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Directed Last Passage Percolation

Last passage time

L ‘= max w,
p(a) WP_WE v

where the maximum is taken over

Ws 1 |Ws 2 |Ws 3 |Ws 4 Wy 5 all possible up/right lattice path
m from p to q. The path along

Wa 1 |Wa 2 (Wa 3 |Wa 4 WA S . . 2 .
which the maximum is obtained

W3 1 |Wg;

N

W3 3 (W3 F W35 is called the geodesic.
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Wi:./ ~ exp(l), ||d T:peEN—q

where A is an arbitrary
down/right lattice path. A
is called the initial condition.



Equivalent models

This model is equivalent to the corner growth model:

Let Q; := {(i,J) | La,n(i,J) < t}.




Equivalent models

Evolution of Q;:




Equivalent models

It is also equivalent to the totally asymmetric simple exclusion process
(TASEP).




Equivalent models

It is also equivalent to the totally asymmetric simple exclusion process
(TASEP).
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Directed Last Passage Percolation

Theorem (Johanson00)
L(Ll)(OéN, N) — C]_N

C2N1/3

in distribution as N — oo, here « is a positive constant, ci, c, are

— XGUE,

constants depending on «, and xcye Iis the GUE Tracy-Widom
distribution.

e
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Directed Last Passage Percolation

Theorem (Prahofer-Spohn02, Johansson03)
L(l,l)(N — CXN2/37 N =+ CXN2/3) — 4N

c/'N1/3
as N — oo, where Ay(x) is called the Airy, process.
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Directed Last Passage Percolation

More generally, for any “nice enough” initial condition A,
[Matetski-Quastel-Remenik21] proved

LA(EN — coxN?/3 tN + cxN?/3) — ¢ (tN)

N TIE — H(x, t),
where H(x, t) is a space-time random field called the KPZ fixed point.
N AY
l\\\ \\\
- .
AN )
\\ | I \‘.\

\\ |

< |
N [
\T_J




Directed Last Passage Percolation

Even more generally, there is a limiting “random metric” L(y,s; x, t), the
directed landscape constructed by [Dauvergne-Ortmann-Virag22], such
that

L(5N7ngN2/3,sN+COyN2/3)(tN — C0XN2/3, tN + C0XN2/3) — Cl(t — S)N
C2N1/3

— L(y,s; x, t).

This convergence was proved by [Dauvergne-Virag21].
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Directed Last Passage Percolation
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An illustration of the convergence of the directed last passage percolation
to the directed landscape. Here we fix two times s =0 and t = 1. The
last passage times from the blue boxes (indexed by the parameter y) to
the red boxes (indexed by the parameter x) converge to L(y,0; x, 1),
which is also called the Airy sheet S(y, x).
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What was known before for this crossover model

Let L denote the perimeter of the base circle, or equivalently the period
of periodic TASEP model.

Three cases:

1. When L is sufficiently large compared to t, it behaves like the
(141)d corner growth model (sub-relaxation time scale).

2. When t is sufficiently large compared to L, it behaves like the 1d
growth model (super-relaxation time scale)?

3. The crossover occurs when t = O(L3/?) (relaxation time scale)
(Gwa and Spohn 1992)
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What was known before for this crossover model

Let L denote the perimeter of the base circle, or equivalently the period
of periodic TASEP model.

Three cases:

1. When L is sufficiently large compared to t, it behaves like the
(141)d corner growth model (sub-relaxation time scale).

2. When t is sufficiently large compared to L, it behaves like the 1d
growth model (super-relaxation time scale)?

3. The crossover occurs when t = O(L3/?) (relaxation time scale)
(Gwa and Spohn 1992)

The conjectured periodic KPZ fixed point and periodic directed
landscape are the limits ot this model in the relaxation time scale.
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Some basic properties of the
KPZ fixed point and directed
landscape



Some basic properties of the KPZ fixed point and directed land-

scape

The KPZ fixed point and directed landscape are conjectured to be the
universal limiting fields for all the models in a broad class of models, the
Kardar-Parisi-Zhang (KPZ) universality class. Hence it is an important
problem to well understand these random fields.
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Some basic properties of the KPZ fixed point and directed land-

scape

The KPZ fixed point and directed landscape are conjectured to be the
universal limiting fields for all the models in a broad class of models, the
Kardar-Parisi-Zhang (KPZ) universality class. Hence it is an important
problem to well understand these random fields.

