the measurability of M; and B; with respect to F;, we have

E(F(M)IF) =B (JOM v (oo + BY)IF) =E(JOV O ta))

The result is an immediate consequence of the fact that the random variable ]\//.714 has same law of
| B1—¢].

Exercise 1.1.20: As a first step we assume that ¢ is C2. Then, from integration by parts and
using the fact that B* is increasing

(5; = B2 (B7) = [ (B2 dB: = B+ [ (B = B (B2

Now, we note that fg(B:‘ — B,)¢"(B})dB: = 0, since dB* is carried by {s : B¥ = B}, and that
fg ¢ (B¥)dB! = o(Bf) — ¢(0). The result follows. The general case is obtained using the Monotone
Class Theorem.

Exercise 1.1.21: (i) Let us consider the case < a and introduce T, := inf{t > 0: M, > a}. By
applying Doob’s optional sampling Theorem to the martingale M and to the finite stopping time
T, N t, we find

r = E(MTaAt) = CLIP(Ta S t) + ]E(Mtll{Ta>t})
= aP < sup M, > a> +E (Mt]l{Ta>t}) . (1.1.2)
0<s<t

By letting ¢ go to infinity, recalling that, by hypothesis, lim;_, o, M; = 0 and thanks to the dominated
convergence theorem, we finally find

P( sup M, >a)=P(supM; >a)= L
0<s<+00 t a

In the case when = < a, evidently P(T, < t) = 1 and the result follows. Furthermore, P(# > a) =
P(U < %)= (£) AL

(ii) We consider Equation (1.1.2) in the case when = = 1, namely

1=E(Mr nt) = alP < sup Mg > a) +E (Mtll{Ta>t})
0<s<t

and we let ¢ go to infinity, obtaining

1=aP (suth > a> +E (Moo]l{Ta>+oo}) .
t

aw

If we know that sup M; fa o= %, choosing a > 1 we have

1
1= aa +E (Moo]]-{Ta>+oo}) R

meaning that E (Moo l{1,>100}) = 0. Now, P(T, > +o0) = P(sup, My <a)=1— (2 A1) =1-1
and for a — 400 we have P(T, > +00) — 1 and it follows that E(M,) = 0 and, being M positive,
My =0 a.s.

Exercise 1.1.13: Let ¢ a bounded stopping time. Then,

E(My) = E/]ls<9(Xs — °X,)ds = /IE(]IS<9XS — (15«9 X4))ds =0
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1.2 Chapter 2

In this section, 7 is a random time admitting the cumulative distribution function equal to F' which
is supposed to satisfy F(¢t) < 1 and to be continuous, I' = —In(1 — F'), and G is the filtration F
progressively enlarged with 7.

Exercise 1.2.1 Assume that Y is H..-measurable, so that Y = h(7) for some Borel measurable
function h : R4 — R. Prove that

E(Y|H,) = ]l{rgt}h(T) + %F(t)]l{’KT} /too h(u) dF(u). (1.2.1)

Prove that -
BYIH0) = Lrzhl0) + Leary [ Ba)e" O ar ().
t

Find a predictable process ¢ so that dY; = pidM;.

Exercise 1.2.2 a) Prove that the process L; : = ;- exp(I'(t)) is an H-martingale and
Li=1-— / Lu_dM, (1.2.2)
10,¢]

In particular, for t < T,
E(Wrsry[He) = Nirsyy exp(=T'(2)).
b) Let dQy, = L¢dP3,. Prove that Q(r <t) = 0.

Exercise 1.2.3 a) Let h : Ry — R be a (bounded) Borel measurable function. Prove that the
process

tAT
Y, := exp (Lrenyh(r)) — / (" _ 1) dr (u) (12.3)
0
is an H-martingale. Find a predictable process ¢ such that

dYy = prdM,

Exercise 1.2.4 (i) Let h : Ry — R be a (bounded) Borel measurable function. Prove that the
process

Yiim exp (Lraph(n) = [ (0= 1)dr(w)

is an A-martingale. Find an A-predictable process ¢ such that dY; = prdM;.
(ii) Let h : Ry — R be a non-negative Borel measurable function such that the random variable
h(7) is integrable. Prove that the process

Yy = (14 L;<iyh(r)) exp ( B /OtAT ) dP(u)) |

is an A-martingale. Find an A-predictable process ¢ such that dY; = ¢;dM; . Give a condition on h
so that Y is positive. In that case, find an A-predictable process ¢ such that dY; = Y;_1;dM;.

