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Elliptic curve
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ap := p + 1 −#E(Fp)

Example (Fermat curve x3 + y3 = 1)

p 2 3 5 7 11 13 17 19
ap 0 0 0 -1 0 5 0 -7

Conductor N = 27

Example (Congruent number curve 110y2 = x3 − x)

p 2 3 5 7 11 13 17 19
ap 0 0 0 0 0 -6 2 0

Conductor N = 193600 = 26 · 52 · 112 = 16 · 1102
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Birch–Swinnerton-Dyer

Conjecture (Birch–Swinnerton-Dyer)
∏

p

#E(Fp)

p
< ∞ ⇐⇒ #E(Q) < ∞.
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Data for y2 = x3 � d2x

X

d = 1
d = 2
d = 3

d = 5

d = 6

d = 7

d = 157

Q
p<X

#(Ed(Zp))

p

0 5 ⇥ 106 107 1.5 ⇥ 107

20

10

Karl Rubin (UCI) Right triangles and elliptic curves Ross Reunion, July 2007 28 / 34
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Formulation with L-function

Define
L(E , s) :=

∏

p

1
1 − app−s + p1−2s

where
ap := p + 1 −#E(Fp)

Conjecture (Birch–Swinnerton-Dyer)

rank E(Q) = ords=1L(E , s)
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Modular forms attached to elliptic curves

Example (Fermat curve x3 + y3 = 1)

p 2 3 5 7 11 13 17 19
ap 0 0 0 -1 0 5 0 -7

Conductor N = 27

φ = q − 2q4 − q7 + 5q13 + 4q16 − 7q19 + · · ·

Example (Congruent number curve 110y2 = x3 − x)

p 2 3 5 7 11 13 17 19
ap 0 0 0 0 0 -6 2 0

Conductor N = 193600 = 26 · 52 · 112 = 16 · 1102

φ = q − 3q9 − 6q13 + 2q17 + · · ·
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Y-Z ( 2007)
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L-T-X-Z-Z (2017)
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Thank you!
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