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Alternating Direction Method of Multipliers (ADMM)

@ Convex optimization

min fl(Xl) + fz(Xz) —+ ...+ fN(XN)
st. Aixy+Apxo+...+Ayxy = b
x€X, j=12,..N.

@ f;: closed convex function
@ X closed convex set

@ Augmented Lagrangian function

N N N
Y
L0 i) = D0 09) (0 S Apg—b)+ 211 Apg—bll3
j=1 j=1

Jj=1
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Multi-Block ADMM

@ Augmented Lagrangian function

N N N
Y
Lyt A) 1= 0 K09 =00 S A=)+ 21> Al
j=1 j=1 j=1

@ Multi-Block ADMM

(k1 : k k. \k
X] = argmin, cy, £(x1, %5, ..., x5 AY)
k+1 . _ : k+1 k k. vk
Xy = argming ey, L0, X2, X5, .., X AY)
k+1 . : k+1 k+1 k+1 L\ k
Xy = argmin, ey L0 x0" xy Ty, v AY)
k1 . 3k _ N p k+1
\ A = A ')/(E =1 AjX; b).

@ Update the primal variables in a Gauss-Seidel manner.
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ADMM for N = 2

o ADMM for N =2

k+1 : k. yk
x%( LT argmin, ¢ y, EV(X?)?’)\ )

e : +1 .k
X5 = argmin, .y, £,(x{7, x2; AY)
Ml = Ak y (Ale"'1 + A2X§+1 — b) .

@ Long history goes back to variational methods for PDEs in
1950s; Relate to Douglas-Rachford and Peaceman-Rachford
Operator Splitting Methods for finding zero of monotone

operators.
Find x, s.t.,0 € A(x) + B(x).

@ Revisited recently for sparse optimization
o [Wang-Yang-Yin-Zhang-2008]
o [Goldstein-Osher-2009]
o [Boyd-etal-2011]
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Global Convergence of ADMM for N = 2

o ADMM for N =2

k1. : k. \k
Xlk o argmin, ¢ y, EV(X?);Z’)\ )
1 : +1 .k
X5 = argmin, ey, £,(x{7, x2; A¥)
Nt Xy (Mt At - b).

@ Global convergence for any v > 0. (Fortin-Glowinski-1983;
Gabay-1983; Glowinski-Le Tallec-1989;
Eckstein-Bertsekas-1992)

o ADMM for N = 2 with fixed dual step size

K+l : k. \k
x%( L argmin, ¢y, Eq,(x%(,?,)\ )

+1 . : +1 . \k
X5 = argming, ey, Ly(x7 7, x2; A¥)
Nt Xy (AT 4 AT - b).

@ o« > 0 is a fixed dual step size
@ Global convergence for any v > 0 and « € (0, 1+—2\/§)
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Sublinear Convergence of ADMM for N = 2

@ Ergodic O(1/k) convergence (He-Yuan-2012)
@ Non-Ergodic O(1/k) convergence (He-Yuan-2012)
@ Ergodic O(1/k) convergence (Monteiro-Svaiter-2013)

Shigian Ma Multi-Block ADMM



Linear Convergence Rate of ADMM for N = 2

@ Douglas-Rachford splitting method converges linearly if B is
coercive and Lipschitz (Lions-Mercier-1979)

@ Linear convergence for solving linear programs
(Eckstein-Bertsekas-1990)

@ Linear convergence for quadratic programs (Han-Yuan-2013;
Boley-2013)

Shigian Ma Multi-Block ADMM



Generalized ADMM

@ Generalized ADMM for N = 2 (Deng-Yin-2012)

X]:‘i_i = argminxlEXI L,Y(X]i(’)?k')\k)_i_ %Hi(l —X]I-(”%
X2+ = argm|nX2€X2 E’Y(Xl—i_ 7X2; )\k) + §||)<2 - X2k||%?
AHL K gy (A1X1k+1 Akt b)

@ One sufficient condition for guaranteeing global linear
convergence: P = Q =0, a =1, f; strongly convex, Vf,
Lipschtiz continuous, Ay full row rank.
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ADMM for N > 3: a counter example