Exercise 1.2.5 Let B be a Brownian motion and 7 = inf{¢ : B; = a}. Find the compensator of 7
in the progressive enlargement of FB- with 7 and the A-compensator of 7, where A is the natural
filtration of the process A.
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Exercise 1.2.6 In this exercise, F' is only continuous on right, and F(t—) is the left limit of F at
point ¢. Prove that the process (My,t > 0) defined as

g [T AEG) [Ty dF(s)
My =1 /0 1_F(s_)*Ht /0(1 HS)l—F(s—)

is an H-martingale.
Exercise 1.2.7 Prove that 7 is independent of F, if and only if X is a deterministic function.

Exercise 1.2.8 Assume that
dSt = St((r - (S)dt + O'dBt), S() =1

where B is a Brownian motion and let 7 = inf{¢ : S; < a}, with a < 1. Define K = (K4, t > 0) as
the filtration generated by the observations of S at given times t1,...,t, with ¢, <t < t,41, that
is, Hy = 0(Ss, 8 < tp,) for t,, <t < tp41. Compute the K-intensity rate of 7.

Exercise 1.2.9 Prove that, in a Cox model, 7 is independent of F, if and only if X is a deterministic
function. Prove that A is, in general, not immersed in G. Prove that, if A is deterministic, A is
immersed in G.

Exercise 1.2.10 Write the risk-neutral dynamics of the price of the recovery for a general interest
rate 7.

SOLUTIONS
Exercise 1.2.4: (i) Noting that

t
exp (Lr<nh(r) = Lren (e — 1) +1= / (") —1)dA, +1
0

the martingale property is obtained from Proposition 2.1.5. It follows that dY; = (eh(t) — 1)dM;.
(ii) In a first step, we establish that

Y: = exp ( - /OMT h(u) dF(u)) =+ o h(u) exp ( - /OMT h(s) df(s)) dA,.

Using It6’s formula, we obtain
dY, = exp ( - /0 (1— A)h(u) dF(u)) (A(t) dA; — (1 — Ag)h(t) dT(t))

= h(t)esp - /Ot(1 ~ A)h(u) D (u)) dM,

This shows that M" is a local H-martingale. If h > 1 is is a positive local martingale. It can be
checked directly that E(Y;) = 1. Hence the process Y is indeed an A-martingale.

Exercise 1.2.5: The FB-compensator of 7 is the predictable process I;<¢), the A-compensator of

tAT f(s)
0 P(r>s)

Exercise 1.2.8: It suffices to compute

Zy = P(r>tKs) = Lgruy ) O(t —tn a0 — St,)

T is ds where f is the density of 7.

where ®(t,z) = P(infs<; Ss > 2) and t,, < t < tp41, and then apply It6’s formula to find the

Doob-Meyer decomposition of Z. See [3] for details.

Exercise 1.2.9 If 7 is independent of F.., then P(r > t|F;) = P(7 > t) = e~ ¢ is deterministic.
Conversely, if A is deterministic, P(7 > t|F) is deterministic, hence the independence.

In general the A-martingale A; — OMT P{T(i)s)ds is not a G martingale. In a Cox process, if A is

deterministic, the independence of 7 and F, implies that A is immersed in G.
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1.3 Chapter 3

Exercise 1.3.1 Prove that H is, in general, not immersed in G. Prove that, if A is deterministic,
H is immersed in G.

Exercise 1.3.2 Assume that F is immersed in G and that W is an F-Brownian motion. Prove that
W is a G-Brownian motion without using the bracket.

Exercise 1.3.3 Prove that, if F is immersed in K, then, for any t, F; = Ky N Feo.

Exercise 1.3.4 Show that, if 7 € F,, immersion holds between F and F V H where H is generated
by H; = 1l,<; if and only if 7 is an F-stopping time.

