
 

I 6 Deformation theory
Recall X smooth algebraic variety 16 tangent bundle

a t 1st order deformation x of X IT

Automorphisms of X that restrict to id on X I Ho X Tx

b Isom classes of 1storder deformations of Xo H X Tx

Q Beyond the smooth case

A Use cotangent complex instead of Kahlerdifferentials

Replace HolX Tx by Hom Lx 0 1

H X Tx by Ext l Lx 0 1
Note that Ho Lx ne r and Lx I r if X is smooth

Quot schemes X proj Variety F quasi coherent sheaf on X

We have the quot scheme Quot constructed by Grothendieck classifyi

quotientsof F or exact sequences 0 f F f 0

We want compute the cotangent complex of Quot at a point G I

The Oth cohomology Zariski cotangent space HomC f F

Higher cohomologies are very difficult to compute because Quot

is usually singular

Moral The cotangent complex of Quot is not the right object
to study We should instead study the derived enhancement



Quott of Quot whose cotangent complex
at a point IF

will be simply RHomCF F

Obstructions in deformation theory X smooth alg varlic
canonical obstruction class map

e 1storder deformationsof X HYX Tx

A 1storder deformation can be extended to a second orderdeformation

if its obstruction class vanishes

Q White elements in Ho X Tx and H l X Tx have geometric meaning

in deformation theory what is themeaningof H2 X Tx and HMXTx
n 32 7

Prop Let 12 be the square zero extension E In

a A deformation X of X over R

Autom of X that are id on Xo he Hn X Tx
homotopy

b Deformations of X over R31homotopy 1 H X Tx

Relation with the obstruction class map

We have a pullback diagram of cdgas ELEM E

I t
KEENE E Ell

we pushout diagram of dg schemes



SpecELEM 3 c Spec E

T T
specEkkez c Speck Ell

Therefore a 1st orderdeformation XYspececey of X extends to a

2ndorder deformation over KIEV if the pullback of X to

speaktoECD is a trivial deformation of X over Speck ECD

This pullback is equivalent to the obstruction class map

It Infinity categories
In derived geometry we study objects up to homotopy equivalence

In order to keep track of all homotopies we use the language ofinfinity
categories We use simplicial sets as models for homotopy types

1 Simplicial sets

Def n od c an finitely linearly ordered set

The categoryof combinatorial simplices D

Obj Tn n 30

Mor a m En non decreasing cat of sets

A simplicial set is a functor S IP Set
Sn S Cns the set of n simplices of S So vertices G edges

S a m n Sn Sm describes how the simplices aregluedtogether

Leto Fun DP Set the categoryof simplicial sets



On Homof In C Seto standard n simplex

f simplicial set s Yoneda lemma Sn Hometown S

20h the simplicial subsetof 0 whose M simplices are non decreasing

boundary non surjective maps a m In

Lt 1 202 11
For Oci en the ith horn Ain of 0 is the simplicial subsetof20h
whose M simplices are non decreasingmaps x Im a sit

x Ems u i3 t In

o ai L ai in ni

Jef A simplicial sets is a Kan complex if t o e i en Amap
ro Ai S can beextended to an n simplex o O S

Kane the category of Kancomplexes

S To simplicial sets f g S T A simplicial homotopyfrom f
to g is map of simplicial sets h S X d T s t hIs og f and

his g In this case f and g are said to be simplicialby homotopi

If T is a Kan complex this is an equivalence relation

The homotopy categoryof Kancomplexes hkan Obj Kan complexes

Mor simplicial homotopy classes of maps



2 A categories

Q How to incorporate homotopy data into a ordinary category

Recall C category simplicial set N e called nerve

N E n Fun f f Xo Xu XiEf

Facemapsgiven by compositions degeneracy mapsgivenby insertionsofidentiti

Trop The construction Ct NCE determines a fully faithful embedding

from the category eat of small categories to the category Seto of
simplicial sets The essential image of this embedding consists of
those simplicial sets S with the following property

Voci en f Ain S
T

f i't
On r

Def An co category E modeled as a weak Kan complex is a simplicia

set s t V ki c n V Ai f

ton i uniqueness dropped

Example it n 2

ly
E

v existenceof composition but non unique
Ae

Basic notions



f is category Its O simplices are called objects I simplices morphisms

Vobjects X Y E E mapping space Mape X Y is the Kan complex whose

n simplices are maps on xD to f which sends 8 x o to the verter

X and Ix 13 to the vertex Y

T im homotopy category he Obj same as E
Mor toMape X Y

H enriched homotopy category her Obj same as E

homotopy categoryof spaces Mor Nape xYDC It

A morphism in 8 is called an equivalence if its image in hb is an isomorphis
Two objects in L are equivalent if 7 an equivalence between them

E D co categories A functor F from B to D is a mapof simplicial sets

The co category of functors Fun E D MapseedE D its set of

n simplices are by definition Hornsey E xon D

F E D is an equivalence of categories if 7 functor G D C

s t Go F is equivalent to idf in fun E E and FoG is equivalen

to ido in Fun 0 D

F E D is essentially surjective if hF he hD is essentiallysurj

F E D is fullyfaithful if ht he HD is fully faithful on the

H enriched homotopy categories i e H X Y E B

Mapp X Y Mapo FM FM is a homotopyequiv



Equivalence c fully faithful essentially surf

I co category he C ht subcat We form the pullbackdiagram

of simplicial sets C E

t b
Nkhe'D Nchc

E is called the subcat of 6 spanned by Cheol

E C E is called a full subcategory if Cheol che is a full subcat

E w cat An obj X E G is final if tf YE E Nape Y X is contratib

initial MapelX Y

3 Limits and colimits

Def S S simplicial sets join SAS s s n Sn vsiy ns.i.xs

Ex Oi or a o t

l a

Prop Joyal The join of two weak Kan complexes is a weak Kan complex

Def K simplicial set left cone KO Is K Rightcone K K 0

Prop Joyal p K S mapof simplicial sets Then 3 a simplicial set Sip

with thefollowing universal property

HomesetolY Ssp Hom
p l Y

A k S

E subsetconsistingof f st the p
Proof Sp n Homp on K S



Drop P K I map of simplicial sets E is weak Kan Then Gp isweak
4 Kan

calledovercategory
If p K D X E E we denote Eu Gp
Dually replacing Yak by KAY undercategory Lp ex

Def E cat pi K E map of simplicial sets

A colimit for p is an initial obj of Ep
limit final tip

A colimit diagram is the associated F K I extending P

Wewill simply refer to Flex E E as thecolimit of p

Same for limit
distinguished vertex of p