The KPZ Universality Class: random growth models, interacting particle
systems, random polymers, random matrices, etc.
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Some basic properties of the KPZ fixed point and directed land-

scape

Relation between the KPZ fixed point and directed landscape, proved by
[Nica-Quastel-Remenik20]

H(x, t) = sgp{g(y) + L(y,0;x,t)} (2.1)

where g(y) is the initial condition #(y, 0).
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Some basic properties of the KPZ fixed point and directed land-

scape

Composition law:

L(z,r;x,t) =sup{L(z,r;y,s) + L(y,s;x, t)}
yeR
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Some basic properties of the KPZ fixed point and directed land-

scape

Composition law:

L(z,r;x,t) =sup{L(z,r;y,s) + L(y,s;x, t)}
yeR

Reverse triangle inequality:

L(z,rix,t) > L(z,r;y,s) + L(y,s;x, t)
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Some basic properties of the KPZ fixed point and directed land-

scape

The geodesic 7y 5.+ from a point (y, s) to another point (x, t) if s < t is
a continuous path m = 7, .« ; which maximizes the following length with
respect to the directed landscape £

k
inf inf Z,C(W(S;_l),s,‘_l;77(5,'),5,').
i=1

keN s=sp<s51< - <s¢=t

Such a geodesic exists and is unique almost surely
[Dauvergne-Ortmann-Virag22].
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Some basic properties of the KPZ fixed point and directed land-

scape

Symmetry properties

L(y,s+rx,t+r).
L(y +c,s;x+c,t).

e fla =

L(—x,—t;—y,—s).
(x—y)/(t—s)<

+
y+cs,s;x+ct,t)+ (x+ct —y —cs)?/(t —s).
(5) L(y,s;x,t) g eL(e7 %y, e 3s; e 2x, e 3t).
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Some basic properties of the KPZ fixed point and directed land-

scape

time direction
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An illustration of the KPZ fixed point H(x, t) with the step initial
condition, which is equivalent to £(0,0; x, t). The gray area is due to the
cutoff at the height = —5.
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Exact formulas




Some known exact formulas

We will mainly focus on the exact formulas for the distributions of the
KPZ fixed point and directed landscape.

For the KPZ fixed point, we call g(y) = H(y,0) the initial condition.
There are several classic initial conditions:

(1) Step (or narrow-wedge) initial condition: g(0) =0, and g(y) = —c©
for y # 0.

(2) Flat initial condition: g(y) = 0 for all y.

(3) Brownian initial condition: g(y) is a two-sided Brownian motion.

(4) Step-flat (or wedge-flat) initial condition: g(y) =0 for all y > 0 (or
y <0), and g(y) = —oc elsewhere.

(5) Step-Brownian (or wedge-Brownian) initial condition: g(y) is a
Brownian motion for y > 0 (or y < 0), and g(y) = —oo elsewhere.

(6) Flat-Brownian initial condition: g(y) is a Brownian motion for y > 0
(or y <0), and g(y) = 0 elsewhere.

23



Some known exact formulas

One point distribution of Hg(x, t) (for fixed x and t):

24



Some known exact formulas

One point distribution of Hg(x, t) (for fixed x and t):

They are the Tracy-Widom distributions and their analogs:

(1) Step IC: GUE Tracy-Widom distribution [Baik-Deift-Johansson99]

(2) Flat IC: GOE Tracy-Widom distribution
[Baik-Rains01,Ferrari-Spohn05]

(3) Brownian IC: Baik-Rains distribution [Baik-Rains00]
(4) Other classic IC: [Baik-Rains00], [Borodin-Ferrari-Sasamoto09].
(5) General IC: [Corwin-Liu-Wang16], [Matetski-Quastel-Remenik21].