Exercise 1.3.5 Prove that, if F is immersed in G under P and if QQ is a probability equivalent to
P, then, any (Q, F)-semi-martingale is a (Q, G)-semi-martingale. Let

Q|gt = LtP|gt7 Q‘]:t = th|]:t .

and X be a (Q,F) martingale. Assuming that F is a Brownian filtration and that L is continuous,
prove that

X+ /Ot (éd(X, B~ (X, L>S>

is a (G, Q) martingale.
In a general case, prove that

YL (1 1
X - X — X, L
o [ 5 (v - godxr)

is a (G, Q) martingale. See Jeulin and Yor [5].

Exercise 1.3.6 Let F C K and P be a probability measure. Let L be a positive (IF, P)-martingale
with Lo = 1 and define
Qlk, = LiPlk,; Qlr, = P, .

Prove that F < K under Q if and only if:

VIVX >0, X € Fp,Vt <T, EP(XLLTIIQ) _ EP(Xész)
t t

Exercise 1.3.7 Assume that F is immersed in F and 7 is an F stopping time. Prove that any F is
immersed in G.

Exercise 1.3.8 Assume that .Ft(L) = F; Vo(L) where L is a random variable. Find under which
conditions on L, immersion property holds.

Exercise 1.3.9 Construct an example where some F-martingales are G-martingales, but not all F
martingales are G-martingales.

Exercise 1.3.10 Assume that F C G where (H) holds for F and G.
a) Let 7 be a G-stopping time. Prove that (%) holds for F and F” = F vV H where H; = o(7 A ).
b) Let G be such that F ¢ G C G. Prove that F be immersed in G.

Exercise 1.3.11 Assume that ]-"t(T) = F; V o(7) where 7 is a positive random variable, and G; =
FiV H; where Hy = o(7 At). Find under which conditions on 7 the filtration G is immersed in F(),
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Exercise 1.3.12 Prove that in a Cox model, immersion holds.

Exercise 1.3.13 Prove that if H and F are immersed in G, and if any F martingale is continuous,
then 7 and F, are independent.

Exercise 1.3.14 Assume that immersion property holds and let, for every u, y;(u) be an F-
martingale. Prove that, for ¢t > s,

1 <sE(ye(7)|Gs) = Lr<sys(7)
Exercise 1.3.15 Prove that G is immersed in F V o(7) if and only if 7 is constant.

Exercise 1.3.16 (A different proof of Norros’ result) Suppose that
P(r <t|Fo)=1—e"

where I' is an arbitrary continuous strictly increasing F-adapted process. Prove, using the inverse
of I' that the random variable I'; is independent of F,, with exponential law of parameter 1.

Exercise 1.3.17 Let F — K and a be a K-adapted process. Prove that E(fot asds|Fy) = fg E(as|Fs)ds.

Exercise 1.3.18 Show that, if 7 € F,, immersion holds between [F and the progressive enlargement
of F with 7 if and only if 7 is an F-stopping time.

Exercise 1.3.19 Let 7;,i = 1,2 be two random times such that P(7; = 75) = 0 and A’ the filtration,
associated to 7;. Prove that A? i = 1,2 are immersed in A := A' v A? if and only if 75,4 = 1,2 are
independent.

Exercise 1.3.20 Let F be the Brownian filtration generated by B and X; = fot 1¢p,~0ydBs. Prove
that the process X is an F-martingale, however, FX is not immersed in F.

Exercise 1.3.21 Let G be a Brownian filtration generated by B and F the filtration generated by
By = fot sgn(B;)dBs. Prove that F < G and /8 enjoys PRP as well in F and in G.

SOLUTIONS

Exercise 1.3.4 Immersion is equivalent to P(7 > ¢|F;) = P(7 > t|F=c0) and the last quantity is
]1T>t-

Exercise 1.3.2: By definition (see e.g. [4], Definition 1.4.1.1) a continuous process X is said to
be a Brownian motion, if, between the others, one of the following equivalent properties is satis-
fied: either the processes (X;),s, and (X2 —t),~, are FX —local martingales, or, for any A € R,

(exp(/\Xt — ’\;t)) is an FX —local martingale.
>0
Since immersion property holds between F and G, the result is immediate.

Exercise ?77: Because of property (#Hs2) in Proposition 2.1.1, given A € K; N Fo, we have 14 =
E(14|Fs) = E(1La|F:), meaning that A € F;. Conversely, if B € F, it also holds B € K; and
B € Fo, and we have equality between F; and IC; N Fo.