@ A negative result (Chen-He-Ye-Yuan-2013): Direct extension
of multi-block ADMM is not necessarily convergent

@ A counter example:

111
Aixi+Axxo+Asxs =0, where A= (A1, Az, A3)= |1 1 2
122
The update of multi-block ADMM with v =1 is
300000 0 -4 -5 111
46 000 0f /x" 0 0 -7 11 2| /xk
57 900 0f[xt™] o 0o 0o 12 2f[x
111100 |x] ]0 0 0 10 0f(xg
1 1 20 1 0f \\ktt 0 0 0 0 1 0] \\
122001 00 0 00 1
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ADMM for N > 3: a counter example

@ Equivalently,

xzkJrl x§
x3kJrl =M xé‘ . where
)\k—l—l )\k
144 -9 -9 -9 18
1 8 157 -5 13 -8

= 162 64 122 122 -58 —64
56 —-35 —-35 91 56
—88 —26 —-26 —62 88

o Note that p(M) > 1.

Theorem (Chen-He-Ye-Yuan-2013)

There existing an example where the direct extension of ADMM of
three blocks with a real number initial point is not necessarily
convergent for any choice of v > 0.
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ADMM for N > 3: Strong convexity?

min  0.05x2 + 0.05x3 + 0.05x3

N ==
NN =
5
Il
o

1
s.t. 1
1

@ For v =1, p(M)=1.0087 > 1
@ Able to find a proper initial point such that ADMM diverges

@ Even for strongly convex programming, the extended ADMM
is not necessarily convergent for a certain v > 0.
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ADMM for N > 3: Strong convexity works!

Global convergence

Theorem (Han-Yuan-2012)

If fi,i=1,..., N are strongly convex with parameter o;'s, and

20;
0<y< mi )
QALY { 3(N — 1) Amax(AT A)) }

then multi-block ADMM globally converges.

Convergence Rate?
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ADMM for N > 3: weaker condition and convergence rate

1 < _ 1 &
R ot E k+1 : t _ E k+1
U.—(X]_,...,XN), Xi—mk_oxi ,].SISN,)\ —mk_o)\ .

Theorem (Lin-Ma-Zhang-2014a)

If f5,..., fy are strongly convex, fi is convex, and

< min 201 20N
T =0 EN-1 L @N = )7 — DAmax(AT A7) (N = 2)(N + D) dmax(AgAn) J

then |£ (@) — f(u*)| = O(1/t), and

N
STARE - bH = 0(1/1).
i=1

@ Weaker condition

@ Ergodic O(1/t) convergence rate in terms of objective value
and primal feasibility
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ADMM for N > 3: non-ergodic convergence rate

@ Optimality measure: if

Apxstt — Aoxk =0,
Asxs k1 — Asxk =0,
A xlk“ + A5 4 At — b =0,

then (xf ™ x5 xg ™ Ak+1) is optimal.
@ Define
Rii1 = AT 4 At 4 Agxktl — |2
+2] Apy Tt — Aoxg |2 +3HA3 - Asx .

@ We can prove: Ry = o(1/k)
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ADMM for N > 3: non-ergodic convergence rate

Theorem (Lin-Ma-Zhang-2014a)

If , and f3 are strongly convex, and

v < min { oz 93 }
- 2Amax(Ag A2)” 2Amax(A3 As3) J
then -
Y Rc<+oo and R, =o(l/k).
k=1
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ADMM for N > 3: non-ergodic convergence rate

Theorem (Lin-Ma-Zhang-2014a)

If f,..., fy are strongly convex, and

< min 207} 20N
T=0EN1 L @N = )7 — DAmax(AT A7) (N = 2)(N + Ddmax(AgAn)

then -
> Re<+oo and R =o(1/k),
k=1
where
I P LV TR
T D R
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ADMM for N > 3: global linear convergence

@ Globally linear convergence of ADMM for N > 3

(Lin-Ma-Zhang-2014b)

‘ s.C. ‘ Lipschitz

‘ full row rank ‘ full column rank

116, fn Vin

An

f,---,fv | VA,--- Vi

3 f2""7fN Vfl’...’VfN

A1

Table: Three scenarios leading to global linear convergence

@ Reduce to the conditions in (Deng-Yin-2012) when N = 2
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Variants: Modified Multi-Block ADMM

