
 

Introduction to Derived Geometry

I Motivations

1 BEzout theorem

X Y C E p smooth algebraic curves

1 T y deg3
dega dear

deg 2

Bezant theorem If X and Y meet transversely then the
intersection X n Y has ab points

X NY degX degY

Q What about non transverse intersections

proper non transverse intersection dim XnY 0

non proper intersection I self intersection

If we want Blunt theorem to continue to hold for non transver

intersections we need to reinterpret X NY ie equip XnY

with more structures than just a set

proper non transverse intersection y



We equip each intersection point p with a multiplicity
mult p dim Oxp OYp

OEEp
then E multtp deg X degY

PEXnY

Warning from comm alg is not exact we have Tor functors

Indeed the above multiplicity formula is wrong in higher
dim for

singular subvarieties and should be
corrected by Tor

Assume X Y C EP singular subvar din x t dinY n

X n Y properly i.e dim XnY o

ForeveryPE XNY the correct multiplicity should be
Oeppmultip Gigi din Tori Oxp Oyp

Serre's intersection formula

note that Toro product Tori i o are correction

terms

Then Beaut than still holds E multlp deg X degY
PEXM

Q What about nonproper intersections dim X NY o

2 Review of Tor functors
R comm ring A B R modules TorR A B



Choose a prog resolution of A
Pz P Po A o Pi prof R modules

then Tor CA B are the homology groups of the chain complex

RIB p.ggB
Po B A B

derived tensorproduct

Recall Serre's intersection formula for proper intersections
Ooppmultip Gigi din Tori Oxp Oyp

Rewrite
X Ox p

we can rewrite Beaut theorem 2 muttIp degX degY
PEXhy

L
as X Ox Oy deg X deg Y

Qcpd

This reformulation actually generalizes to arbitrary non proper
non transverse intersections

Example C C Ep deg d Self intersection Cnc

let's compute Oc Oc
0 p2

O Ofc O Oc o

Oc in UC c Oc Oc



X Oc pie X OL c Oc Oc

X Oc X Otc Oc

Riemann Roch

I g L d gti d2

Moral For Bezout theorem to hold in full generality we would

like to equip the set theoretic intersection XnY with the

derived tensor product 0

Remark Recall P A projective resolution

When A B are R algebras we can also enhance P

a commutative differential graded Ralgebra cdga

multiplications pm Pn Pm n Pn Comm gradedring
1 1181

Xy C D ya
differential d P Pa satisfies thegraded leibniz rule

day daly C Dxdy
Then P B A B inherits a cdga structure

Def A dog scheme X 0 7 consists of a topological space X

and a sheaf of cdgale Ox on X et

Ca X Holox is a scheme called the truncation of X

b Hn Ox is a quasi
coherent sheaf on



Hu Ox vanish for no

Rem 1 language of co categories

4 cdga simplicial rings derived scheme

3 multipticationsonFare strictly comm and assoc

Not natural or convenient relax 0 Eco rings
spectral scheme

cdga simplicial rings Eco rings are all equiv over char 0

3 Enumerative geometry

Problem Given X Sm proj var le f e Hz X 2

want to count algebraic curves in X with class f and some constrai

Example Count rational curves in P2ofdegd passing through 3d I
general pts

Answer 1 1 12 620 87304 26312976 14616808192

Count degree d rational curves on a general quintic X c EP
Answer 2875 609250 317206375 242467530000

Idea let it be themoduli space of curves in X with class f and
constraints

We want to count the number of pts in µ
Similar to Beaut thm multiplicities dim Miso

We cannot naively take the cardinality of M
We should endow M with an extra structure derived structure



Historically perfect obstruction theory Li Tian Behrend Fantech

4 Homotopy theory

Cdga and Eco rings occur naturally in homotopy theory

de12ham complex M smooth manifold HMM IR can be compute

by the de 12hamcomplex rind rindsraids cdga

More generally A topological space X
Sullivan

polynomial deKham complex

Citrix oh cdga

Theorem Sullivan X simply conn top space s t dinHn Xia c 16

Then the rational homotopy type of X can be recovered from its

polynomial de 12ham complex Cftr X 0h
More precisely the canonical map X Xa Map

dga
EarthOhl Oh

is a rational homotopy equivalence

Reformulate I Spec Cafe X Q dy scheme schematization

Then Xq K Q the space of 0h valued points of X is
rationally homotopy equivalent to X

More generally A top space X A field k the singular
chain oomph

X k has the structure of an E algebra 1k



Thm Mandell X simply com topspace dim HUX Fp 6

Then the canonical map X Xp Map CMXAp Ff
is an isom on Ifp cohomology InXp a padic completionofTink

5 Derived categories

Fourier Mukai transform E elliptic curve E

E X E P line bundle on ExE corresponding to

YI the Cartier divisor 0 le x E E x te
E E

consider functor Q6h E Q 6h E

f 1 7 a P Eff

Poorly behaved neither exact nor faithfull

uns Great improvement by passing to derived categories

FM transform DQ6h E DQ 6h E is an equivalence

F t Ra P IIF

Theorem Bondal Orlov X Sm prog var Ifield le Kx is eitheramp
or antiample

then X is determinedby Db6h X c DQCohCE

chain complexesof bounded
coherent

cohomology
Base change theorem