Exercise 1.3.5: Any (F,Q) martingale is an (F,P) semimartingale (Girsanov), hence a (G,P)
semimartingale (immersion) and a (G, Q) semimartingale (Girsanov).
We reproduce the proof of Jeulin & Yor [5, Theorem 3].

In a first step we assume that F-martingales are continuous. Given an (IF, Q)—martingale X and

using that (%)‘ = %, we know, thanks to Girsanov’s theorem, that

t
Xt = Xt—/ £Sd<X7%>S, tZO,
0
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is an (F,P)-(local) martingale, hence, by immersion, a (G,P)-(local) martingale. We then apply
once more Girsanov’s theorem to pass from P to Q under G by means of L, so that we obtain the
following (G, Q)-(local) martingale, for any ¢,

L s ' 1 ‘1
Xt = Xt — / fd<X’ L>s - Xt - / £8d<X7 Z>S - / fd<X7 L>S
o Ls 0 0 s

In the general case,

t
- 1
X, = Xt—/ LX) 120,
0

is a (F,P)-(local) martingale, that remains a (G, P)-(local) martingale, hence

t
— ~ 1 ~
Xt = Xt_/ fd[X,L]é
0 s

is a (G, Q) local martingale. One has

X, = X /téd[Xl] /tld[XL]—k/tgsd[[Xl]L]
t = t 0 s ’f s 0 Ls ’ s 0 Ls ae ) s
t AL 1 b1
= Xt*/o gs( Ls 71)d[X,Z]57/0 fsd[XvL]s
b AL 1 b1
- X S _1)dX, )~ | —d[X,L
o+ [ G i) [ e,
YL, 1 b1
= Xi- [ Emax gl [ ax,
The result follows from (,d[X, ] = —Zs%d[X, ;.
Exercise 1.3.6: Note that, for X € Fr,
1 1
Eo(X|G:) = +Ee(XLrlG)) , Eq(X|Ft)= ;Ep(X{r|G)
t t

and that, from MCT, the hypothesis (#) holds under Q if and only if, VI,VX € Fr,V¢t < T, one
has
Eq(X[Gt) = Eq(X|F7).-

Exercise 1.3.8: First of all let us notice that if ( is independent of F.,, then immersion holds
between F and F(©). We will show that independence is not only a sufficient, but also a necessary
condition for immersion property to hold. We will exploit property (ii) in Proposition ??, namely
the fact that the hypothesis () is equivalent, for any ¢ > 0, to the conditional independence of
Fy ©) and Foo given F;. Let us, then, consider an F; (©)_measurable random variable of the form
Fih(¢), with F; an F;-measurable and an F-measurable random variable F.,. Immersion property
is equivalent, then, to

E(Fh(Q)Focl Fe) 2 E(F(Q)F)E(Fucl Fo),
for any t > 0.
In particular, taking a constant random variable F; and ¢ = 0 we find

E(h(C)Foo) = E(h(C))E(Foo)

and we find that immersion property is equivalent to the independence of random variables of the
form h(¢) and F. As usual, an application of the Monotone Class Theorem allows us to conclude
the proof.
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Exercise 1.3.9 To construct an example it suffices to recall Example 1.1.7, namely we define
Gt := Foo, YVt > 0. In this particular case, only constant F—martingales remain G—martingales.

Exercise 1.3.11: Immersion holds if and only if

E(h(7)|Gt) = E(h(T)|G)
Since Goo = Foo V 0(7), and 7 being positive, Gy is the trivial sigma-algebra, this condition reduces
to E(h(7)|Gt) = h(7). In particular E(h(7)) = h(7), hence 7 is constant.

Exercise 1.3.13 For h a bounded Borel function and X a bounded F..-measurable martingale, the
two processes E(h(7)|A;) and E(X|F;) are G-martingales. The continuity hypothesis implies that
they are orthogonal. Then

E(h(7)X) = E(h(7))E(X) .