24



Some known exact formulas

GUE Tracy-Widom distribution P(xcue < h)

FGUE(h) = det(l = Ah)
where Ay, is the Airy kernel on L%(h,c0) defined by

AI(OAT(Y) = A()AT()
An(xy) = Xy , ifxF#y,
Ai’(x)2 — X(Ai(x))2, ifx =y

. 2mi 3 23 . ) 3
and Ai(x) = 5 foo:,zm//3 e~ 3T2dz is the Airy function.

27i Joo
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Some known exact formulas

The spatial processes Hg(-, t) (for fixed t):

They are the Airy processes and their analogs:

(1) Step IC: [Prahofer-Spohn02] ,[Johansson03]
(2) Flat IC: [Borodin-Ferrari-Prahofer-Sasamoto07]
(3) Brownian IC: [Baik-Ferrari-Pechel0]

(4)

4) Other classic IC: [Borodin-Ferrari-Sasamoto08],
[Borodin-Ferrari-Sasamoto08], [Borodin-Ferrari-Sasamoto09]

(5) General IC: [Matetski-Quastel-Remenik21]
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Some known exact formulas

The limiting process for Step IC is Ax(x) — x?, where Ay(x) is defined by
its finite-dimensional distributions

P (N1 {A2(xe) < he}) = det (1 — xnKaiXn) [2({x,+ xm} xR)
where xp(xk, () = l¢sh, and Ka; is the extended Airy Kernel defined by
/ Ai(€ + NAi(n 4+ N)e 0N, ifx >y,
0

Kai(x,&y,m) = 0
—/ Ai(€ 4+ NAi(n 4+ N)e 0 ifx < .

27



Some known exact formulas

The space-time random field H,(-,-):

(1) Step IC: [Johansson-Rahman21], [Liu22]
(2) Flat IC: [Liu22]
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Some known exact formulas

The multipoint distribution of the KPZ fixed point H(x, t) is given by

P (ﬁ {H(xe, te) < hé})
(=1
m—1 1
4. ]{ [H -
(=1

Here, the integral contours are circles centered at the origin and of radii

le dZm,1

D(Zla T 7zm71)

2mizy 2mizm_1

less than 1. The function D will be given later.
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Some known exact formulas

1
Dstep(Zh co 7Zm71) = Z (7Dn7step(zla to 7Zm71)

n!)2
ne(Z>o)™
with
D, Step(zla Sy Zmo1) = (*1)n1+"'+nm
m . 4) i 0
H H / dfié' Zp1 / dfiél H / d{ll
=2ie=1 1_261 o 2m 1=z Jogw 2mi | 0 o,
. © ‘
H H / d%'  Z / dnw H / d77,1
oo Y2 Jop, 2m 1= 2o Jogw 2 a=1”/C

O (A (A ((@))2
g INGRTIONE

m— 1A(£ D) A(n©); D) ., N
E A(é‘ €+1 ) (n /) L /+1))(1 —2z) (1 — ) ] _

£o(£“)to(n ))]
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Some known exact formulas

Here
n=(ny, - ,ny), nl=n!---ny,l
4 0 4 14
6([) :(§§ )7 751(19)’ ’I’]([) :(7]](_)a 77],(7?)7
fe(ﬁw) _ ﬁ e_%(tl_tl—l)(£§;>)3+(xé_Xe—l)(f,(j))z"'(h[_héfl)fﬁj)
ip=1

f(n®) = ﬁ o3 (te—te))(f)) P = (e —xe—1) () = (he = he 1))
=1

with 79 = xp = hg = 0, and

AW) = [T(w - w), AW W) = [[(wi — w})

i<j i’

for all vectors W = (wy,--- ,wy,), W' = (wy,--- ., w),).
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Some known exact formulas
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Some known exact formulas

The one-point distribution of the geodesic

(1) Point-to-point geodesic: [Liu22]
(2) Line-to-point geodesic: [Liu23+]
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One-point distribution of the geodesic

Let M(s) = Mo,0:0,1(s), 0 <s <1, be the geodesic from (0,0) to (0,1) in
the directed landscape. Then the joint density of