@ Proximal Jacobian ADMM (Deng-Lai-Peng-Yin-2014)

xl,/jri - argm?nxlexl Lv(Xl,Xfa---axll\(/;)‘k)_F%HXi_X{(”%l

X2+ = argmin,,c, ﬁw(xlk,x2,x3k,...,x,l\‘,;)\k)+§|\X2—X2k||$>2
xll\(/Jrl (= argmin, v, Lo (X5 X5 5 X1, s ) + %”X’V _X’I\(’”%N
AL = A —ay (Eszl At b)

@ Conditions for convergence:

Pi=~(1/ei — VAT A, i=1,2,....N
Z,N:le,-<2—o¢

@ 0(1/k) convergence rate in non-ergodic sense
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Variants: Modified Multi-Block ADMM

@ Proximal Gauss-Seidel ADMM

X1:+i = argminx1€X1 L’Y(Xlka )§2kaxfé(; Ak) + %Hlxl B XlkH%l
X2k+1 = al’gm!nXZEXZ ﬁv(XiLa)Qka )i3k )\k):‘ EHiQ - XQkHiPzQ
X3+ = argmin, cy, L (X ,x2+ X3, AF) + §||X3 — X3 HP3
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Proximal Gauss-Seidel ADMM

Theorem (Lin-Ma-Zhang-2014c)

Ergodic O(1/k) convergence rate in terms of both objective value
and primal feasibility, under conditions: f3 is strongly convex, and

P1 = ’}/(3 T %)AIAI

P > ’}/(1 + 5)A3A2

Ps > ’Y(% —1)A; A3
3e1tert+e) < 1l—a

7 o< 2(63+1)§\—§neai(A;A3)

Ongoing work. More coming soon.
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The General Problem Formulation

@ We consider the following convex optimization problem

min f(x):=g(x,- - ,XK)+25:1 hi(xk)

subject to  Eixy + Epxo + -+ Exxx = q, (P)
xx € Xk, k=1,2,...,K,

[

g(+) a smooth convex function; hy a nonsmooth convex
function

x:=(x{,...,x}F)T € R" block variables

X = Hle X feasible set

E:=(E, - ,Ex)and h(x) := K| hi(xk)
Augmented Lagrangian function

e 6 ¢ ¢

L(x;y) = g(x) + h(x) + (v, q — Ex) + 5]lq — Ex]?
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Small dual step size and error bound condition

@ ADMM for N > 3 without strong convexity assumption
(Hong-Luo-2012)

k1. : k K.k
x%( LT argmin, cy, L(xi,xf,...,x,v,y )
+1_ ; + k k. k
X5 = argming ey, L, X0, X5, XN Y5
k+1 . ; k+1 k+1 k+1 Lk
xy'o=argming e LOGCTT 0T xy T X v
k1 .k N k+1
y o=y —a(ijlijj —b) .

@ Do not assume strong convexity, but need other conditions.
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Small dual step size and error bound condition

@ Error bound condition: there exist positive scalars 7 and §
such that the following error bound holds

dist(x, X(y)) < 7||V.L(x; y)l,

for all (x,y) such that |V L(x;y)| <o

@ [Hong-Luo-2012]: Given that « is small enough (upper
bounded by some constant related to 7 and ¢), the small step
size variant of ADMM converges linearly.

@ « is too small and not computable, thus not practical.
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The BSUM-M Algorithm: Main |deas

@ A Block Successive Upper-bound Minimization Method of
Multipliers

@ Introduce the augmented Lagrangian function for problem (P)
p
L(xy) = g(x) + h(x) + (v,q = Bx) + S ]lg — Bx]?