Note that the assumption (C) can be replaced by assumption (A).
Exercise 1.3.19: Let M/ = E(f(r)|A}) and M = E(g(72)|A2). From immersion property, these

processes are A-martingales. The pure jump martingale M7 (resp. MY) has a single jump at time
71 (resp. at 72) hence, they are orthogonal, and

E(f(n)g(r2)) = E(ML{ME,) = M{ M§ = E(ML)EMZ,) = E(f(1))E(g(r2))

Exercise 1.3.20: There are F™ martingales which are discontinuous, hence FM is not immersed
in F [8, ex 4.25, page 216]. Example of such a discontinuous martingale: let T, = inf{¢t : B; = a}
and o := inf{t > T_;, B; = 0}. Then, o is a totally inaccessible F*-stopping times, which admits a
continuous compensator. The compensated FM-martingale is discontinuous. See [2, Proposition 9.

1.4 Chapter 4

tAl B,—B,

Exercise 1.4.1 a) Prove that the Riemann integral fo i—-=ds is absolutely convergent.

b) Prove that, for 0 < s <t <1, E(B; — Bs|B1 — B,) = =2(B; — By)

S

Exercise 1.4.2 Using the notation of Proposition 4.1.2, prove that B; and /5 are independent.
Check that the projection of 8 on F? is equal to B.

Exercise 1.4.3 Consider the SDE

1-1¢

X
{dXt = - @t+dw,;0<t<1
Xo = 0

1. Prove that

t
dw.
Xt:(l—t)/ ~.0<t<1.
O 1
2. Prove that (X;,t > 0) is a Gaussian process. Compute its expectation and its covariance.
3. Prove that lim;_,1 X; = 0.

Exercise 1.4.4 (See Jeulin and Yor [6]) Let X; = fot psdBs where ¢ is predictable such that

fg ©2ds < oo. Prove that the following assertions are equivalent

1. X is an F(BY)_semimartingale with decomposition

t tAl
B; — B,
X :/ psdBs + ;gosds
0

0 t—s
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2. fol |os] 1B1=Bel gs < o0

—S8

3. Jo Fkds <

Exercise 1.4.5 Prove that, for any enlargement of filtration the compensated martingale M remains
a semi-martingale.

Exercise 1.4.6 Prove that any FY-martingale is a G*-semimartingale.

Exercise 1.4.7 Prove that

tAT NT _ Ns

=N, —
e ¢ 0 T—s

ds— (t—T)7,

Prove that

tAT
Np — Ny
= ——d t—T)".
(o= [ St =T)

Therefore, (n:,t < T) is a compensated G*-Poisson process, time-changed by fot N%:ivﬁ ds, i.e.,

ne = M( Ot N:TF:iVS ds) where (M(t),t > 0) is a compensated Poisson process.

Exercise 1.4.8 A process X fulfills the harness property if

X, - X, X7 — X,
E(t fSO],[T> _ Xr— X,

t—s T — sg

for sg < s <t < T where .FSO]’[T = o(Xy,u < so,u > T). Prove that a process with the harness

property satisfies
T—t t—s
IE(X ’]—"S ) -~ "'y
B sl T T—s S+T—s

and conversely. Prove that, if X satisfies the harness property, then, for any fixed T,

XT7

t
Xr — X,
MI =X, — | du=E—2v

,t<T
0 T—u

is an Fy) p-martingale and conversely. See [3M] for more comments.

Exercise 1.4.9 Assume that IF is a Brownian filtration. Then, check directly that E(fot %{Lx)h | F)

is an F-martingale.

Exercise 1.4.10 Prove that if there exists a probability Q* equivalent to P such that, under Q*,
the r.v. L is independent of F,., then every (P,F)-semi-martingale X is also an (P, F("))-semi-
martingale. See the last Chapter

Exercise 1.4.11 Prove that, if 7 is an [ stopping time, G = F.

Exercise 1.4.12 Prove that
{r >t} c{Z >0} (14.1)

(where the inclusion is up to a negligible set).

Exercise 1.4.13 Let 7 be an honest time. Prove that

Mﬂﬂﬁ»—ﬂﬂﬂ—Zﬁ+Wlmﬂﬁwﬁﬂ)
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Exercise 1.4.14 Prove that Gf := {A € Foo : A= (An{7 < t})U(AN{r > t}) for some A;, A; €
Fi} defines indeed a filtration (i.e., the increasing property holds).

