1.6 Deformation {—L\@ona,

Recall: X smooth al@ebm&, Var(e_kg,/(ﬁ

@ ¥ 1% order oleformufon X, of X,

{A‘*""'""'fl‘f”ms o Xi that respict to id on X} 2 H(X, Ty)

(b) {Isom clases o’y 1*Corder aleformaﬁans 6)" Xo} ~ H(X, M,

Q. Btaonol the smooth case 7
A: Use cotangent (Jomf(w( instead of Kahlor differentials.
RQP(M H°( X, Tx) by Hom ( Ly, O)
H'Y (X Tx) by Ext' (Lx, Ox)
Note that HO(Lyg) ~ Sl;< , and Ly & Q; T X is smooth

Quot schumes: X proj wriety /¢ T Tc,wz'—coh.umt s}\mf on X
We have the quet st Quot combructed by Grothendieck classi fyimg
quetients of 7, or exact soquanss g — ¢/ ¥ — F'—s0
We want Compute Hhe cotongent cam/o(l% T Quot at 4 point [F"].
The 0™ whomo[ogg = Zariski Cotangent space = Hom ( 7, 7).
H{akw col\omo(parq are very Jiﬁs’ml‘c to wm{vuw became. Quot

is MSWXl% 45'\214144’.

MOM[: The Cotanﬁent CO""}?Z‘K df Quot s not e V(gl«t oL)g.r,i'
%o 51—"‘0\}- We bhouu [nstwA ST(AJJ/ the errier( enhoncemnt



Quot ™ of Quot, whote Cotangont com'o&o( at a point [F']
will be simply RHom (', 7).

O bstvuctions in olej‘omuh“on {-heora, X smooth a(a wr /g
canonical obstruction cloas map

p: L 1% ordsr deformations of XJ ——= HY{X, T3
A 1% ordor dnﬂ]wmahbm can be extendd t o second ordur iqhmwﬁ‘on

Cﬁ‘ its o\Lstruction c(aos vamiskos.
0. While elunus in H(X Te) and H'(XTx) hae geomtsic manings
(n J.e rmat on {'l'uory, whaﬂ' (S tko.mmnfna, 0)‘- HZ(X,'B() and H"[X,TX]

n>2 7

Prof): Lot R be the square -2ero extension C @ CLn?
@) VY olf[wmah“om X' of X owr R
iﬁu«rom o‘f X' that ave ('d on XOB/h

b) %De‘['ormahhns o—[’ X over R}/h
owlo'('om

T H"(X,Tx)
omof opYy

Q& Hnﬂ[ X,T)()

Relaﬁon with Jcl/w, obsb'uch'on clms maf:

We have a Fullback pliagmm vf— “’lﬁ‘““ Cfi]/@s) —
b

C[ﬂ/&z)—> COCHN

vw?Pusl’)owt J&agram o‘f‘ ol} schamy -



Spec CLE) sy «— Spec C

[ [

Srec, C[ij/(ez) «— SFec cocn

Therefore, @ - order deformation X'/épec clel/oy oj- X exterds o a
z"d_oro‘zr deformation over € [e]/&,) [ﬁ_ the fml“:ac)c of X,
Spes COLU 75 a trivial deformation of X over Spec COCLT].
This Pul“aacL is e?u,ivalenf t th obstruckion clov)s Ma().

IL. Lnfinity Categories
In derived aaeom’Wg, we stw‘» olo(}ec’cs up o l’lomo’mfy, &’MValenc_a_.
I order to kao,f track of all homotoriq, we wae the [M}Mgb aj'-znff,,;fgL
Cad‘egori%. We wuw sfmr(idat sets a3 Models far homot’om types.
{. §fmf(/iu‘al sets
Def: [n):=f0<1 < <n] finitely lineorly ordered set
The AN
OL}: [n], n=zo
Mor - o:Im] — Ln] non—lem_mng,
A s o functr S, . AP — Bet
Sn+= S, (M) >: E

SefA = F\U'\ ( A"f, :ge—t) HLQ category» Of Sfmlplia'al sets.



A= HomA(—, [n]) € Sety
stmfl,{u‘al set S, , Yomuda lomma = 5 = Homs, (An; $.)
etn

oA" = t‘l'll SI'MflA‘dal subset q" A" whose ”’I‘Simf&'aé are non—zlecreas(rg,
non-SwJ'ect't've. ma.r5 A: [m] —[n]

Az: l@ BAL: A
for 0<i<n | the o A" is the siaplical subset of 24"
wlwee m—61‘mFUc¢s are non—decmxsing, mafs K:[m] —s [a] st
A (Emd) v {if # [n]. |
/ N 5 )
AZ; I /\?; : /\1 : /\2 :
b, L TN,
De]": A Sfm,ylﬁ‘a’al set S, 5 o i]c Voéfsn, Vmar
0, : /\:‘ — §, Can be %RA«L:J. to an n—g,’,n/;lm q- A"‘_‘>S.
Kon . the Category of‘ Kan wmrlwq

S.,T. sfm]o(idal sets | j—,j,; S, —»T.. A from f
133 5 map °f SPMfL‘d“l sets h: S,xA' — T, st hls,xfo} =f and

le‘xm =1, Ty this caar, ‘j’ana( 7 are said & e
I‘j’ T, is & £an COM{J(M(, this is an c7uiualww_ m(a)h'an_
The hKan - OL(} . Kan wmr&xq

MO&”- sfmflfa'a] ho”!o‘fbf\;, Cl&5$ed Oj' mafS-



2. ™- Categories
Q: How to (nwrforate l'IOWIo‘L'OPg (Ia’m into & ordinar} Cod‘eg,or%?