£(0,0;s,1(s)), L(s,MN(s);0,1),M(s)
is given by

2 2
2p <€1 + L,fz + X7,2X; 5)
s 1—s

where p is defined below.
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The function p(sq, sz, %;7)

The function p(s,s2,x;7) is given by

p(s1,82,%;7)

dz 1
=P == _qF o
]g 27i(1 — z)? Z (ki'ko!)2 ka ko (25 51,52, %;7)

ki, ko >1

where

Tkl’kZ Z; 81,82, X ’)/

- (1)
d§,1 _z / dg
1 2ri 1-2zJr, ., 2«
I1 Y i
d77,(1 : 7 / d7l,( )
1 FR w 2m l—zJp, 2w
’1 ,out

ko

dfz d7/2
: : th t d
H /FL 2mi ,1_[/ 27i e in egran
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The function p(sq, sz, %;7)

The contours
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The function p(sq, sz, %;7)

2 AEY2AMD? AED;n@
lill 5(5 n(ﬁ A(E(l);£(2)

H(£W, 270,73,

with
f1(¢) = e‘%C3—%X<2+(S1—%)C,f2(C) = e_l_TWCSJr%XCzHSr“‘%ZV))Q
and 1 1 1
H(EW, 6P, n@) = S8+ 283 — 35155,
where

se= Y () - @)) =3 (€2 - 0P)).
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Exact formulas of the conjectured periodic KPZ fixed point

One-point distribution

e Step IC: [Baik-Liul8]
e Flat IC: [Baik-Liul8]
e Stationary IC: [Liul8]
e General IC: [Baik-Liu21]

Multi-point distribution

e Step IC: [Baik-Liul9]
e General IC: [Baik-Liu21]

The formulas are given in terms of Fredholm determinant with kernel on
the space related to the roots of e €2 =2
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Exact formulas of the conjectured periodic KPZ fixed point

Left: The dashed curves are density functions of Fye,(71/3x — —,% 7)
for fixed 7 = 0.1 and three different values of v = 0.2,0.4,0.5 from left
to right. The solid curves are the density functions of Fgye(x) (left) and
(Feue(x))? (right).

Right: The dashed curves are the density functions of

- ( T+ s b 112 fy.,r) for fixed v = 0.2 and three values of
7 =0.05,0.25,1 from left to right. The solid curve is the standard
Gaussian density function.
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Applications




Rigidity of the geodesic

Denote L(y,s; x, t) the directed landscape, the limiting four-parameter
random field of the directed last passage percolation. We fix two points
(0,0) and (0,1). Denote [(s) the geodesic from (0,0) to (0,1). We also
denote L(s) = £(0,0;M(s), s)

Theorem (Liu22)
The random variables

2M0(s)LY*  L(s )st
Vsl —s) /s(1—s)LL/4

conditioned on L£(1) = L — oo, converge to two independent standard

Gaussian random variables in distribution.
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Rigidity of the geodesic

An illustration of the rigidity of the geodesic conditioned on a large
height (= L) of the directed landscape at one location £(0,0;0,5). The
field is of the hill-shape with a straight ridge (with width of O(L~/4))
from the point (0,0) to (0,5), and the geodesic is on the ridge with
Gaussian fluctuation. The height along the geodesic £(0, 0; 7(t), t)

fluctuates of order O(L/#) and has the Gaussian fluctuation as well.
41



Rigidity of the gedesic

We remark that this result was unexpected before. However, the rigidity
of the geodesic was observed before by [Basu-Ganguly19]. Loosely
speaking (their results are indeed for the directed last passage percolation
but we take the KPZ limit of their results which is expected to be valid)
if we heuristically convert the results of [Basu-Ganguly19] into our

language, their results indicate that I(s) has an fluctuation order
O(L—1/4+o(1))_

42



A conditional limiting field

In [Liu-Wang22], we proved that for all T > 0, as L — oo,

xT3/4
H( g7, tT) — tH(0, T)
\@Tl/4L1/4

Law

H(0,T) =L

x€R,te(0,1)
Law ({min {Blfr(t) + X»BEY(X) - X}}XGR,tG(O,l)) ’