Exercise 1.4.15 Prove that any F-stopping time is honest

Exercise 1.4.16 Prove that, under (CA)

tAT d<M /1'> TVt d<M M>
IE/ 7’57/ bt RNy o
T e )

is an F-local martingale, without using the semimartingale decomposition.

Exercise 1.4.17 Let B be a Brownian motion and

T = inf{t : By + vt =a}
GY = sup{t: B, +vt=a}

Prove that

(W), gyl (L1
a ’ a Gl(ja) ’ T’Sa)

Give the law of the pair (T,ﬁ'/), Gfly)).

Exercise 1.4.18 Let X be a transient diffusion, such that

P,(Tp <o0) = 0,z>0
P.(lim X; =00) = Lx>0
t—o00
and note s the scale function satisfying s(07) = —o0, s(c0) = 0. Prove that for all z,t > 0,
Pu(Gy € dt) = = pi™ (z,y)dt
2s(y)

where p(™) is the density transition w.r.t. the speed measure m.
Exercise 1.4.19 Prove that, if Z = N/N* is the multiplicative decomposition of Z, then L = %

SOLUTIONS

Exercise 1.4.2: : The F?(B1)_Brownian motion 3 is independent of fg(Bl).

Exercise ??7: The optimal terminal wealth for F-predictable portfolio is of the form X} = (U’")~1(vLr)
for some L7 Radon-Nikodym density of an e.m.m.. Convexity inequality proves that E(U(XS) —
U(X%)) < E(X$ — Xi5)vLr) = E(X$vLr) — va and the conclusion follows, since, L being also a
G e.m.m. one has E(X$vLr) < x.

1.5 Chapter 5

Exercise 1.5.1 Solve the optimization problem in F and F2(B1) for power utility function.

Exercise 1.5.2 Assume that F is a Brownian filtration. Then, check directly that

bt
E(/ Cd<pu’X>su—C|]:t>
o p

S

is an F-martingale.



1.5. CHAPTER 5 15

Exercise 1.5.3 Prove that if there exists a probability Q* equivalent to P such that, under Q*, the
r.v. ( is independent of F., then every (F, P)-semimartingale X is also an (F?(¢), P)-semimartingale.

Exercise 1.5.4 Find the F?(©)-semimartingale decomposition of F-martingales when F is a Brown-
ian filtration and ¢ = 1 {,<p,<py. Discuss arbitrages opportunities.

Exercise 1.5.5 Let 7 be an honest time. Prove that

B((r)|) = h(r)(1 - 2) + ([ " h(s)daz| ).

Exercise 1.5.6 Prove that
Gr={AcFp: A= (AN {r<t}) U (A, N{r>t}) for some Ay, A, € F;}

defines indeed a filtration (i.e., the increasing property holds).

Exercise 1.5.7 Assume F is a Brownian filtration and 7 an honest time. Let X be a positive F
martingale. Prove that, if Z is continuous and Z = N/N* is its multiplicative decomposition, then
X7L is a G-local martingale for L = %

Exercise 1.5.8 Let 7 and 7* be two honest times. Show that 7V 7* is an honest time.

Exercise 1.5.9 Compute the projection of the martingale L (defined earlier as L; = ]%,t > 0) on
t
G.

Exercise 1.5.10 If 7 is a pseudo-stopping time and Z is continuous, prove that Z,. has a uniform
law.

SOLUTIONS

Exercise 1.5.2: Note that the result is obvious from the decomposition theorem: indeed taking
expectation w.r.t. F; of the two sides of

t
~ 1
X=X — / Td<puaX>s|u=C
0 P

leads to

t
= 1
IE(Xt|]-'t):Xt—IE(/O A" X)shomcl ),

S

and E(X,|F,) is an F-martingale.