Reca((: G Ca'l'eﬂ—o"y« ‘\’Méimr(idﬂl set N('C), called
= run ([ —e— - — pe I —PXM X“
N = Fun | , ) =1X K€l §

Face maps 3,1'(/&4 lva, oomrasitians ,"-jle?uwu% maps 4iven Iy inser tions a]L identitioy
Prop: The comstiution T = N(T), determines a ]Lulla faithful em[aM
from the category Tat of small categorier to the (atepany Loty of
Simrl,ia’al sets. Th eSsential image of  this embdling, consists o]
those simrlia‘al sets S, with th following property
Vocicn, Y AT —ﬂﬂS,

v
/
4
4
4

o 3!
A" '
Dzj—; An C (Modaleo{ M oa W&L KM COMfZMC) IS a Sl?ﬂf&aa[
set st Vo<icn, YA — T
| 7
M

5Wnl>ll (=, n=2 N — G
j; ,/ﬂ Zexistenta. of' comfosiﬁon, but non- W?M..”

7’
7’
’

Bam‘c Notions:



[& &9~ CaTegory . Tts 0—sfmrlicu are callod ] 1-Simrb‘a4

VOL}QC\I) X,Ye C, Mafn(X,Y) is the Kan wmrlnx whose
/L-simfl,{w) are. maps Ax A 6 T which sends A'xfo) to the vertex
X and A'%{1) b th vertex Y

W, := Obj: same as [&
R Z Mor : mMAfﬁ(X,Y)

he == {0‘% same &4 G
Mor: [ Mape (x 0] € X

A morrh\'sm in G 5 wlld an if its imege in hG is an isomorphism
Twvo OLJ,GLtS in T are Q?(M,Vqlemt’ it 3 an e7uAVa{.eua betwen thum.

C,D o-ctyorias A F from GCtDisa map of simfb'a‘al sets.
The to-category of funcos Fun(€,9) := Mapg (G0, its sat of
n—sfmrb‘ca are by definition Ho,,\s&A (exa", )

F. G —D is on i 3 fackr G:D—T
st, GoF is eTuA'.Valenf to ido in Fun(€,T) and F-G & eiuida[urt
t idg in Fn(D, D).

F. C-D & b WEWT— hD is esmwtilly s
F-6—Dik i hF: hC =D is fully fuithful on the

H—enn‘cM homo’(bm CQf‘eg.on’m, ie. Y XYe G,
Map., (%, Y) — Mep ( FOX) FY) s a hoWbe CTUAY.



E“luj,\/a(enu. = ju(l\a, »fm(-hful -+ cJSe_m\‘aU\a_ gwé,.

C 69- Cﬂfe—a‘"aw U/IC)' c hiG Sulacad', We ]Corm He Pullbaclc. aQiag,mm
0’& SfInfLia'al Sets C/ — G

L l

N@,‘G)') —s W(hT)
Tl calld the subaat o'IL & Sfanm\ b} e)'
“C‘ c TC s CQURJ a ](\AI( Sulomﬁm i]‘ &E)/C [/,C is a fu” §ulaza‘l‘.

T w-cot. An obp XeB i VYT, Map, (Y.X) s comutith,
MGIJ-G(X,Y)

2 imits and colimits
Df - 5, 5" simlival sebs = join 588" (S#50,1=6 085, s

T l'+J,=YI"\
- "~ +*
EX‘ Al * AY o A[ l
‘ % / o

P"OF (\r"aﬁl): m J'Dfl'l 0]’" Two ka Kan 00"1/[04«4 s a we.aL Kan conTZw
Ue.’j‘: K Gfmrb’dal et K4 = [\ b K KZ:=K*A
Pmr (Toa,al); & Kﬁs mato rrf Qimfba’a' sete. Tha 3 a sfmfl,«'aa' set S/I’

with the ’I‘ouowi"g, wni versal property
Hong_ (Y, 54) = Hom (YK, )



PR’F’ P K— map of simfb‘a'a[ sets, C 5 wok Kan. Tl C/r is weak
Kan

I:j' P: K:A‘“HXGC} we Mfé f/x'.: ﬁ/”

Dwall&, Verlau'nd. YoK b K4Y s € G
Def: € wo-tat, ¢ K= G mp of gimplicial sets.
A for p s an nitial obi of T,
final Cp .
A i the assoiated P: KZ— T extending p.

We. will 97‘"79‘9 fefer o p(d € C w0 the of P.

Samy ’fbr Limit .