— 1—-t 1—-t
Law {min {Bbr(t)+x+Z,IB%br(x)xZ}} ,
( ' \@ ’ \/5 x€R,te(0,1)

where the convergence is in the sense of convergence of
finite-dimensional distributions, and on the right-hand side,
{B*(t)}eepo,1) and {B5*(t)}¢efo,1) denote two i.i.d. copies of Brownian
bridge over interval [0, 1], and in the case with flat initial condition Z is a
standard normal random variable independent of BY* BbT.
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A conditional limiting field

o " 1
space direction 2

An illustration of the rescaled random field on the ridge of the KPZ fixed
point (for the step initial condition): It behaves like a Brownian bridge
along the time direction, and straight lines along the space direction.
The highest curve (along the time direction) is a Brownian bridge.
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A conditional limiting field

The best related related results are (if we “translate” into the language
of the KPZ fixed point) by [Lamarre-Lin-Tsai21], [Ganguly-Hegde22]

H(x,1) ~ L — 2|x|L/?

when |x| < L'/2 conditioning on H(x,1) = L — oo.
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A conditional limiting field

What happens for H(x, T + t) if we condition on H(0, T) = L — co? It
turns out that for the step initial condition ([Nissim-Zhang22] proved the
one-point distribution case)

Law (H(x, T +1t) — H(0, T) | H(0, T) = L) — H(x, t)

where 7 is the KPZ fixed point with step initial condition independent of
H.

46



A conditional limiting field

What happens for H(x, T + t) if we condition on H(0, T) = L — oo? It
turns out that for the step initial condition ([Nissim-Zhang22] proved the
one-point distribution case)

Law (H(x, T +1t) — H(0, T) | H(0, T) = L) — H(x, t)

where 7 is the KPZ fixed point with step initial condition independent of
H.

Moreover, there is a critical region where the limit of
Law (L2 (MO8, T+ tL73/%) — 1(0, T = 1)) ‘ HO,T=1)=L)

converges and it is the crossover between the KPZ fixed point and the
Brownian-like field. This is a joint work with Zhang ([Liu-Zhang23+]).
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A conditional limiting field in periodic KPZ fixed point

Let HP"(x, t) be the p/2-periodic KPZ fixed point. It satisfies the
periodicity condition HE"(x, t) = HEH*(x + p/2,t), and the scaling
invariance p~1/27{Pe" (px, p*/?t) 2 g Y2HPe (gx, ¢*/?1).

In [Baik-Liu23+], we proved that

HP (2, t) — tH(0, T
Law { P (ﬂLli[ )1/4 ( )} H(0,1) =1L
2L x€R,te(0,1)

— Law ({sr (Br'(t) + x, B3 (x) — X)}XE]R,I'E(O,I)) ’

where r = pLY/*//2.
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A conditional limiting field in periodic KPZ fixed point

We define an equivalence relation ~, on R? by the condition that
(x,¥) ~, (X', y") if and only if (x,y) = (X', y') + k(r, —r) for some
integer k.

(BY*(t),B5*(t)) is a two-dimensional Brownian bridge in the space
R, = R?/ ~, satisfying
(Byr(0), B3*(0)) = (BY"(1), B3*(1)) = (0,0) € R:.

The height function s, : R, — R is defined by

s,(x,y)—max{seR: {X:s] + [yjs] >o}

where [a] denotes the largest integer less than or equal to a.
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Future questions




Future questions

There are many questions along this line of research.

(1) Find the exact formulas of the multi-point distribution of H,(x, t)
when g is (1) Brownian, (2) step-flat, (3) step-Brownian, (4)
flat-Brownian, and (5) a general function.

(2) Investigate the limiting behavior H(x, t) when H(0, T) = —L goes
to negative infinity.

(3) Find the exact formulas of the multi-point distribution of the
geodesic 7(s) in the directed landscape.

(4) Analogs in the periodic KPZ fixed point and periodic directed
landscape.
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Thank you!
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