Our aim is to check it directly. Writing dp} = pyoi(u)dB; and dX; = z;dB;, we note that
P(¢ € R|Fs) = [z p¥n(du) = 1 implies that

[t = [ ntan)+ [ s, [ ottt
—1+ [ ", [ -twmtatan

hence [; o(u)pin(du) = 0. The process IE(fOt p%d(p“,X>S|u:C|]:t) is equal to a martingale plus

s

[ E(0y Q)| Fo)ds = [ dszy [, o(u)pin(du) = 0.
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Exercise 1.5.7: By It6’s formula and the fact that one can write dN = pdX

1 1 1 © ©
= 1- N7+ (N =1-— X7+ (X",N
N o N e ey
- 1__° 2_)?7,
(N7)

where X is a G-martingale. This shows that 1/N7 is a positive continuous G-local martingale
satisfying 1/Ny = 1. Let X be an F-martingale. Using integration by parts

X7 1 1 1 1 o 1
— Xp4— XTHXT. <XT,—>:X XX
NT 0+NT + NT+ N‘r 0+N7‘ + N‘r

Exercise 1.5.9: An application of the key Lemma yields to the corresponding Radon-Nikodym

density on G:
dP*g, = 4y dPg, ,

with

1 [ 1
b = E(LG:) = ﬂt<7’§/ v(du) + 1< ——
tJt

pe(7)
G(t) 1
Wer—— + M —— .
t<t Gt + rgtpt(T)

1.6 Chapter 6

1.7 Chapter 7

Exercise 1.7.1 Prove that if X is a (square-integrable) F-martingale, X L is a G -martingale, where
L= (1y)/Z.

Exercise 1.7.2 We consider, as in the paper of Biagini et al. [1] a mortality bond, a financial

instrument with payoff Y = OTAT Zsds, where Z; = P(1 > s|F,) where F is a continuous filtration.

We assume that Z is continuous, admits a Doob-Meyer decomposition as Z = y — A and does not
vanish.

1. Compute, in the case r = 0, the price Y; of the mortality bond. It will be convenient to
introduce N; = E(fOT Z2ds|F;). Is the process N a (P, F) martingale? a (P, G)-martingale?

2. Determine the processes «, 8 and v so that

1 1
d}/;g = Oétht + ﬂt(dNt — 7 d<N, Z>t) + "}’t(dZt — 7d<Z>t)
t

Z
3. Determine the price D(t,T') of a defaultable zero-coupon bond with maturity 7', i.e., a financial
asset with terminal payoff ... Give the dynamics of this price.

4. We now assume that F is a Brownian filtration, and that a risky asset with dynamics
dSt = St(bdt + O'th)

is traded. Explain how one can hedge the mortality bond.

for a more exhaustive study.



1.7 CHAPTER 7 17

Exercise 1.7.3 Prove that, if 7 is an F stopping time, G = F.

Exercise 1.7.4 Prove that
{r>t}c{Z; >0} (1.7.1)

(where the inclusion is up to a negligible set).

Exercise 1.7.5 Prove that if X is a (square-integrable) F-martingale, X L is a G -martingale, where
L is defined in Proposition 77.

Exercise 1.7.6 We consider, as in the paper of Biagini et al. [1] a mortality bond, a financial

instrument with payoff Y = OTAT Zsds, where Zg = P(1 > s|F,) where F is a continuous filtration.

We assume that Z is continuous, admits a Doob-Meyer decomposition as Z = y — A and does not
vanish.

1. Compute, in the case r = 0, the price Y; of the mortality bond. It will be convenient to
introduce N; = E(fOT Z2%ds|F;). Is the process N a (P,F) martingale? a (P, G)-martingale?

2. Determine the processes «, § and v so that

1 1
d}/; = Oétht + ﬁt(dNt — 7 d<.ZV7 Z>t) + ’yt(dZt — 7d<Z>t)
t

t
3. Determine the price D(t, T) of a defaultable zero-coupon bond with maturity 7', i.e., a financial
asset with terminal payoff Ilp-.. Give the dynamics of this price.

4. We now assume that F is a Brownian filtration, and that a risky asset with dynamics
dS’t = St(bdt + (Tth)

is traded. Explain how one can hedge the mortality bond.

Exercise 1.7.7 Let 7 be an honest time. Prove that

BUIF) = 7)1 - 20 + (| " f(s)daz| 7

Exercise 1.7.8 Prove that G} := {A € Fao : A= (A,n{r < t}) U (AN {7 > t}) for some Ay, A, €
F:} defines indeed a filtration (i.e., the increasing property holds).