@ y dual variable; p > 0 primal stepsize

@ Main idea: Primal update

@ Update the primal variables successively (Gauss-Seidel)
© Optimize some approximate version of L(x, y)

@ Main idea: Dual update
© Inexact dual ascent + proper step size control
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The BSUM-M Algorithm: Details

@ At iteration r 4+ 1, a block variable xy is updated by solving

min : r+1ﬂul' r+1 o r . r
XkEIXk Uk (Xk x{  Xe 1 Xhes ,XK)
+ (v g — Exxie) + hi(x)
o (- Xyt xi T xE,- xk): is an upper-bound of
p
£00 + Zlla — Ex|?
at the current iterate (x; ™1, x/ "1 xf, -+, x)
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The BSUM-M Algorithm: Details (cont.)

The BSUM-M Algorithm
At each iteration r > 1:

K
yr+1 :yr _|_ar(q_ EXr) :yr —|—O/ <q_ ZE;(XL>,

k=1
x,:+1 = argxmei)rg g (X; W,ZH) - (y’*l, Eixi) + hi(xx), V k
k k

where a" > 0 is the dual stepsize.

@ To simplify notations, we have defined

r+1 . r+1 r+1 ro_r r
= (O X X X1 s XK,
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The BSUM-M Algorithm: Randomized Version

@ Select a vector {p, > 0}, such that 35 o px = 1

@ Each iteration “t” only updates a single randomly selected
primal or dual variable

At iteration t > 1, pick k € {0,---, K} with probability px and

If k=0
yHh =yt +af(q - EX'),

xft=xt k=1, ,K.
Else If ke {1,--- ,K}

xi T = argming ex, uk(xe xt) — (v, Ekxe) + hi(xk),

x(th=xf, Vj#k ytt=yt

End
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Convergence Analysis: Assumptions

@ Assumption A (on the problem)
(a) Problem (P) is convex problem

(b) g(x) = ¢(Ax) + (x, b); £(-) smooth strictly convex, A not
necessarily full column rank

(c) Nonsmooth function hy:

(k) = Ml + D willxiull2,
J

where xx = (-++ , Xy, ) is a partition of x;; Ay > 0 and
wy > 0 are some constants.

(d) The feasible sets { Xy} are compact polyhedral sets, and are
given by Xy = {xx | Cexk < ck}-
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Convergence Analysis: Assumptions

@ Assumption B (on wuy)
(a) uk(vi;x) > g(Vies x_k) + 5| Exvic — g + E_gx_k|?, YV w €
Xk, V x,k  (upper-bound)
b) uk(xk;x) = g(x) + &§||Ex — q|]?, V x,k  (locally tight)
) Vuk(xkix) = Vi (g(x) + 5|1 Ex — ql?) , ¥ x, k
) For any given x, uk(vk; x) is strongly convex in vi
)

&) u(x;xh)

/

1
1
1
1
1
1
1
|
|
1
1
1
1

X

X x

Figure: lllustration of the upper-bound.
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The Convergence Result

Theorem (Hong, Chang, Wang, Razaviyanyn, Ma and Luo 2014)

Suppose Assumptions A-B hold. Assume the dual stepsize o
satisfies

Then we have the following:

Q For the BSUM-M, we have lim,_, ||[Ex" — q|| = 0, and every
limit point of {x",y"} is a primal and dual optimal solution.

@ For the RBSUM-M, we have lim;_, ||[Ex* — q|| = 0 w.p.1.
Further, every limit point of {x*,y'} is a primal and dual
optimal solution w.p.1.
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Counterexample for multi-block ADMM

@ Recently [Chen-He-Ye-Yuan 13] shows (through an example)
that applying ADMM to multi-block problem can diverge

@ We show applying (R)BSUM-M to the same problem
converges (diminishing dual step size)

@ Main message: Dual stepsize control is crucial

@ Consider the following linear systems of equations (unique
solution x; = xp = x3 = 0)

Eix1 + Exxo + Ezxz

3

=0
1 11
with [El E E3] = 1 1 2 .
1 2 2
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Counterexample for multi-block ADMM (co

TV
I 05,51

RV
(IRl

1000

50 |lerazll\‘)(?n © ZéO 360 3%0
Figure: Iterates generated by the
BSUM-M. Each curve is averaged
over 1000 runs (with random

starting points).
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Figure: Iterates generated by the
RBSUM-M algorithm. Each curve is
averaged over 1000 runs (with

random starting points)



Thank you for your attention !
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