Exercise 1.7.9 Prove that any F-stopping time is honest

Exercise 1.7.10 Prove that, under (CA)

tAT d<M /J'> TVt d(M M>
E/ ’ S _/ b S ]_-
( .z ) 1-z- | Ft)

is an F-local martingale, without using the semimartingale decomposition.

Exercise 1.7.11 Let X be a drifted Brownian motion with positive drift v and Aj its last passage
time at level y. Prove that

P, (AY) € dt) =

v 1 9
exp| ——(x—y+uvt dt,
ore p( 5 (T —y+ i) >

and

— e~ 2v(z—y)
]P’x(Al(/”)zo):{l e , for x>y

0 for x<y.



18 M. JEANBLANC

Prove, using time inversion that, for z = 0,
(v) law 2

where
T® =inf{t : By 4 bt = a}

See Madan et al. [7].
Exercise 1.7.12 The aim of this exercise is to compute, for t < T < 1, the quantity E(h(Wr)17<4,1|G:),

which is the price of the claim h(S7) with barrier condition IL7.g,3.
Prove that

E(h(Wr)Wireg,y | Fi) = E(R(Wr)|[Ft) — E(h(WT)(I)( al ) ’}—t> ’

v1i-T
oo =2 [ () a0

Define k(w) = h(w)®(|Jw|/v/1 —T). Prove that E(k(WT) ‘.7-}) = k(t, W;), where

where

k(t,a) = E(k(WT—t+a)>

U (u—a
m@hm)@(%) eXp<_2(T—)t)) du.

Exercise 1.7.13 Let M be a positive martingale, such that My = 1 and lim;_,, My = 0. Let
a € [0,1] and define G, = sup{t : M; = a}. Prove that

+
PG, <t = (1- )

Assume that, for every ¢ > 0, the law of the r.v. M, admits a density (m:(z),z > 0), and (¢t,z) —
mq(x) may be chosen continuous on (0,00)? and that d(M); = o2dt, and there exists a jointly
continuous function (¢,x) — 6;(x) = E(0?|M; = x) on (0,00)2. Prove that

M, 1
P(G, €dt) = (1 — 70)50(&) + Wgrs0) 50 (@) (a)dt

Exercise 1.7.14 Let B be a Brownian motion and

TW = inf{t : B, +vt=a}
GW = sup{t: B, +uvt=a}

a

Prove that

W) awylaw (11
(Ta 7Ga ) - <Gl(/a)7TlSa)>

Give the law of the pair (75", G{).

Exercise 1.7.15 Let X be a transient diffusion, such that

P,(Thy <o0) = 0,2>0
P,(lim X; =00) = Lz>0
t—o0
and note s the scale function satisfying s(07) = —o0, s(c0) = 0. Prove that for all z,t > 0,
PGy € i) = 5"z
2s(y)

where p("™) is the density transition w.r.t. the speed measure m.
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1.8 Chapter 8

Exercise 1.8.1 Prove that (Y;(7),t > 0) is a (P,F("))-martingale if and only if Y;(z)p:(z) is a
family of F-martingales.

Exercise 1.8.2 Let F be a Brownian filtration. Prove that, if X is a square integrable (P, F(7))-
martingale, then, there exists a function h and a process v such that

X, = h(r) + /0 v (r)dB,

Exercise 1.8.3 Give a direct check of Proposition ?? in a Brownian filtration

Exercise 1.8.4 Prove that the change of probability measure generated by the two processes

po(0)
p(0)

provides a model where the immersion property holds true, and where the intensity processes does
not change

Zt = (LItF)il, zt(9) =

Exercise 1.8.5 Check that

]E(/o ! dQG(;G)s _/W d<;i,p((:))>s

| Ft)

is an F-martingale.
Check that that .
X
g [ 40
0 Ps- (0)

|Gt)

0=

is a G martingale.

Exercise 1.8.6 Let A be a positive F-adapted process and A; = f(f Asds and O be a strictly positive
random variable such that there exists a family ;(u) which satisfies P(© > 0|F,) = [~ v, (u)du.
Let 7 = inf{t > 0: A; > O©}.Prove that the density of 7 is given by

pe(0) = Aoy (Ng) if t >0 and p+(0) = E[Aoyo(No)|F2] if t < 0.

Conversely, if we are given a density p, prove that it is possible to construct a threshold © such that
7 has p as density.
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